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The peak energy of the a and 8 bands in sodium chloride crystals have been measured at 77 


with a 


vacuum ultraviolet monochromator. The 8 band was well defined, and occurred at 7.40 ev with a half-width 
of 0.4 ev. The oscillator strength of the 8 band was calculated to be 0.55. No resolved @ band could be pro 
duced, but subtraction of absorption curves indicated that it occurred near 7.20 ev. 


HE a and 8 bands were first discovered in ad- 
ditively colored KI,' and have since been re- 
ported in several other alkali halides.?* These two bands 
have been attributed to modified exciton absorption 
near negative-ion vacancies and F centers, respectively. 
Most of the measurements that have been made of the 
optical absorption of alkali halides have been confined 
to the region above 1900 A. With the advent of small 
commercial vacuum ultraviolet monochromators the 
situation is beginning to change and crystals which are 
transparent below 1900 A are receiving more attention. 
The present measurements were made on NaCl 
crystals grown in this laboratory from the melt, using 
recrystallized reagent-grade material. These crystals 
showed an absorption edge occurring at a higher energy 
than in crystals grown directly from reagent material. 
Absorption measurements were made manually using 
a Jarrel-Ash half-meter vacuum monochromator with 
a Seya-Namioka mounted grating. A molecular hydro- 
gen discharge was used as a source and a photomultiplier 
coated with sodium salicylate was the detector. 
Specimens containing F centers produced by any 
means showed an absorption band at 7.49 ev measured 
at liquid nitrogen temperature (LNT) (Fig. 1). The 
growth curve of this band with gamma irradiation was 
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found to be proportional to the growth curve of the 
F band in a similar specimen. It is suggested, therefore, 
that this is the 8 band. 

Efforts to produce the a band proved much more diffi- 
cult than in KI. Delbecq ef al. reported that in ad- 
ditively colored KI, a 35-minute bleach with F light 
at LNT produced a large easily resolved a band. 
Bleaching gamma-irradiated NaCl with F light for 4 
hours at LNT produced a small band at 7.1; ev which 
was unresolved and could be observed only by sub- 
tracting the two absorption curves. At the same time 
the 8 band decreased by a small amount. Similar treat- 
ment of additively colored NaCl failed to produce a 
more substantial a band. 

X-irradiation at dry ice temperature produced a wide 
band with an absorption peak at 7.35 ev, when measured 
at LNT (Fig. 2). Upon warming the crystal to room 
temperature and recooling to LNT, the normal 6 band 
was seen at 7.49 ev. The difference between these two 
curves shows a peak at 7.2, ev. It is thought probable 
that this band and the one produced by bleaching are 
a bands, and that the difference in peak photon energy 
is introduced by the subtraction necessary to resolve 
these wide overlapping bands. Further experiments are 
necessary to confirm this suggestion. 

As the numbers of F and 6 centers are the same, we 
obtain from Smakula’s equation: 


fr, (K pAEp)= fa, (KzAEz), 


where K and AE are the peak absorption and half- 
width of the two bands in the same specimen. Assuming 
a value of 0.86 for fr,‘ and measuring the F and 8 bands 
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Fic. 1. (I) Increased absorbance in NaCl after an 810° 


roentgen, 1-Mev gamma dose. (II) Typical extra absorbance 
induced by 4 hours irradiation with F light at LNT. 


in similar specimens with identical gamma doses, we get 
fa= 0.55;+0.1. 


This is in agreement with Dexter’s® value for the oscil- 
lator strength of the 8 band of 0.6. A similar estimate 
cannot be made for f, as the number of negative-ion 
vacancies is not known. 

Fuchs® extended Dexter’s theory and obtained six 
transitions for the 8 center. He suggested that the two 
lowest energy transitions should be visible below the 
absorption edge and that the 8 band in NaCl might 
show this doublet structure. No definite structure has 
been observed even at liquid helium temperature. 
However, the width of the 6 band in NaCl (~0.4 ev) 
is about twice that observed in other alkali halides, and it 
is possible that it is composed of two unresolved bands. 
The sum of the oscillator strengths calculated by Fuchs 
for his two bands is much less than the observed value. 

From the results obtained during this work it seems 
that compared to other alkali halides, already measured, 
the F center in NaCl is more stable and resists bleaching 
at low temperatures. This same effect is shown by the 
difficulty of producing the a band by bleaching with 
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Fic. 2. (I) Increase in absorbance in NaCl after 1000 ma min 
irradiation with 50-kv x rays at dry ice temperature. (II) After 
warming to room temperature. Both measurements made at 
liquid nitrogen temperature. 


F light at LNT, and the fact that the 8 band produced 
by x raying at dry ice temperature does not decrease 
when warmed to room temperature (Fig. 2). 

To sum up, the 8 band in NaCl occurs at 7.49 ev and 
is about 0.4 ev wide. The a band which is also wide and 
not resolved from 8 occurs near 7.29 ev, the exact posi- 
tion being difficult to establish. 

Recently, Onaka and Fujita’ have reported the a 
and 8 bands in several alkali halides including NaCl. 
They report the peak energies as 7.1, ev for a and 7.33 ev 
for 8 in fair agreement with the present measurements. 
Unpublished results of J. Sharma, made while he was 
at this laboratory, indicated that the a and 8 bands in 
NaCl were at 7.2, ev and 7.5; ev, respectively. These 
values were obtained from measurements of photo- 
graphic plates. 
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The relative optical absorption coefficient a of polycrystalline slabs of cuprous oxide was measured at 
295°K, 77°K, and 4.2°K. At 4.2°K, ais proportional to [¢— Eo}! for 16 510 cm <o< 16 900 cm~, where ¢ 
is the wave number. At 77°K an additional component appears, so that a=a;+a2, with a; «[o— FE; ]}$ and 
a: «Lo—E,]}*. This is attributed to indirect transitions to exciton levels, in agreement with a theory by 
Elliott. The ratio of the integrated absorption coefficient of the first two exciton lines, after corrections for 
the background were applied, is also in satisfactory agreement with the Elliott theory. 





INTRODUCTION 


EARLY a decade ago Hayashi!” observed a series 

of hydrogen-like lines in the absorption spectrum 
of solid cuprous oxide which was cooled below room 
temperature. Subsequently investigators in Leningrad*~® 
and Strasbourg*'® made more accurate measurements 
of the wavelengths of these lines over a wide range of 
temperatures. The Russian group also observed the 
shift in energy and splittings of the absorption lines 
caused by magnetic and electric fields. A comprehensive 
review of the Russian work is found in reference 5. 
A summary of the work of Nikitine and his coworkers 
is given in reference 10. 

It was not until recently, however, that serious at- 
tempts were made to measure the optical absorption 
coefficient as a function of photon energy. Data on the 
energy dependence of the optical absorption coefficient 
is quite useful. For example, it can indicate whether 
the optical absorption can be attributed to direct or 
indirect transitions and thus furnish useful informa- 
tion about the energy band structure of the crystal."~" 
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A theory has been proposed by Elliott' which gives the 
intensity of the exciton absorption lines which should 
apply to a semiconductor like cuprous oxide. Measure- 
ments of the relative intensity of the exciton lines 
could furnish a check on this theory. The present work 
was undertaken to measure the energy dependence of 
the optical absorption coefficient of cuprous oxide. 


EXPERIMENTAL PROCEDURE 


The apparatus which was used to measure the optical 
absorption is shown in Fig. 1. The sample was illumi- 
nated by a ribbon-filament lamp and was imaged on 
the entrance slit of a recording spectrophotometer, 
which was a three-meter concave grating in an Eagle 
mounting. Continuous photoelectric recording of the 
light intensity was made with a 1P-21 photomultiplier 
tube which was located behind a pair of adjustable slits 
and could move on a track along the Rowland circle. 
The slits were usually set so that the spectral band- 
width of the instrument was about one angstrom. In 
order to measure the absolute absorption coefficient, it 
is necessary to measure the intensity with the sample 
both in and out of the beam. Due to astigmatism of the 
concave diffraction grating, the light flux collected by 
the photomultiplier depends upon the way the slit is 
illuminated. It was never certain that the entrance slit 
was illuminated in the same way with the sample in and 
out of the beam and hence only the relative absorption 
coefficient could be measured with any degree of 
confidence. 

The Dewar which held the refrigerated sample was 
the usual ‘double Dewar” design and had a_glass bottom 
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Fic. 1. Apparatus which was used to measure the 
relative absorption coefficients. 
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Fic. 2. Relative absorption coefficient as a function of photon 
energy in cm™ of Cu,0 at 4.2°K. 


so that the optical transmission of the sample could be 
measured while the sample itself was immersed directly 
either in liquid nitrogen or liquid helium. This meant 
that the sample was definitely at the temperature of the 
surrounding liquid and also that it was possible to 
measure the transmission of unbacked samples. Other 
workers have found that samples which are cemented 
to a substrate are strained when they cool. These strains 
distort the crystal lattice and thus influence the optical 
absorption spectrum.!® 

Walter H. Brattain of Bell Telephone Laboratories 
supplied the samples of cuprous oxide, which were poly- 
crystalline slabs about 0.5 mm thick. They were pre- 
pared by oxidizing strips of high-purity copper.'®'7 and 
showed p-type conductivity with a specific resistivity 
of about 10 ohm-cm. The slabs were quite opaque and 
had to be ground to a thickness of less than 150 microns 
before they became appreciably transparent. This grind- 
ing damages the crystal lattice near the surface, but 
should have little effect on the optical transmission, 
which is largely determined by the bulk material. There 
is always a question what other impurities, such as CuO, 
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Fic. 3. The data of Fig. 2 plotted as a function of («— Ey)™ on 
the abscissa for various values of the exponent m. 
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Cu, etc., are present in such samples. A powder x-ray 
analysis which was made of one of these cuprous oxide 
samples merely showed that the crystals were strongly 
preferentially oriented. A powder x-ray analysis could 
be made of a sample which has been ground up, but the 
results would be questionable because the grinding 
process often changes the stoichiometry of the sample. 
The relative absorption coefficient was computed from 
the logarithm of the transmission. This procedure is 
valid provided that the sample is quite opaque and the 
reflectivity is constant with wavelength. The reflectivity 
of optically polished samples of cuprous oxide was meas- 
ured at room temperature and it was found that it 
changed only 2% in the region from 5600 to 6600 A. 


RESULTS 


Relative Absorption Coefficients in the 
Region of Continuous Absorption 
The relative absorption coefficient as a function of 
photon energy is shown in Figs. 2, 4, and 5. These data 
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Fic. 4. Relative absorption coefficient as a function of photon 
energy in cm™ of CueO at 77°K. The dashed line is an extension 
of the absorption component ay. 


were all obtained from an unbacked Cu,0 slab which 
was 0.0042+0.0002 in. thick. 

The relative absorption coefficient a at 4.2°K as a 
function of wave number is shown in Fig. 2. The relative 
absorption coefficient was constant from 16 100 cm™ to 
16 400 cm~. It was assumed that in this region the 
absorption coefficient was zero and that the opacity of 
the sample was due to scattering and reflection from 
the surfaces. The scale of the ordinate was determined 
from the thickness of the sample. From Fig. 2, it is seen 
that at 16510 cm~ the absorption rises as ¢!, where 
e=hv—Ep. This e! dependence is better shown in Fig. 3, 
which depicts the relative absorption coefficient as a 
function of e”. It is seen that the experimental points 
lie on a fairly good straight line for m=0.5. The plots 
for m=0.4 and m=0.6 show some curvature and cer- 
tainly do not fit a straight line as well as the m=0.5 plot. 
This gives an indication of the precision with which the 
exponent m can be determined from the experimental 
data. 








OPTICAL 


In the region starting at 16 900 cm~ the absorption 
increases more rapidly due to the long “tail” of the K=2 
excitation line. Finally, in the region starting at 17 300 
cm~ the absorption is due to a series of excitation lines 
superimposed in a background which is also rapidly 
rising. 

The absorption at 77°K is shown in Fig. 4. The ab- 
sorption was nearly constant for energies less than 
16 000 cm~'; this was taken as the reference point for 
the relative absorption coefficient. The absorption rises 
slowly at E,; as a;= e,), where ¢,=/hv—E,. The absorp- 
tion rises more rapidly at E.; the absorption for energies 
greater than E, can be expressed as a=a,+a2, where 
a2= 2! and ¢,=hv—E,. The component a2 may be at- 
tributed to a transition involving the emission of a 
phonon and a; to the absorption of a phonon. The extra- 
polation of a; is shown as a dashed line in Fig. 4. 

The relative amplitudes of the two contributions of 
the absorption at an absolute temperature T should be 
__1.95 ev 7 _2.00 ev 
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Fic. 5. Relative absorption coefficient as a function of 
photon energy in cm™ of Cu2O at 295°K. 


given by the Boltzmann factor, 
ai (FE, +6E)/a2(E2+6E) =exp(—0/T), (1) 


where 6E£ is an energy increment and @ is the tempera- 
ture of the phonon involved in the transition. From Eq. 
(1), @ was calculated to be 130°+10°K. The separation 
of the two “knees” should be twice the energy of the 
phonon : E,— £,= 2k6, where & is Boltzmann’s constant. 
From the separation of 210 cm~ from Fig. 4, @ is 150°K. 
There is, of course, some uncertainty as to where £, is 
actually located; this introduces an uncertainty of at 
least 10% into this result. 

At room temperature (295°K) the same general fea- 
tures of the absorption curve are preserved, as is shown 
in Fig. 5. There are two “knees” in the absorption curve, 
at E, and at E,, separated by 210 cm~. The absorption 
also rises as e’. The knees of the curve no longer rise 
abruptly as they did at 4.2°K, indicating that more than 
one phonon is emitted or absorbed at higher tempera- 
tures, as one might expect. More information about 
the absorption at temperatures between 77°K and room 
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Fic. 6. The logarithm of the transmission as a function of 
photon energy of a Cu2O sample at 77°K, showing the details of 
the yellow series of exciton lines. 


temperature is necessary in order to interpret the be- 
havior at room temperature. No exciton lines were seen 
at 295°K. 


Relative Intensity of the Exciton Lines 


The exciton absorption lines at 4.2°K are shown in 
Fig. 2. Figure 4 shows the absorption edge at lower 
energies and one of the exciton absorption lines at 
77°K, while Fig. 6 depicts the exciton lines at 77°K 
on an expanded ordinate scale which is proportional 
to the absorption coefficient. The exciton lines did 
not narrow appreciably as the temperature decreased 
from 77°K to 4.2°K. 

From Figs. 2 and 6, it is seen that the K=2 line is 
broader than the others and has an asymetrical line 
shape showing a long tail extending toward lower energy. 
All of the lines are superimposed on a background due 
to other absorption processes which increases rapidly 
beyond the K = 2 line. It is necessary to subtract off this 
background if the intensity ratios of the exciton lines 
are to be compared. The Elliott’ theory gives the f 
value of the absorption lines, which is proportional to 
its area. The area of the lines cannot be simply deter- 
mined from the widths at half intensity, due to their 
asymmetry. 

The areas of the K=2 and K=3 lines, shown as a 
shaded region in Fig. 2, were integrated with a plani- 
meter. The ratio of the areas of the lines is shown in 
Table I. 

It should be emphasized that no high degree of ac- 
curacy is claimed for these results due to the uncertainty 
of estimating the background. However, the results 
are not in significant disagreement with the theoretical 
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TABLE I. Experimental and theoretical intensity 
ratios of exciton lines. 





Theoretical relative intensi- 
ties from reference 14, 
normalized so K =2 line 
has intensity of 1.0 


Allowed Forbidden 
transitions transitions 
1.00 
0.351 


Experimentally observed 
area of the K =3 line, 
with the area of the K=2 
normalized to one 


Temperature 
neon 
77°K 


00 
'37 


4.2°K 


1.00 
0.34 


“1,00 
0.296 


1 
0 


intensities for either allowed or forbidden transitions. 
The intensity for forbidden transitions is proportional 
to K?—1, which means that the K=1 is missing. The 
fact that the K=1 line was not observed along with the 
data in Table I favors forbidden transitions. 

One line at 5493 A of the green exciton series was 
observed in the 0.004-in. thick sample at 77°K. This 
presumably is the K=2 line which Gross observed at 
5496 A. The spectrum of much thinner samples failed 
to show any more lines in the green series. 


DISCUSSION 


The results at 4.2°K indicate that the absorption 
initially rises at ¢«!, which is in substantial agreement 
with the Elliott" theory which predicts this dependence 
for indirect transitions from the valence band to exciton 
levels for each phonon contribution. Direct band-to- 
band transitions would also show an e! dependence," 
but the absorption coefficient would be much larger, 
thousands of cm™', instead of the few hundred cm™ 
which was observed. 

At higher temperatures, two “knees” in the absorp- 
tion curve were observed which could be attributed to 
the emission and absorption of a phonon. The phonon 
temperature of 150°K is the more reliable of the two 
values which were calculated by different means. At 
room temperature, the detailed shape of the absorption 
curve was found to be more complicated and it was not 
possible to interpret the shape of the absorption curve 
on the basis of a simple model of the absorption and 
emission on a single phonon. This is not surprising, in- 
asmuch as more than one type of phonon must be excited 
at higher temperatures. Even the most simple model of 
a solid would predict that both optical and acoustical 
phonons are present. 

Gross and Pastrnyak'*:'* have recently measured the 
optical absorption coefficient in the temperature range 
of 77°K to 295°K. They also found an ¢! energy de- 
pendence for the absorption coefficient and two “steps” 
in the absorption separated by 220 cm™ at room tem- 

18 E. F. Gross and I. Pastrnyak, liz. Tver. Tela 1, 973 (1959). 

"|, Pastrnyak, Fiz. Tver. Tela 1, 970 (1959), 


BAUMEISTER 


perature, which is in reasonable agreement with the 
results of this paper. However, Gross found that the 
steps varied with temperature as n~* and mn, where 
n=exp(0/T)—1. In the present investigation it was 
found that the ratio of the absorption of the two steps 
was proportional to exp(6@/T), rather than exp(6/T)—1 
as Gross found. The difference is that Gross’s results 
predict that at absolute zero both absorption compo- 
nents vanish, because » vanishes. The absorption data 
at 4.2°K, depicted in Fig. 2, indicate very definitely 
that the higher energy component does not go to zero 
and thus is in disagreement with Gross’s results. 

The results of this investigation also differ from the 
results of other workers in two other respects. The K = 1 
line of the yellow series was not observed and the width 
of the absorption lines did not narrow appreciably at 
liquid helium temperatures so that the higher members 
of the yellow exciton series with K=5, 6, --- could 
not be observed. Other investigators have also failed 
to see the absorption lines which Nikitine® reported 
observing in the red. The fact that the exciton lines 
did not narrow appreciably between 77°K and 4.2°K 
indicates that the residual linewidth can be attributed 
to strains in the crystal lattice which could be removed 
by proper annealing. 

It has been tacitly assumed in this discussion that 
the hydrogen-like series of lines could be attributed to 
direct transitions from the valence band to exciton 
levels, rather than to impurity levels. The fact that 
these absorption lines have been observed in cuprous 
oxide samples of varying composition which have been 
prepared by a variety of different methods is strong, 
though not conclusive, evidence that they are an in- 
trinsic property of the crystal itself. 

Various workers have shown that the electrical and 
optical properties can vary widely depending upon the 
temperature and partial pressure of the oxygen during 
the oxidation of copper to Cu,O which in turn influence 
the density of copper and oxygen vacancies in the 
lattice.2° Whether the method of preparation of Cu,O 
influences the intensity and width of the exciton lines 
could well be the subject of another investigation. 
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The electron paramagnetic resonance spectrum of a small Fe** impurity which enters substitutionally for 
the gallium in single crystals of yttrium gallium garnet (chemical formula Y;Gas02) has been examined at 
24 kMc/sec at 295°K and 1.6°K. Fe** is studied for the first time in tetrahedral coordination. The results 
for the crystal field parameters that appear in the usual spin Hamiltonian for Fe** for the octahedral (a) and 
tetrahedral (d) sites are: ag=+0,0185 cm, D,= —0.1294 cm™, Fz=+0.0026 cm™, ag=+0.0062 cm“, 


Da=—0.0880 cm™, Fg= —0.0037 cm™. 


The finding of a positive in both types of sites where the cubic crystalline potential, V, has opposite signs 
indicates that in the mechanism responsible for this splitting terms proportional to even powers of V are 
dominant. Using the experimentally determined crystal field parameters of Fe*+ in YGaG, the low-tempera- 
ture anisotropy energy per unit cell in the isostructural ferrimagnet, YIG, is predicted as K,= —0.370 cm“. 
This is 50% larger than the experimental value K,= —0.250 cm™ and several sources for the origin of this 


discrepancy are suggested. 





I. INTRODUCTION 


RIVALENT iron is in a 3d5, ®Sy ground state, 

which has no orbital angular momentum and is 
spherically symmetric so that it cannot be directly 
affected by any crystalline electric field. Nevertheless, a 
splitting of the ground state is familiarly observed in 
paramagnetic resonance experiments which is explained 
as arising from a small admixture to the °S; state of 
small amounts of higher multiplets and configurations 
which are split by the crystalline electric field. The exact 
nature of the mechanism of this splitting is still un- 
certain involving as it does higher order processes 
through the combined action of crystalline electric 
field, spin-orbit coupling and spin-spin interactions. 
Watanabe' has recently considered this problem in 
detail (the problem is the same for Mn** which has the 
same configuration and ground state) and concluded 
that any perturbation of the ground state arising from 
higher multiplets of the 3d° configuration involve the 
crystalline potential, V, to even powers only and will 
first appear as (V*). Perturbations from higher con- 
figurations such as 3d‘4s can involve V to the first power 
but for cubic crystalline fields are generally expected to 
be less than one-tenth as effective due to their greater 
separation from the ground state. 

More recently, Powell, Gabriel, and Johnston’ have 
critized Watanabe’s results and have performed a 
detailed calculation of the ground state splitting show- 
ing that contributions to this splitting which are odd in 
V arise from terms in d*. The sign of the coefficient C in 
the cubic crystalline potential, 


V=C(x+y'+2'— #14), (1) 


at the center of an octahedron of point charges is 


1H. Watanabe, Progr. Theoret. Phys. (Kyoto) 18, 405 (1957). 

2M. J. D. Powell, J. R. Gabriel, and D. F. Johnston. Phys. Rev. 
Letters 5, 145 (1960). The author is indebted to W. M. Walsh, Jr. 
for calling this work to his attention in preprint form. 


opposite to the sign of C at the center of a tetrahedron 
of point charges of the same polarity. If the sign of the 
ground-state splitting parameters, a, is found to be the 
same for an ion in both types of coordination, then one 
can at least conclude that terms even in V are still 
dominant. 

This point has already been verified for Mn** by 
Watkins’ who found a positive sign for a for Mn** in 
ZnS and for Mn?- in germanium (which too is in a 
6S, ground state), i.e., both cases of tetrahedral coordi- 
nation, while a positive sign for @ is also found for Mn** 
in octahedral coordination.*® 

In yttrium gallium garnet (chemical formula 
Y3;Ga;Oy9, hereinafter called YGaG) the small Fe im- 
purity enters substitutionally as Fe*+ for the Ga in both 
octahedral and tetrahedra! sites at whose vertices are 
found O*- ions. This affords us the opportunity to study 
for the first time the paramagnetic resonance spectrum 
of Fe** in tetrahedral coordination and thereby tocheck 
that aspect of the theory which predicts that the sign of 
a is essentially independent of the sign of V. 

The second area of interest is the bearing of this 
observed cubic crystalline field anisotropy of Fe** upon 
the anisotropy of cubic ferrimagnetic crystals with 
S-state ions such as the ferrites and ferrimagnetic 
garnets. Until recently, the origin of the magneto- 
crystalline anisotropy of cubic ferrimagnetic substances 
remained a puzzle. It seemed that the several types of 
energy terms that are present in a ferrimagnet should 
not contribute to a magnetocrystalline anisotropy 
energy. For example, the exchange energy —JS,-§; is 
isotropic and should not depend upon the orientation of 
the spin system relative to the crystal axes. The 


3G. D. Watkins, Phys. Rev. 110, 986 (1958); Bull. Am. Phys. 
Soe. 2, 345 (1957). 

4B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A205, 335 (1951). 

5 W. Low, Phys. Rev. 105, 792 (1957). 
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magnetic dipole energy, 


S,-S; 3(S;-r;)(S;-45,) 


ri; , 5 

does contain an anisotropic term but this term can be 
shown classically to average to zero in a cubic crystal.®7 
While, as Van Vleck has shown,® in a quantum mechani- 
cal treatment of the magnetic dipole energy of a cubic 
lattice, higher order effects contribute to the anisotropy, 
Yosida and Tachiki* have shown that this can account 
for only approximately 10% of the observed anisotropy. 
A third mechanism is the anisotropic exchange inter- 
action which is produced by the combined action of 
spin-orbit coupling and the exchange interaction.® Here 
again calculation by Yosida and Tachiki® shows that 
the contribution from this source is far too small to 
account for the observed anisotropy. However, it was 
recognized almost concurrently by Yosida and Tachiki,*® 
Wolf® and Rado and Folen'®:" that the observed anisot- 
ropy of ferrimagnets was of the same order of magnitude 
as the anisotropy of the Fe** ion in cubic crystal fields as 
seen in paramagnetic resonance. This led them to 
propose that the anisotropy does not arise from inter- 
actions between the magnetic ions but is rather a single 
ion property and it is this single ion crystal field anisot- 
ropy averaged over the different sites of the crystal 
which gives the observed ferrimagnetic anisotropy. A 
fairly direct experimental check of this thesis would be 
to do paramagnetic resonance in a diamagnetic crystal 
which is isomorphous with the ferrimagnetic crystal and 
which is doped with a small amount of the paramagnetic 
ions found in the ferrimagnetic crystal. One is then pre- 
sumably determining the crystal field splitting parame- 
ters in a crystalline field environment that is almost 
identical to the ferrimagnetic crystal. YGaG doped with 
a small Fe** impurity is a very good test sample as it is 
isomorphous with the very important yttrium iron 
garnet (YIG). In Sec. II a description of the experi- 
mental equipment will be given. This will be followed 
by the experimental results in Sec. IIT. In Sec. IV the 
measured crystal field parameters of the spin Hamil- 
tonian will be compared with Watanabe’s theory and in 
Sec. V these parameters will be related to the measured 
anisotropy of YIG. 


II. EXPERIMENTAL PROCEDURE 


Single crystals of yttrium gallium garnet doped with 
iron were grown from the melt by J. W. Remeika and 
J. W. Neilsen of these laboratories. All samples con- 
tained less than 0.1% Fe which entered substitutionally 


6 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 

7J. I. Kaplan, J. Chem. Phys. 22, 1709 (1954). 

8K. Yosida and M. Tachiki, Progr. Theoret. Phys. (Kyoto) 17, 
331 (1957). 

9 W. Wolf, Phys. Rev. 108, 1152 (1957). 

1G. T. Rado and V. J. Folen, Bull. Am. Phys. Soc. 1, 132 
(1956). 

1 V. J. Folen and G. T. Rado, J. Appl. Phys. 29, 438 (1958). 
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as Fe** for the gallium in the octahedral and tetrahedral 
sites. That it did indeed enter substitutionally is im- 
plicit in the paramagnetic resonance spectra observed 
and the known site symmetries. However, a random 
distribution of Fe*+ between octahedral and tetrahedral 
sites was not obtained; instead it was found that 
approximately ten times as much iron lodged in octa- 
hedral sites. Several efforts to obtain a more nearly 
random distribution of the Fe** between the octahedral 
and tetrahedral sites, by quenching the crystal from a 
temperature near its melting point, proved unsuccess- 
ful.!2 As a result, the resonance lines from the octahedral 
spectra often swamped those from the tetrahedral 
spectra and great care was needed to resolve the 
tetrahedral site-lines. 

The paramagnetic resonance spectrometer was of the 
balanced microwave bridge type with superheterodyne 
detection and is shown schematically in Fig. 1. Single 
crystals weighing approximately 30 milligrams were 
oriented on polystyrene rods so that in one case the rod 
axis coincided with a [110], while in another with a 
[100] direction. The specimen was contained in a 
24-kMc/sec TEo:,, circular cavity with the rod axis at 
right angles to the plane of the dc magnetic field. The 
magnet could be rotated about a vertical direction so 
that the magnetic field could be rotated in the [110] or 
[100] planes for the two different mountings. One arm 
of the bridge contained the microwave reflection type 
cavity, while the other contained a phase shifter and 
attenuator used to balance the bridge for zero micro- 
wave output off resonance. The reflection type cavity 
was equipped with a variable matching device suggested 
by R. Kompfner and first put into practice by J. P. 
Gordon of this laboratory.'* This matching device used 
a short section of variable-length waveguide beyond cut- 
off to couple to the normally overcoupled cavity. With a 
matched cavity in one arm, the attenuator in the other 
arm was usually set for maximum attenuation and was 
only occasionally used along with the phase shifter to 
cancel any residual reflections from the cavity arm. 
From the point of view of microphonic noise, the per- 
fectly matched reflection type cavity seems most 
desirable. In this way both arms of the bridge are 
matched. Microphonics originating in vibration of the 
waveguide arm leading to the cavity and the balancing 
arm of the bridge are generally phase modulations 
whose effect in unbalancing the bridge will be minimal 
if the reflections from each arm are minimized. While 
looking at the absorption signal minimizes such phase 
unbalance effects, they are further reduced by working 
with matched arms. 

In the initial stages of the work at room temperature, 
the 2K50 signal klystron was locked on the microwave 
cavity containing the specimen by using a Pound dc 


121—. Linn, Bell Telephone Laboratories (unpublished memo- 
randum). 
13 J. P. Gordon (private communication). 
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Fic. 1. Block diagram of the electron paramagnetic resonance spectrometer. 


stabilizer."* However, at very low temperatures in order 
to avoid saturation of the Fe** resonance, the power 
level incident on the cavity had to be reduced to 10 
watt or less and this gave too small a reflection from the 
cavity to be able to lock with the Pound dc system. To 
circumvent this difficulty, the signal klystron was 
locked on an external cavity and in later work was 
stabilized relative to a frequency standard based upon 
a 20-Mc/sec oscillator which had a long-term stability 
of a few parts in 10°. 

As the magnetic field swept through resonance, the 
bridge was unbalanced in amplitude and phase and 
either component could be detected by means of a 
60-Mc/sec phase-sensitive detector at the end of the i.f. 
strip. Because of the complexity of the spectra and 
overlapping of lines, it was felt that best resolution 
could be obtained by looking at the absorption signal. 
For the same reason, magnetic field modulation to 
yield the derivative of the line seemed out of the 
question as it would have easily obscured too many of 
the details of the spectra. The 60-Mc/sec phase- 
sensitive detector served as a narrow banding device for 
the i.f. strip, the effective bandwidth being the band- 
width of the filter at the output of the detector. Further 
details of this type of detection are to be found 
elsewhere.'® 

The magnetic field was swept at 5 cps through the 


14 R. V. Pound, Rev. Sci. Instr. 17, 490 (1946). 
16S, Geschwind, Ann. N. Y. Acad. Sci. 55, 751 (1952). 


Varian V2100A power supply and the maximum sweep 
amplitude obtained in this way at this frequency was ap- 
proximately 150 gauss. This same modulation properly 
phased was applied to the horizontal axis of the oscillo- 
scope to provide a time axis for the field. The magnetic 
field was measured using a nuclear magnetic resonance 
apparatus by superimposing the nuclear resonance 
signal on the peak of the absorption line on the oscillo- 
scope screen. For a composite picture of the spectra 
over the entire field range, recorder traces were made. 
III. THEORY OF THE SPECTRUM 


Y GaG is isomorphous with yttrium iron garnet (YIG) 
whose structure has been described in detail by Geller 
and Gilleo.!® The structure is cubic and belongs to the 
space group O,(10)—Ja3d. There are 24 tetrahedral (d) 
and 16 octahedral (a) sites per unit cell with O*~ ions at 
the vertices and Ga** at the centers of these sites. The 
small iron impurity (<0.1%) enters substitutionally for 
the gallium. The spectrum of Fe** can be analyzed in 
terms of the following spin Hamiltonian given by 
Bleaney and Trenam”: 

K= g8H-S+DLS2—3S(S+1) ] 
+taLS4+S,'+S— $S5(S+1)(38+3S5—1)] 
+ (1/180) F[35S4—30S(S+1)S2+25S? 
—6S(S+1)+3S7(S+1)?]. (2) 
"46S, Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30 (1957). 


17 B. Bleaney and R. S. Trenam, Proc. Roy. Soc. (London) A223, 
1 (1954). 
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Fic. 2. The positions of the tetrahedra may be visualized by 
starting with regular tetrahedra inscribed in a cube whose axes are 
coincident with the unit cell edges. The cube is then stretched 
along a unit cell edge, (001) and then rotated about this axis 
through opposite angles 8 giving rise to two types of sites for this 
common axis of distortion. 


Here D and F correspond to axial fields of the second 
and fourth degree, respectively, with the z axis chosen 
along the direction of the axial crystal field. a is the 
cubic crystal field splitting parameter and &, n, ¢ are the 
axes of the cubic crystalline fields, none of which, in 
general, need coincide with the z axis. Each octahedron 
is distorted by a stretching along one of its threefold axes 
and has site symmetry C;; with the trigonal axes coin- 
ciding with one of the [111] directions of the crystal. 


o Gae* OR Fe3* 


() o2- 


Fic. 3. Two nonequivalent octahedral sites can be associated 
with each of the (111) axes. The position of these octahedra may 
be visualized by starting from a pair of regular octahedra inscribed 
in cubes whose edges are parallel to the crystal axes, (100). The 
octahedra are first distorted by stretching along a (111) direction. 
They are then rotated about this crystal (111) direction through 
opposite angles a. These are the sites (a:) and (a2) described in the 
text. 


The tetrahedra are distorted by a pulling along one of 
their fourfold rotary-inversion axes and have site sym- 
metry S,, with the tetragonal axes along any one of the 
[100 } directions of the crystal. The axial distortions are 
fairly severe and give rise to an axial term in the spin 
Hamiltonian for each site which is considerably larger 
than the cubic term. Even among those sites having a 
common axis of distortion there are two types which are 
distinguished from each other by a rotation in opposite 
directions about the axis. (See Figs. 2 and 3.) Thus there 
are 14 nonequivalent sites for the Fe** impurity as far 
as crystal field orientation is concerned. With the 
magnetic field in a general direction, this will give rise to 
70 lines, corresponding to AS,= +1 transitions, five for 
each nonequivalent site. The situation is simplified, 
however, by confining the magnetic field to a principal 
plane such as a (110) or (100), and even further 


[001] 


Fay) 


Faz) 





[110] 


Fic. 4. Projection onto the (111) plane of the cubic crystal field 
axes of the octahedra, the unit-cell edges and the external magnetic 
field. All angles are measured in the (111) plane. 


simplification results with the magnetic field along a 
[100] or [111] direction. 

It is convenient to rewrite the spin Hamiltonian 
relative to a set of axes which more specifically express 
the point symmetry of the octahedral and tetrahedral 
sites. 

Octahedral site (C3,): 

KH= gBHS, cosd+}g8H sind(S,+S_) 
+D[S2—435S(S+1)] 
— (1/180) (a— F){35SA—30S(S+1)S2+25S2 
~6S(S+1)+3S(S+1)2) 
+ (av2/36)[S,%e8( "FO 4S % 
+ (Sz 568! FF) 4.5 I¢-8 eFa)) 5], (3) 


i3 ¢¥a)) 


Here, as before, the z axis is along the axis of distortion 
of the octahedron (a (111) direction), and the x axis is 
chosen to coincide with the projection of 7 upon a plane 
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perpendicular to z. 6 is the angle between H and z. 
S,=S,+iS, and S_=S,—iS,. The remaining angles 
are illustrated in Fig. 4. a is the angle through which the 
octahedra are rotated about the s axis, away from the 
position where the cubic crystal field axes would coincide 
with the unit-cell edges. ¢ is the angle between H, and 
the projection of one of the unit-cell edges onto the (111) 
plane. The a distinguish between the two types of 
sites (@;) and (a2) rotated from each other by 2a about 
a common 2 axis. 
Tetrahedral site ($4): 


i= gBHS, cosd+}3g8H siné(S;+5S_) 
+ D[S2—45(S+1)] 
+ (1/120) (a+2F)[35SA—30S(S+1)S2 
4+2552—65(S+1)+3S2(S+1)?] 
+ (a/48)[S, 4c #8) 4. S$_4e-i 8) ], (4) 


Here ¢ is the angle between H, and the unit-cell edges 
and @ is the angle of rotation of the cubic axes of the 
tetrahedra about their z axes away from the position 
where their cubic crystal field axes would coincide with 
the unit-cell edges. (See Fig. 2.) 

With the magnetic field parallel to the z axis (parallel 
spectrum) the Hamiltonian is diagonal except for the 
azimuthal terms in powers of S; and S_ which in our 
case amount to a small second order correction. In this 
case, the fields for resonance at fixed microwave fre- 


quency corresponding to the AS,=-++1 transitions are 


given by the following expressions: 
Octahedral Siles 
| 4 20 a 
+$—> +3: Ai.=HoF4D+-(a—F)——_———__, 
3 27 Ay,5+2D 
5 20 a’ 


+3 ~» 48: 3, .= 8 F2DF-(e—F)4+-—_—_—_——. © 
3 27 He 2D 


20 1 1 
H3=Hy— o(— wits —). 
27 \Hj;+2D H;—2D 


Tetrahedral Sites 


—i-_,+}: 


+$— +$=H,,,;= Hy F4DF2(a+3P) 


5 1 1 
Hera 
16 A, ,+D A, »+D 


+3 +3=H» «=o F2D+$(a+3F) 


Din 


16 He4FD 
—} — +4=H;=HAp, 


Hy=hv/ gB. 


While there are closed expressions for the resonance 
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TaBLe I. Ground-state crystal field splitting parameters of Fe** in yttrium gallium garnet (YGaG) in cm™. 





Octahedral [(a) site] 
295°K 4.2°K 
~—0.129540.0003 —0.1320+40.0004 


+0.0185+0.0003 +0.0189+0.0007 
+-0,.0026+0.0004 +0.0034+0.0007 


Tetrahedral [ (d) site ] 
4.2°K 
—0.0880-+0.0006 





—0.0885-4.0,0005 
+0.0062+0.0003 +-0.0062+0.0004 
— 0.0037 +-0.0004 —0.0038+0.0005 


2.003+0.001 


2.0047 +0.0005 





fields for the parallel spectrum, they are relatively un- 
wieldy compared to the approximate formulas above, 
which have more than sufficient accuracy for our case. 
The fields for resonance in Eq. (5) have been given 
previously in this form by Kornienko and Prokhorov'* 
for Fe** in Al,O3, however, we disagree in the matter of 
signs in several places. 

In the denominators of the terms in a’, a, and F have 
been neglected compared to H and D. At 24 kMc/sec 
the terms in a? amount to a very small correction and 
can be initially neglected. This correction can be in- 
serted after a has been determined. Thus, from the 
parallel spectrum of the octahedral site D, and (a,.—F 4) 
can be determined and similarly for the tetrahedral site 
D, and (ag+3F.) can be found. Only the relative signs 
of D, and (a,—F,) and Dz and (ag+3F 4.) can be found 
at room temperature, the absolute signs are determined 
by observation of the relative intensity of the lines at 
4.2°K. The determination of a will be described in the 
next section. 


IV. EXPERIMENTAL RESULTS 


We initially confine our attention to the octahedral 
sites. With the magnetic field applied along a [111 } 
direction one observes the five AS,=-+1 lines corre- 
sponding to those octahedral sites whose axes of dis- 
tortion lie along this particular [111] direction. These 
lines are labeled @=0° in Fig. 5. The intensity of the 
lines moving out from either side of center should be in 
the ratio 9:8:5. While the peak intensities do not follow 
these ratios, presumably due to crystal field broadening 
of the outer components, the integrated intensities are 
in fair agreement with these ratios. The z axes of the 
remaining octahedra lie along the three other (111) 
directions and all will make angles of 70.5° with the 
applied field and their spectra will coincide. Their posi- 
tions in Fig. 5 can be seen to agree with the fields for 
resonance, Hys, at @=70.5° in Fig. 6, where Hy has 
been plotted versus @ with the magnetic field rotated in 
the (110) plane. 

From this parallel spectrum D and (a—F) can be 
determined from Eq. (5), neglecting the second order 
terms, with relative signs. The increase at low tempera- 
ture of the outside low-field line relative to the outside 
high-field line labels these transitions, respectively, as 
the —3-—> —§ and +$-— + and establishes D as 

18. S. Kornienko and A. M. Prokhorov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 33, 805 (1957) [translation Soviet Phys.—JETP 
6(33), 620 (1958) ]. 


negative. The final results are listed in Table I, where 
the crystal field parameters are given in cm~!, and may 
be expressed in oersteds as is often done by multiplying 
by ch/g8=2.1412X10*/g. Here c is the velocity of 
light, & is Planck’s constant, 8 is the Bohr magneton, 
and g is the g value of the ion in question. 

The other unlabeled lines which appear at low field 
correspond to AS,=-+2 transitions. In addition, several 
other less intense lines which appear at low temperature 
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Fic. 6. Field for resonance vs 6 of the AS,=-+1 lines for the 
octahedral sites distorted along the [111] direction, with the mag- 
netic field rotated in the (110) plane. In this plane there is no ¢ 
splitting. Spectra from the octahedral sites distorted along the 
other body diagonals are not shown. 
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have been tentatively identified as arising from the 
platinum which diffused into the melt from the platinum 
crucibles in which the crystals were grown. 

Turning now to the tetrahedral sites, with the 
magnetic field along a [100] direction we will observe 


the five AS,= +1 lines of the parallel spectrum for those 
tetrahedral sites whose axes of distortion are along that 
particular [100 | direction as shown in Fig. 7. The low- 


field (— 3 —> —$) line is coincident with a Am=2 tran- 
sition of Fe** in the much more heavily doped (a) sites 
which masks it. This recording illustrates how much less 
iron entered the tetrahedral sites as compared to the 
octahedral sites. The most prominent feature of this 
spectrum is still the octahedral site lines, all octahedral 
sites being equivalent with H along a [100] direction, 
their z axes making an angle of 54.75° with H. With H 
parallel to the [100] direction, one also observes the 
right-angle spectrum of those tetrahedral sites whose 
z axes lie along the [010] and [001] directions. 
Normally, these lines should be twice as intense as the 
parallel spectrum as there are twice as many sites. How- 
ever, as mentioned earlier, crystal field variations due 
to imperfections broaden the lines away from @=0. The 
integrated intensities of corresponding lines should still 
be 2:1, however, only a qualitative check of this was 
possible as the tetrahedral site lines were so much 
weaker and were often masked by the much more 
intense lines of the octahedral sites. This also made it 
difficult to follow all the tetrahedral site lines as the 
magnetic field was changed. 

The value for D and for the tetrahedral sites is given 
in Table I. 


Determination of a 


The manner in which a was determined independently 
of F, for both sites, is most conveniently illustrated for 
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the case of the tetrahedral sites. From the Hamiltonian 
given in Eq. (4) it is seen that @ appears independently 
of F as.an ae“* term, so that if H is varied azimuthally 
in such a way as to keep @ constant then the resultant 
variation in the spectrum will reflect the influence of a. 
This was easily done by rotating H in a (001) plane and 
observing the —}—>+} transition. Among those 
tetrahedral sites having their z axes along the [001 ] 
direction there are two types, which we call d,; and do, 
distinguished from each other in that they are rotated 
about this [001] direction from a position where the 
cubic axes of the tetrahedra are coincident with the 
unit-cell edges, through angles +6 and —8, respectively. 
(See Fig. 2.) 

As Hac is rotated in the (001) plane these two sites 
will give rise to two distinct spectra corresponding to 
the term 


aL. S,4e%( #48 +S 4¢e-4 +8) | 


in the Hamiltonian given in Eq. (4). This is illustrated 
in Fig. 8 for the —} — +4 transition. The variation of 
this spectrum with ¢ is in first order of the form 
Caa cos[4(¢+8) |, where ¢ is the angle between H and 
the [100] direction. Note that this ¢ splitting is not 
observed for either octahedral or tetrahedral cases with 
H in a (110) plane; for H, then makes the same angle 
¢g= 60° with the (@;) and (@2) sites and the same angle 
g=45° for the (d,) and (dz) sites. Cg is found by first 
diagonalizing the Hamiltonian for @=90°, neglecting 
the e“* terms, and using the values of D and (4+ 3F) 
determined from the parallel spectrum, with the ap- 
propriate signs as determined at low temperature. The 
diagonalization was done on a 704 computer. With the 
new wave functions y;, the first order contribution, 
(Wi | aS,4e"( +8) +-c.c.|y,), of the neglected terms to the 
energy of the S,= +3 levels are calculated, yielding an 
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splitting of the 
} — +4 transition of Fe** in the 
tetrahedral site with 4. rotated in 
a (001) plane. @=90°. The failure 
of some of the points to fall on the 
curve is due to the extreme pulling 
of these lines from the much 
stronger lines from the octahedral 
sites at certain angles 
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additional term b cos[4(¢=+8) | in the energy difference 
(W.,—W_,) for @=90°. With (W4,;—W_,) kept con- 
stant (fixed frequency experiment) this will correspond 
to a term Cya, cos[4(¢+8) | in the field for resonance 
where C, was found to be Cz= +0.426. Using this value 
of Ca and referring to the experimental results of Fig. 8, 
a including sign could be found if 8 were known, i.e., the 
position of the cubic crystalline field axes. These axes 
will, of course, coincide with the turning points of the 
spectra, but because of the two sites we cannot tell from 
the microwave measurements alone whether B= 16.5° or 
28.5°, and the two choices will give opposite signs for a. 
However, in the isostructural YIG, 6 was found to be 
15.6° and we would expect it to be very much the same 
here so that we can rule out with certainty 28.5° and 
conclude therefore, that a is positive and equal to 
+0.0062 cm. 

Turning to the octahedral site, @ appears inde- 
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Fic. 9. ¢ splitting of the —}— +4 transition of Fe** in the 
octahedral site with H rotated in a (001) plane. @ is not constant 
for the octahedral sites as Hae is rotated in this plane. 





pendently of F as an ae*** term in the Hamiltonian of 
Eq. (3). If we again try to keep the axial terms constant 
and vary H azimuthally at @=90°, we find, however, no 
variation in the spectrum at all. This is due to the fact 
that the cubic anisotropy (S,'+S,4+S,‘) is constant in 
all directions at right angles to its threefold axes, i.e., in 
a plane perpendicular to the [111 ] direction. One could 
surmount this problem by keeping the field direction 
fixed and rotating the crystal about the ¢ axis in such a 
way that this axis is always at a fixed angle to the field. 
In this way @ could remain at a fixed angle to the field 
other than 90° and we would find an azimuthal variation 
in the spectrum."® However, to do this proved experi- 
mentally inconvenient, especially at low temperatures, 
and the following compromise was made. We studied the 
variation of the —}— +4 transition as H was rotated 
in the (001) plane with the experimental results indi- 
cated in Fig. 9. Starting at the [100 ] direction, all z axes 
of the octahedral sites make the same angle of @=54.75° 
with H. When # is rotated to a [110] direction, »=45°, 
the sites with their z axes along the [111 ] and [111 ] will 
have 6=90°, while those whose z-axes are along the 
[111] and [111] directions will have cos~@= (2/3)}. 
Thus there is a large @ variation in the spectra. How- 
ever, there will be a further splitting on each @ branch 
due to the two types of sites rotated from each other 
by 2a as shown schematically in Figs. 3 and 4. It was 
this ¢ splitting on the @=54.75° to the @=35.25° 
branch that was utilized to determine a similar to the 
procedure for the tetrahedral site, except that now the 
Hamiltonian had to be diagonalized at several values of 
6. This resulted in a perturbation of the form a,C, 
cos[3(g-+a) ], where now C, was different for each 0. 
The final result is |a,|=0.0185 cm~. This value of 
|aa| for octahedral oxygen coordination is comparable 
to the value found by Low® for Fe** in MgO and by 


1” FE. Shulz-DuBois (private communication). 
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Miiller® in SrTiO;, but somewhat smaller than |a,| in 
Al,O3.'*:! 

To find the sign of ag, a knowledge of @ is required. 
If the angle a were 30° then there would be no way in 
principle to determine the sign of a, as the two sites 
would be 60° apart and the e®‘*+” term would simply 
introduce a sign change between the ¢ spectra of the 
two sites. Our experimental results indicate a= 28° or 
a= 32°. If we choose a=28° on the basis that this is 
closer to the angle a=28.6° found in YIG, we get a 
positive sign of a. One can look at this question the other 
way around and cite strong evidence from other direc- 
tions to support a positive a and conclude a@ posteriori 
that a= 28°. This evidence comes from the positive a 
found by Low® for Fe** in similar octahedral oxygen 
coordination as well as the positive value of (a—F) 
found in this experiment. To assume a negative a would 
imply a value of F almost one-fourth as large as D which 
is highly unlikely as F is a fourth order term compared 
to D which is a second order term. 


V. DISCUSSION OF RESULTS 


1. Relationship of Results to Crystal 
Field Theory 


We wish to make here a few brief observations on the 
bearing of the experimental results for D and a@ upon 
the theory of the crystal field splitting of the ground 
state of S-state ions. 

As pointed out in the introduction, Watanabe’s theory 
of the splitting of S-state ions in cubic fields predicted 
that a~V? (V is the cubic crystalline potential) if 
perturbations by states derived only from the 3d° 
configuration are considered. Perturbations from states 
derived from higher configurations such as 3d‘4s 
would give a contribution proportional to V but would 
be expected to be a few orders of magnitude smaller. 
This can be estimated as follows. Processes contributing 
to a involving terms of d® only are of the order' 


MV2/(AE)5, (7) 


where \ is the spin-orbit coupling constant, V is the 
cubic crystalline potential, and AE is an average 
separation of the®S ground state from the excited states 
in d', This is to be compared with processes linear in V 
which involve the excited configurations and which are 
of order” 


MV /(Ae)', (8) 


where Ae is an average separation of the excited con- 
figurations (i.e., 3d“4d) from the ®S ground state. Taking 
V~10' cm, AE=3X 104 cm™ and Ae~ 10° cm“, it is 
seen that perturbations from terms within d® are about 
100 times more effective. 


2K. A. Miiller, Helv. Phys. Acta 31, 173 (1957). 

21 G. S. Bogel and H. I’. Symmons, Proc. Phys. Soc. (London) 
73, 531 (1959). 

2M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 
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Our experimental results have shown that a is positive 
for Fe** in both (a) and (d) sites even though the poten- 
tials are different in sign. As a matter of fact all the 
experimental data for °S;(3d°) seems to indicate that a 
is always positive in both coordinations and for a 
variety of ligands, i.e., water, oxygen, sulfur, etc. We 
have previously shown that a negative a for Fe** in the 
alums was in error and that a is positive in these com- 
pounds as well.” This could have been inferred from the 
result of Bleaney and Trenam" that @ and D for Fe** in 
methylamine sulfate had the same sign in conjunction 
with the data of Cooke, Meyer, and Wolf* who found 
D positive from specific heat measurements in ferric 
methyl ammonium sulfate. This might all be taken as 
support for that aspect of the theory which predicts 
a~ V2.5 

However, Powell, Gabriel, and Johnston? have re- 
examined Watanabe’s argument which led one to 
expect that only contributions even in V arise from 
terms in d°, They point out that in going from a picture 
of electrons to one of holes the sign of \ as well as V 
changes so that one may have odd powers in V and A 
simulatneously. This has also been shown by Lacroix?® 
by the use of very general group theoretical methods. 
The calculation of Powell, Gabriel, and Johnston shows 
that indeed contributions odd in V arise from terms in 
d', A contribution of this nature, for example, would 
involve V to the first power and AL-S to the fifth 
power. At first glance the appearance of the spin 
operator to the fifth power may seem awkward as we 
should like to derive a quartic spin Hamiltonian from 
this perturbation. However, assuming the correctness 
of their calculation implies of necessity that such a 
reduction from fifth powers of spin to fourth power by 
the use of the spin commutation relations must take 
place. 

On the experimental side, the fact that @ is invariably 
found to be positive, independent of the sign of V, 
must now be regarded as only establishing the dominance 
of terms even in V.?’ Their calculation is in agreement 
with this experimental fact, for even though a is not an 
even function of V it is nonetheless positive for both 
positive and negative V for reasonable values of V. 

One might go even further and examine how the 
relative magnitudes of the a’s for the (a) and (d) sites 
compare with each other using a naive point-charge 
model. The constant C appearing in the cubic potential 
[Eq. (1)] is —(35/9)g/d*> and +(35/4)q/d5 for tetra- 
hedral and octahedral sites, respectively, where d is 


23S. Geschwind, Phys. Rev. Letters 3, 207 (1959). 

* A. H. Cooke, H. Meyer, and W. P. Wolf, Proc. Roy. Soc. 
(London) A237, 404 (1956). 

28 The author is indebted to Dr. H. Meyer and Dr. W. P. Wolf 
for pointing this out. 

26 R. Lacroix, Helv. Phys. Acta 30, 478 (1957). 

274 negative value of a~—1.0X10~ cm™ was needed by 
Watkins to explain the spectra of Mn?* in NaCl; G. D. Watkins, 
Phys. Rev. 113, 79 (1959). However, while such a small value of a 
is consistent with very small values of Dg in the table of reference 
2, it could also arise from excited configurations. 
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the distance from the center of the site to the charges 
q located at the corners. If a~V?, then a,/aa 
= (9/4)?(da/da)"®. Using the Fe—O distances given by 
Geller and Gilleo'* for YIG, dgz=1.88 A, and d,=2.00 A, 
one predicts a,/aa=2.72+0.3 the error arising from the 
uncertainty in d. This is in very good agreement with 
our experimental value 3.00+0.1 from Table I. While 
the point-charge model is an oversimplification it might 
have some validity in relative comparisons of this sort in 
cases where the bonding is fairly ionic, i.e., fluorine and 
oxygen coordination. One would not expect it to work 
in more covalent cases such as sulfur coordination. 
Turning to the axial field splitting parameter, D is 
found to be positive for Fe** in Al,O;,”" while it is 
negative in YGaG for both sites. It is therefore apparent 
that terms linear in Vx, in the axial field splitting of the 
ground state are effective and therefore the admixing of 
higher configurations is involved. This term could 
arise from a process proposed by Pryce” of the type 


(6$(3d8) | Vss|®D(3d"4s))(*D(3d"45 | Vax| ®S(3d°)) 
dash W(8S)—W(SD) 


(9) 


where V,x is the axial crystal potential, and V,, the 
spin-spin interaction energy. A calculation using a point 
charge model indeed shows opposite signs for V in Al,Os 
compared to YGaG. However, a closer examination of 
all the available experimental evidence on Fe**, which 
will be reported later, suggests that a small term 
quadratic in V may also be effective. This again can 
airse from terms of 3d° and is of the form, for example of! 


(6§|AL-S|4P)(4P| Vex|4D)(4D| Vax|*P)(4P|AL-S| 8S) 
[W(ss) —W(*P) |[LW(&S) — W(4D) JLW (8S) — W(sP)] 
(10) 


If we take V,x~10* cm™ and Vs.~1 cm and 
A= 400 cm—, AE=3X10* cm, and Ae= 10° cm—, it is 
seen that Eq. (9) and Eq. (10) are the same order of 
magnitude so that unlike the case of the cubic potential, 
terms both linear and quadratic in V,x may be expected 
to contribute almost equally to D. 

These order of magnitude estimates are tendered 
with caution as a more detailed examination of the 
problem must consider overlap and covalent effects, for 
example, as indicated recently by Kondo.’ A fuller 
summary of all the experimental data pertinent to the 
problem will appear in a forthcoming publication. 





2. Anisotropy of YIG 


The crystal field parameters a, D, F reflect the anisot- 
ropy energy of an individual isolated Fe** ion relative to 
the orientation of its spin with respect to the local 
crystal field axes. The “single ion” theory of ferri- 
magnetic anisotropy proposes that in a ferrimagnet the 


#8 J. Kondo, Progr. Theoret. Phys. (Kyoto) 23, 106 (1960). 
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anisotropy energy is given by summing the individual 
anisotropy of each ion over all crystal sites. The spin 
orientation of the ion will be determined by the Weiss 
molecular field whose direction will be called Z, and 
which has direction cosines a, a2, and a3 with respect to 
the unit cell edges. Let the direction cosines of the local 
cubic crystal field axes with respect to the Weiss field be 
M1, N2, and mz and let @ be the angle between the Weiss 
field and the axial crystal field. Then the local anisotropy 
of an Fe** ion is given by 
[§a(my*+-m4+-n;3*) + (35/180) F cos*é ] 

X {23[35(S2*)—305(S+1)(S22) 

+352(S+1)?—65(S+1)+25(Sz2)} 

+[3D cos?@]{3(Sz*)—S(S+1)}, (11) 


where Sz is now the projection of S along the Weiss field 
and terms in cos’@ multiplying F have been omitted as 
they do not contribute to the cubic anisotropy. This 
expression was derived for the a term by Yosida and 
Tachiki,’ and an obvious extension of their method 
gives the F and D terms. Higher order terms in D?/g8H... 
have been neglected as our result for D indicates they 
are less than 10~* cm~. The terms in curly brackets are 
temperature factors calculated by Yosida and Tachiki* 
and Wolf. In Wolf’s notation the term in curled 
brackets containing Sz‘ is equal to —3r(y), where 
r(y) > —$§ as T— 0 and r(y) — 0 as T approaches the 
Curie temperature. The term cos?@ averaged over either 
the four different body diagonals or the three cube edges 
gives a constant term, so that in first order the term in 
D does not contribute to the cubic anisotropy. We are 
thus left with the terms in a and F where (2,!-+-n.4+-n;') 
and cos‘@ are to be averaged over the different sites 
whose crystal field axes are oriented differently with 
respect to the unit-cell axes. 

In averaging the term (,;'+-2'+m;*) care must be 
taken in the selection of the local cubic axes for the dis- 
torted octahedra. As the distortion is along a [111] 
direction the cubic crystal field axes do not coincide with 
the body diagonals of the octahedron. Besides showing a 
threefold symmetry with respect to the direction of 
distortion, the cubic crystal field axes must be perpen- 
dicular to each other. This results in a slight alteration 
of Cooper’s” result for this average but could be signifi- 
cant in cases of more severe distortions. 

It is convenient to express this average in terms of 
the angles a and 8 referred to earlier which measured the 
rotation away from coincidence with the unit cell edges 
of the cubic axes of the octahedral and tetrahedral sites 
respectively about their axes of distortion. If the anisot- 
ropy energy is expressed as K,(a;a2?+a,.’a;?+a;’a;3"), 
then in terms of these angles the anisotropy constant 
per unit cell (24 tetrahedral plus 16 octahedral sites) 
becomes 


K,=[aa(14+10 cos48)+ (28/3)Fa}ra(y) 
+[a,(16/27)(7+20 cosa) —(112/27)Fe]ra(y). (12) 
~ 9B. R. Cooper, Phys. Rev. 112, 395 (1959). 
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The angles @ and @ are given in terms of the oxygen 
parameters x, y, and z of the lattice by 


tana=}3v3(y—«)/[s—3 (x+y) ], (13) 
(14) 


tan(ja—8)=y/(i—32). 
The notation Ky, and K, is introduced for the coefficients 
of ra(y) and r,(y) in Eq. (12), ice., 


K,=Kara(v)+Kara(y). (15) 


From the oxygen parameters of YIG given by Geller 
and Gilleo" it is found that a= 28.6° and B= 15.4° which 
when substituted into Eq. (12) along with the values a 
and F from Table I yield the values Kg and K, in 
column 1 of Table IT. 

Rodrigue, Meyer, and Jones” have used Pauthenet’s® 
magnetization data for the (a) and (d) sublattices to 
determine ra(y) and r,(y) and have then fitted their 
measured anisotropy of YIG to Eq. (15) to determine 
the coefficient Ku(y) and K,(y).” Their results are 
listed in the second column of Table II where they are 
compared with the values of K, and Kg calculated 
from the experimentally determined crystal field param- 
eters of YGaG. While the values of Ky are in fair agree- 
ment it is seen that the values of A, differ by about a 
factor of ten. Note also that the numerical result of this 
molecular field fit has been to place the burden of the 
anisotropy almost completely upon the tetrahedral sites. 
Even if one had misgivings about the applicability of 
molecular field theory here, one would at least hope for 
better agreement at 7=0°K, where (S,)= 3 independent 
of any molecular field assumption so that rga=ra= —}. 
If rgz=r,= —$ isinserted in Eq. (12) we find K,(T=0°R) 

—0.37 cm™, compared to the experimental value of 
K,=—0.241 cm.” Thus, we see that the experimental 
result for K, of YIG differs by about 50% from that 
predicted theoretically when using the crystal field 
parameters a and F found for YGaG. 

One is led to speculate about the source of the 
discrepancy. 

(a) We initially look for an explanation within the 
framework of the “single ion” theory of anisotropy. 
Perhaps the parameters a and F are sufficiently different 


TABLE II. Comparison of calculated anisotropy per unit cell of 
(a) and (d) sublattices of YIG using crystal field parameters of 
Table I, with values deduced from measured anisotropy and 
molecular field theory fit. 


Rodrigue, Meyer, 
and Jones® 
—6.4 1073 cm™ 
101 1073 cm™ 


Using a and F 
from Table I 
66X 1073 cm7 
82x 1073 cm™ 


K, (16 octahedral sites) 
Ka (24 tetrahedral sites) 





% G. P. Rodrigue, H. Meyer, and R. V. Jones, J. Appl. Phys. 
31, 376S (1960). 

31 R. Pauthenet, Ann. phys. 13, 424 (1958). 

® Previous attempts! *7 to determine values of a in tetrahedral 
coordination, by fitting to the experimental anisotropy in ferrites 
and garnets have predicted the wrong sign of a. 


RESONANCE OF 


Fe** 373 
in YIG compared to YGaG so that one is not justified in 
substituting the values of a and F determined in the 
magnetically dilute crystal. This suggestion is reason- 
able only in so far as F is concerned. In this connection, 
while no great variation is found in @ for Fe* in octa- 
hedral oxygen coordination, F is very sensitive to the 
distortion of the octahedron. One would need values 
of F almost three times larger than found here to 
explain the observed anisotropy of YIG. This may not 
be unreasonable, i.e., Fe** in AlgO; has F100 gauss.!8:7! 
Along this same line of thought, Kaminow™* finds in his 
pressure experiments a 7% change in K, in YIG for a 
one-half per cent change in volume. If we assume that 
the Fe—O distance follows the bulk volume compression 
then if a~ V? cubic, we expect da/a= (6V/V)"8, which 
for a one-half percent volume change would only predict 
a change in K, of 1.7%. Therefore, the larger percentage 
change in K, that Kaminow observes probably reflects 
a change in F, more so than that of a, due to a change in 
the oxygen parameters, and further supports the 
expectation of significant variations in F between YIG 
and YGaG.* 

(b) The cubic crystal field axes may not be given 
simply by the six nearest oxygen neighbors but next 
nearest neighbors may be playing a role. In this case, the 
angle a in Eq. (12) would be further rotated. Note that 
an angle a=36.8° will result in the vanishing of the 
contribution of a, to the anisotropy. However, a simple 
point-charge calculation shows that this added rotation 
could not amount to more than one degree. In addition, 
this angle as determined from the paramagnetic reso- 
nance experiments in YGaG reflects the local cubic 
crystal field at the site due to all the remaining charges 
in the crystal. Again, it is difficult to see how this angle 
could vary as much as from 28° in YGaG to 35° in YIG, 
which is needed to explain the results. 

(c) A small impurity may be contributing strongly to 
the anisotropy. Dillon has succeeded in modifying the 
anisotropy of YIG by incorporating fractional per- 
centages of silicon into the lattice which presumably 
forces a corresponding amount of iron into the divalent 
state. However, the chief effect was to introduce higher 
anisotropy terms rather than severely modify K,.** 

We return now for an explanation of this discrepancy 
to processes which involve interactions between the 
spins. 

(d) Walker®” has made the suggestion that since the 
spins are really not aligned in the ground state of a 
ferrimagnet, the anisotropy will be substantially reduced 
below that of the aligned state. Preliminary calculations 


% J. F. Dillon, Jr. (private communication). 

34 T. Kaminow, quoted in reference 30. 

35 Note added in proof. Folen has also cited evidence for a sig- 
nificant variation in the F parameter between the ordered and 
disordered state in lithium ferrite [V. J. Folen, J. Appl. Phys. 31, 
166S (1960) }. 

36 J. F. Dillon, Jr. (private communication). 

37 L. R. Walker, J. Appl. Phys., 32, Suppl. (1961). 
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by him indicate that this effect may in fact resolve the 
remaining discrepancy. 

(e) Finally, since the disagreement with experiment 
is only 50%, one should perhaps reconsider refining the 
calculation of the dipole-dipole interaction which ac- 
cording to Yosida and Tachiki® gives in MnFe,O, a 
value of K, approximately 10% of the observed 
anisotropy. 

In conclusion although there is a 50% disagreement 
between the observed and calculated anisotropy of 
YIG at T=0°K, using the crystal field parameters of 
YGaG, we feel that the major portion of the anisotropy 
in cubic ferrimagnets arises from the cubic crystal field 
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splittings and that the remaining discrepancy could be 
explained by any one or combination of items (a) to (e). 
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Sputtering of Silicon with A** Ions 
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A gravimetric technique involving a sensitive quartz microbalance was used for the determination of 
sputtering yields for the argon ion-bombardment of silicon. The sputtering yield for A** ions was deduced 
from the results of experiments in which the relative concentrations of At and A** ions were varied in a known 
manner. On the assumption that sputtering is a kinetic-energy-controlled phenomenon, we would expect 
Sg(A**) =S22(A*), where S is the number of atoms sputtered by an impinging ion of energy F. This investi 
gation showed, however, that Sg(At*)—4S22(At). This indicates the influence in the sputtering process 
of some other factor in addition to the ion kinetic energy. 


MN investigation of the sputtering of silicon with 
argon ions has provided information of the relative 
effectiveness of singly and doubly charged ions in the 
sputtering process. The presence of doubly charged ions 
in the discharge used for sputtering measurements has 
been found to have caused an overestimation of low- 
energy sputtering yields.' In this work a gravimetric 
technique involving a sensitive quartz microbalance in 
ultrahigh vacuum was used for in situ measurement of 
sputtering yields. Weight changes of 0.13 ug (equivalent 
to 10' silicon atoms) with a maximum deviation of 
+0.06 ug were detectable. The vacuum microbalance 
apparatus and its application to sputtering studies has 
been described in other publications.2* The experi- 
mental procedure consisted essentially of the measure- 
ment of a weight change produced by bombardment of a 
sample with ions extracted from a thermionically sup- 
ported low pressure discharge. Argon pressures were 
5X 10~ to 10-* mm Hg. Discharge conditions were such 
that the ion energies were well defined and ion incidence 


1 R. Stuart and G. Wehner, Phys. Rev. Letters 4, 409 (1960). 

2S. P. Wolsky, Phys. Rev. 108, 1131 (1957). 

3S. P. Wolsky and E. J. Zdanuk, Proceedings of the U. S. Army 
Signal Research and Development Laboratories Conference on 
Vacuum Microbalance Techniques, Fort Monmouth, New Jersey, 
January, 1960 (unpublished). 


was predominantly normal to the target surface. A 
plasma potential of —4 volts (with respect to ground) 
has been determined from probe measurements.? Cur- 
rent densities of 1 to 17 ua/cm? were employed, with a 
total of 10'* to 10"* ions being involved in any one experi- 
ment. The samples were high-purity oxygen-free (111)- 
oriented single-crystal slices, 0.05-0.1 mm thick, with 
total surface areas of 7—10 cm. 

Figure 1 presents the sputtering yield, [.S/(1+-*) | 
as a function of the sample voltage for the argon ion 
bombardment of silicon at three different discharge 
voltages (DV). S is the number of atoms sputtered per 
impinging ion, and y* is a generalized correction factor 
applied to the charge count to yield the number of ions 
actually involved in the bombardment. For discharges 
having only singly charged ions, y*=+, the ordinary 
secondary emission coefficient. For discharges having 
multiple charged ions, y* will contain corrections due to 
the secondary emission coefficient of the various species 
and to the multiple charges on some of the ions. At 
DV=35-40, only A* are present* and S/(1+y*) 
=5S/(1+~7). The true ion energies are equal to the 
sample voliage less the plasma potential. The most 
interesting feature of these data, as far as this discussion 


*W. Bleakney, Phys. Rev. 36, 1303 (1930). 
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is concerned, is the apparent effect of the discharge 
voltage on the sputtering. Variations of the discharge 
voltage affect the bombardment only through changes 
in the relative concentrations of A+ and At ions in the 
plasma. The plot of Fig. 1 reveals an apparent relation- 
ship between the sputtering yield and the concentration 
of A** ions in the discharge. As will be shown, the ob- 
served data for the mixed discharge cannot be accounted 
for by the difference in y(A*) and y(A**). 

From an analysis of the data at the three discharge 
voltages, it has been possible to determine the sputtering 
yield of At® ions. The DV=35—40 volt curve was con- 
sidered to represent the yield for a pure At discharge. 
The contribution of At* ions even at DV= 150 volts was 
not considered since they are present to <1% of the 
total ion concentration. The relative concentrations of 
At and A*? ions in the discharge were assumed to be 
equivalent to those observed by others‘ at similar 
ionizing electron energies. y(At) for bombardment of 
silicon has been measured by Hagstrum.® Although 
y(A**) has not been experimentally determined, an 
examination of the data for noble gas ion bombardment 
of molybdenum and tungsten’ led us to assume (A*°*) 
= 3y(At). With the above information, the measured 
total charge was corrected for the presence of At ions 
in the discharge and for the secondary emission con- 
tribution. If we assume, as have others,':* the sputtering 
is primarily a kinetic energy controlled phenomenon, 
the sputtering yield of a doubly charged ion should be 
equivalent to that of a singly charged ion at twice the 
ion energy. The calculated yield for the At ion was 
found to be approximately four times that predicted 
from kinetic energy considerations, i.e., Sz(A**) 
~4225(At), where E is the ion energy. 

The experimental evidence indicates a surprising 
effectiveness of the A*® ions in sputtering silicon. 
Differences between data obtained for the low-energy 
bombardment of germanium in earlier studies and those 
of others® may possibly be attributed to the higher dis- 
charge voltage (DV=275) of our experiments. Other 


5H. Hagstrum, Phys. Rev. 119, 940 (1960). 

6 H. Hagstrum, Phys. Rev. 104, 672 (1956). 

7H. Hagstrum, Phys. Rev. 96, 325 (1954). 

8G. Wehner, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, p. 295. 

9 N. Laegreid, G. Wehner, and B. Meckel, J. Appl. Phys. 30, 375 
(1959). 
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l'ic. 1. Argon ion bombardment of silicon [(111), oxygen-free ] 


in the low-energy region. 


investigators® have observed sputtering rates for ionized 
species to be greater than those for neutral atoms. A 
consideration of the neutralization energy in addition 
to the kinetic energy of the impinging ion provides an 
adequate explanation of the variances in the threshold 
data of some workers.* An additional energy increment 
due to neutralization, however, is completely inadequate 
in accounting for the high sputtering yield of the At? ion. 

It can be concluded from this work that the sputtering 
of silicon with At? ions involves some other factor in 
addition to the kinetic energy of the impinging ion. 
This result is of considerable significance to those 
investigating the various aspects of the sputtering 
process. 


A detailed discussion of the argon ion-silicon system 
over a wide energy range along with other sputtering 
results will be published at a later date. 
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Magnetic Properties of KMnF;. I. Crystallographic Studies* 
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The lattice parameters for KMnF; have been determined by means of an x-ray rotation camera designed 
for temperatures down to 15°K. The cubic room temperature perovskite structure transforms at 184°K to an 
orthorhombic phase with D2,'*— Pbnm as the most probable space group with a unit cell containing 4 formula 
units; it has a tetragonal pseudocell with c/a>1 in which the fluorine octahedra about the manganese remain 
essentially regular but tilt relative to the crystal axes. At 84°K, just below the Néel temperature of 88°K, the 
pure antiferromagnetic also has a tetragonal pseudocell, but with c/a<1 and the still essentially regular 
octahedra rotated as well as twisted. Below a second magnetic transition at 81.5°K, the 65°K structure shows 
in addition a significant distortion of the regularity of the octahedra. 





INTRODUCTION 


LUORIDES of the type KMeF;, where Me is a 3d 
element, have attracted wide attention because of 
their interesting magnetic properties. As do several 
other compounds of similar composition, they crystallize 
in the perovskite structure (Fig. 1). Antiferromagnetism 
is common in perovskite-like double oxides of 3d ions, 
and also occurs in the double fluorides." 

The fluoride KMnF; with the Néel temperature 
Ty=88°K has a divalent manganese ion with five d 
electrons. Mn*? is thus in an S state, which excludes any 
Jahn-Teller type of distortion. For this reason we can 
expect that KMnF; will be only slightly distorted if at 
all from the cubic perovskite structure. On the other 
hand, the cubic perovskite structure itself is known to be 
unstable. These facts contribute to make KMnF; an 
especially interesting compound from a magnetic point 
of view. Torsion measurements, which will be reported 
in the second paper in this series,” among other things 
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Fic. 1. The unit 


cell of KMnF; at 
room temperature. 
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have shown the existence of a second magnetic transi- 
tion at 81.5°K, not far below the Néel temperature of 
88°K. Below 81.5°K the crystal has a weak ferromag- 
netic moment caused by a canting of the spins. Crystal- 
lographic studies of K MnF; were undertaken in order to 
determine the magnitude of the fluorine distortions both 
above and below the Néel temperature, thereby facili- 
tating the explanation of the magnetic structure. 

Scatturin ef al.’ have investigated several of the 
potassium double fluorides by means of neutron powder 
diffraction at liquid helium and liquid nitrogen tem- 
peratures. At 4.2°K the magnetic structure belongs to 
the so-called G-type configuration, where the two mag- 
netic sublattices constitute two interpenetrating face- 
centered lattices of opposite spin. The diffraction pat- 
tern reveals some distortion of the fluorines, and the 
authors show that their data fit reasonably well with the 
same kind of distortion that was found by Geller* in 
several perovskite crystallizing materials. The same 
space group D2,'*— Pbnm is also applicable to our x-ray 
data, though we have found a slightly different distor- 
tion of the fluorine octahedron and also some distortion 
of the potassium ions. A difference is further noticed in 
the ion parameters for the two magnetic states found by 
the torsion measurements, although the lattice con- 
stants do not change noticeably. 

At room temperature the fluorides of Mn, Fe, Co, Ni, 
and Zn have the ideal cubic perovskite structure, while 
KCrF; and KCuF; show a considerable distortion.>- 
Preliminary measurements of K MnF; at lower tempera- 
tures’ showed that the cubic structure persists down to 
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184°K, where a distortion to a tetragonal pseudocell 
with c/a>1 sets in. At the Néel temperature a second 
change occurs to c/a<1. In both temperature regions 
the true crystallographic cell contains four molecules of 
K MnF;3. Okazaki e/ al.* have reported lattice parameters 
at room temperature and 77°K. They report a mono- 
clinic pseudocell at the lower temperature, a phase that 
we have found in the temperature region 88°K to 105°K, 
provided the crystal is warmed from the antiferromag- 
netic region. This intermediate phase does not seem to 
occur with decreasing temperature. 


EXPERIMENTAL 


A simple rotation camera (Fig. 2) was designed and 
built for operation at temperatures down to 15°K. The 
x-ray beam is directed by the collimator C towards the 
crystal X and the main beam is then caught by the 
beam stopper B. A goniometer head G carrying the 
sample is mounted on an axis through one of the end 
walls of the camera. The opposite wall supports the 
double walled stainless steel tubes for transferring the 
cooling gas from a liquid helium (or nitrogen) Dewar. 
The current through a resistor dipping into the liquid 
helium controls the rate of flow of the gas. The tempera- 
ture is measured by a thermocouple J close to the 
crystal. A boiling rate of 1 liter of liquid per hour 
brought the temperature down to 15°K, while only 0.3 
liter/hour was needed for temperatures closer to the 
Néel temperature. A small heater H is placed in the gas 
stream about four inches from the sample for fine 
adjustment of the temperature. Owing to the small 
distance between this heater and the crystal the time 
constant for the temperature regulation is as short as 2 
sec. The temperature could easily be maintained manu- 
ally within +2 degrees for several hours and therefore 
no automatic temperature regulating device was built. 


FILM 
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The open circumference of the camera is covered by a 
thin film of plastic with negligible x-ray absorption in 
order to prevent heavy icing of the sample. The photo- 
graphic film in black paper is wrapped from the outside. 
Notches in the camera circumference give reference 
marks every 30 degrees. 

The single crystal was grown by zone-refining material 
that had been precipitated from aqueous solution and 
sintered in anhydrous hydrogen fluoride. In order to 
reduce oxygen contamination, the material to be zone- 
refined was placed in a graphite boat in a dry nitrogen 
atmosphere. An oxygen contamination might be ex- 
pected to result in some trivalent manganese ions. No 
Mn** ions could be detected by analytical methods with 
an estimated upper limit of 0.06%. 

A crystal of the size 0.1X0.3 mm was cut from a 
sample and mounted in the camera with a (100) axis 
parallel to the rotation axis. For the lattice parameter 
measurements, Cu K radiation was used, while the in- 
tensity measurements were made on films exposed with 
Mo K radiation because of the smaller absorption of this 
radiation, which made absorption corrections unneces- 
sary. In the cubic room-temperature phase the 0, 1, and 
2 layers could be obtained. The relative intensities were 
estimated visually by comparison with an intensity 
scale. In order to cover a large intensity range, the 
multiple-layer film technique was used. Since the ab- 
sorption in each film is very low, 0.003-in. Mo foils were 
placed between the films. 


CRYSTALLOGRAPHIC DATA 


Photographs taken at room temperature show the 
undistorted cubic perovskite structure with one mole- 
cule per unit cell. The lattice constant is 4.186 A, which 
gives a density of 3.42 g/cm*. Upon lowering the tem- 


perature, the spots split at 184°K, indicating a lower 
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TABLE I. Crystallographic data on KMnF. 


Lattice constants Pseudocel! 


a(A) Ob(A) c¢(A) 


Temp. 
(°K) 
293 

95 5.388! 
65 5.900 


cubic, a2=b=c=4.186 
tetr. a=b=4.161, c=4.188 
tetr. a=b=4.172, c=4.165 


5.885 
5.900 


8.376 
8.330 
92, incr. monocl. 
temp. 


Okazaki efal.* monocl. 


ound 


a aa 
state 


® See reference 6. 


symmetry. The splitting may in the first approximation 
be explained by a tetragonal symmetry. At this transi- 
tion the crystal twins with the crystallites having their 
main crystallographic axis oriented along any of the 
three former cube axes. Reflections (#00) thus show the 
largest splitting with an intensity ratio of 2:1 of the two 
spots. The transition was confirmed by optical measure- 
ments, which showed the appearance of optical ani- 
sotropy below 184°K. 

At low temperatures, long-exposure films show super- 
lattice lines halfway between the cubic layer lines, 
indicating a larger unit cell containing four molecules. 
The crystal has orthorhombic symmetry with the a and 
b axes equal within experimental error and the ¢ axis 
close to the value av2. The cell constants at 293°K, 
90°K, and 65°K are given in Table I, as well as the 
dimensions of the pseudocell. The variation of the 
pseudocell with temperature is shown in Fig. 3. As the 
temperature is lowered from 184°K the c/a ratio of the 
pseudocell increases to the maximum value c/a= 1.0065 
at the Néel temperature. In the antiferromagnetic state 
the lattice changes, giving a c/a ratio of 0.9985. 

The crystal shows hysteresis in the temperature region 
immediately above the Néel temperature. On increasing 
the temperature the crystal goes from the magnetic 
state to another orthorhombic phase with three different 
axes. The pseudocell is then monoclinic with axial 
lengths indicated by black triangles in Fig. 3. These 
data are consistent with the parameters given by 
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Fic. 3. Pseudocell dimensions of KMnF; as a function 
of temperature. 
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Okazaki ed al. for 77°K. These authors remark, how- 
ever, that they have taken their picture of KMnF; very 
close to the Néel temperature and the crystal might, in 
fact, have been above 88°K for most of the exposure 
time. According to our experience this phase only ap- 
pears when the crystal warms up from the antiferromag- 
netic state. 

In a single-crystal rotation photograph the intensity 
of a reflection (in the 0 layer) is expressed by 


Tobs= const p| F ,x:|*LP exp[.— B(sin6/d)* }. 


LP is the Lorentz and polarization factor for the Bragg 
angle 6, and is a multiplicity factor. The structure 
factor is given by 


Pra= di fi exp[2ri (hx, +ky:+/z;)], 


summing over the different ions with the coordinates 
Xi, yi, and z,;. The scattering factors f; for K* and F 

were obtained from Freeman* and from Thomas and 
Umeda? for Mn**. 

The temperature factor B, which is proportional to 
the mean square deviation of the ions from their regular 
positions, could be expected to be rather small for the 
high melting crystal KMnF;. In the first approximation 
the same factor was assumed for all the ions in the 
lattice. This resulted in some discrepancies between 
observed and calculated intensities for reflections of high 
indices. Reflections with + &+/ odd, where the heaviest 
ions K+ and Mn*? scatter with 180° phase difference, 
were observed to be too strong compared with the 
reflections h+k+/ even, when the scattering factors of 
K+ and Mnt? add together. These deviations could be 
explained by applying a higher temperature factor for 
the K+ ions than for the Mn*? and the F~ ions. A good 
fit was obtained for B=1.3 A? for potassium and 
B=0.5 A? for the other ions. The assumption is not 
unreasonable with regard to the sizes of the ions and the 
crystal structure. The geometrical conditions for the 
perovskite structure is expressed by the Goldschmidt 
tolerance factor ¢ in the relation: 


Rx+Rr= tV2(Ruat+Rr), 


where Rx, Ron, and Ry are the ionic radii. The low 
value of t= 0.94 for KMnF; implies that the Mn*t? and 
F- ions are touching, while the K* ions are more free to 
vibrate. The low tolerance factor also implies crystal- 
lographic instability, which might be associated with the 
phase change that occurs at 184°K. 

The low-temperature phases show superlattice lines 
halfway between the cubic layer lines. The reflections 
can be indexed with a unit cell of four molecules. The 
determination of systematic absences is complicated by 
the twinning of the crystal, since several different 
crystallographic reflections add together in each spot. 
However, reflections of the type (#0/) with (i+/) odd 


® A. J. Freeman, Acta Cryst. 12, 929 (1959). 
* L. H. Thomas and K. Umeda, J. Chem. Phys. 26, 293 (1957) 
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TABLE II. Coordinates of the ions in KMnF, De,'*— Pbnm. 











Ion Position® Scatturin ef al. 4°K 


65°K 


—0.005 0.02 
} 0 
0.50 


0.28 


Kt 4(c) 0 0 1 
Mn*? 4(b) } 0 0 
La 4(c) 0.01 0.5 i 
7 8(d) —0.270 0,040 0. 


0.035 


260 —0.280 





95°K 


0.02 i —0.01 0.02 
0 4 0 
0.49 0.023 0.49 
0.268 —0.25 0.25 


0.038 


1 
0.030 ~0.268 0.018 








* Positions: 4(c): +(x, y, t; }—x, +9. 4); 4(0): (4,0,0; 4,0,9; 0,4,0; 0,4,4); 8d): a(x, », 8; §—x, 4+, 4-2; 2, 9, A+2; +x, 4», 8). 


are missing as well as reflections (Ok) with k odd. A 
possible space group is De,'*—Pbnm. In extensive 
studies of perovskite like compounds involving rare- 
earth ions, Geller and co-workers" have found that this 
space group is common. An analysis shows that for 
K MnF; the observed intensities fit well to the same type 
of distortion. The orthorhombic cell is shown in Fig. 4, 
where for simplicity the ions are shown in their undis- 
torted positions. Figure 4 also shows the pseudocell with 
the fluorine octahedron as it appears in Fig. 1. Table II 
gives the general coordinates of the ions according to the 
space group Pbnm. There are two kinds of fluorine ion 
positions. The ions at the top and bottom of the 
octahedron, Fy~ are in 4(c), while the side ions, Fy;-, are 
in 8(d). 

Because of the twinning of the crystal, the standard 
methods for solving the structure with least-squares 
refinements could not be applied. The seven unknown 
parameters had to be evaluated instead on a trial and 
error basis. The observed reflections divide into four 
groups, of which the group, (+-&) even, / even, repre- 
sent the strong reflections that are only slightly changed 
from the room-temperature phase. The weak super- 
structure lines, (4+) odd, / odd, are sensitive to the x 
coordinates of K+ and Fy and the z coordinate of Fn-. 
A change in these fluorine coordinates means a tilting of 
the fluorine octahedron. Reflections, (k+-k) odd, / even, 
depend mainly on the x and y coordinates of Fy, thus 
representing a twisting of the octahedron. The twinning 
of the crystal causes reflections (hk/) always to be ac- 
companied by (Al). It is therefore impossible to dis- 
tinguish between the «x and y coordinates of Fy;~. The 
data give only the magnitude of x+y, and as the most 
probable solution with regard to the fact that the a and 
b axes are alike, x is put equal to y. 

The temperature factors were in the first approxima- 
tion estimated from the room-temperature data as- 
suming a linear temperature dependence. It turned out, 
however, that this gave too large a factor for K+. A good 
fit was obtained with an over-all B=0.2 A*. 

The linear absorption coefficient of KMnF; for Mo K 
radiation is 58 cm. With a crystal of 0.1-mm size the 
absorption is small and practically independent of the 
Bragg angle. The absorption coefficient for Cu K is 490 
cm-", giving a high absorption in the crystal. As a check, 
films taken with Cu radiation were corrected for absorp- 


10S. Geller et al., Acta Cryst. 9, 563, 1019 (1956) ; 10, 243 (1957). 
M. A. Gilleo, Acta Cryst. 10, 161 (1957). 


tion assuming a cylindrical sample. The intensities then 
turned out to be consistent with the Mo intensities. 
By the trial and error procedure the sum >> p|F |? 
for the different reflections contributing to a spot was 
fitted to the observed >> p| Fo|?. The multiplicity factor 
p here also includes a weighing factor, determined under 
the assumption that the different crystallites formed 
with the same probability. The ionic coordinates for the 
temperatures 65, 84, and 95°K are shown in Table II. 
The 95-degree picture was taken under conditions of 
lowering the temperature and shows the regular phase. 


DISCUSSION 


The distortions in KMnF; are mainly those of the 
fluorine octahedron surrounding the center manganese 
ions. Accordingly there are only small differences be- 
tween the room-temperature picture and the low-tem- 
perature pictures. The main feature is the appearance of 
the superstructure lines indicating the unit cell of four 
molecules, shown in Fig. 4. The fluorine distortions re- 
sult ‘in both a tilting and a twisting of the fluorine 
octahedron in the antiferromagnetic state. Figure 5 
shows the distortions of the fluorines surrounding two 
adjacent manganese ions of opposite spin directions. As 
is evident from the figure the tilting takes place along a 
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Fic. 4. The unit cell of KMnF; in the orthorhombic phase. The 
distortions from the regular positions are not indicated. The rela- 
tion to the cubic unit cell of Fig. 1 is shown. 
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SPACE GROUP D3, - Pbam 


Fic. 5. The fluorine octahedron distortions for two adjacent 
manganese ions. Crystal Structure of KMnF; at 65°K. 


(110) direction of the pseudocell, i.e., the fluorine F; are 
moved in the x direction of the orthorhombic cell. The 
tilting occurs in opposite directions for the octahedra 
belonging to the two kinds of magnetic ions. The 
twisting also occurs in opposite directions. Looking 
along the c axis, however, all the octahedra in the same 
row are twisted in the same direction, regardless of the 
spin direction of the manganese ions. 

In the temperature range studied here the 65°K 
picture shows the largest distortion, one that is even 
larger than that found by Scatturin ef al. at 4°K. The 
neutron diffraction data have not indicated any dis- 
tortion of the potassium ions, probably because the lines 
especially sensitive to potassium distortions are too 
weak to be observed by the neutron powder method. 

In the pure antiferromagnetic state at 84°K the 
distortions are less pronounced than at 65°K. The 
paramagnetic phase at 95°K is characterized by a tilting 
only of the fluorine octahedran. The c/a ratio is greater 
than unity and the Fy; ions have therefore some freedom 


AND K. KNOX 
to move in the z direction. The potential energy of the 
lattice resulting from the Coulomb attraction was calcu- 
lated by the method of Bertaut." These calculations in 
general confirmed the x-ray data and showed that the 
crystal will not gain any energy by twisting the fluorine 
octahedra in the paramagnetic state. 

The interionic distances for the fluorine octahedra are 
given in Table ITI. It is evident that the octahedron is 


TABLE III. Interionic distances (A) in the fluorine 
octahedron of KMnk';. 





65°K 84°K 5 


Mn*?—F)- 
Mn*??— Fy~ 
Py-—F yy 


2.09 
2.12 
2.89 
2.91 
3.04 
3.06 
2.97 
3.01 


2.10 
2.10 
93 
95 
98 
99 
96 


97 


NM NO DO DO bo DO 


greatly distorted in the 65°K phase, while the 84°K 
phase is characterized by a mere tilting and rotating of 
an almost regular octahedron. 
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In an attempt to determine the distribution in energy of hot electrons and holes in silicon placed in an 
intense uniform electric field, measurements have been made of the spectral distribution of recombination 
radiation at 77°K (field strengths up to 3700 v cm™) and at 20°K. No change in the spectrum with field was 
observed, other than a rise in temperature of 6° at 77°K due to Joule heating at 3700 v cm™ in the sample, 
from which it was concluded that recombination radiation at these temperatures arises predominantly from 
the decay of excitons formed from the hot carriers, and that the excitons have a thermal distribution of 
energy at the lattice temperature. In addition, results are given for the spectrum of the radiation from 
avalanche breakdown regions in reverse-biased silicon p-n junctions at 77° and 300°K; no differences were 
detected in the range of energies 1.0—1.4 ev, from which it was concluded that exciton decay does not con- 


tribute to the observed radiation at 77°K. 


INTRODUCTION 
gee apace of electrical conductivity! on 


a wide variety of semiconducting materials have 
shown departures from Ohm’s law as the electric field 
strength is increased. The corresponding decreases in 
mobilities of the charge carriers (electrons or holes) 
have been interpreted theoretically’ as the consequence 
of carrier heating in strong electric fields. In order that 
the energy gained by the carriers from the field may 
continue to be transferred to the lattice as the field in- 
creases, the mean energy of the carriers increases from 
its equilibrium value. 

More direct evidence for the existence of hot electrons 
is provided by observations! of the impact ionization 
of neutral impurity atoms in semiconductors at low 
temperature, and by measurements‘ of the amplitude 
of the spin resonance signal from electrons bound to 
donors at low temperature in silicon, which indicate an 
increase in the spin temperature under strong-field con- 
ditions related to the increase in temperature of hot 
electrons. In addition, attempts have been made to 
determine the temperature of hot electrons by measure- 
ments of piezoresistance,° and of thermoelectric power,*® 
as a function of electric field strength ; these experiments 
all indicate the existence of heating effects under uniform 
field conditions. 

The experiments to be described here, in which the in- 
tensity distribution in the intrinsic recombination radia- 
tion from silicon was determined under strong-field 
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conditions, were undertaken in the hope of measuring di- 
rectly the distribution in energy of the hot carriers. On 
the hypothesis that the recombination radiation arises in 
direct phonon-assisted transitions of electrons from the 
the conduction band to the valence band, its spectral 
distribution is determined by the energy distribution 
of the carriers.” However, the results of this investiga- 
tion indicated® that intrinsic recombination radiation 
in silicon, at least at temperatures below 77°K, arises 
predominantly from the decay of excitons rather than 
from direct recombination of electrons and holes; thus 
the spectrum of the radiation reflects the distribution 
of kinetic energies of the excitons. It was therefore not 
possible to determine the carrier energy distribution 
from these measurements. The experimental results 
leading to this conclusion are described in detail in the 
following paper. 

A description is also given of experiments on the 
radiation emitted from regions where avalanche break- 
down is taking place at a reverse-biased silicon p-n 
junction at 77°K and 300°K; in this case, of course, 
the electric field is extremely nonuniform. 


EXPERIMENTAL PROCEDURE 


To provide adequate intensity of the recombination 
radiation, a large excess carrier density must be gener- 
ated in the semiconductor to which a strong electric 
field is applied to heat the carriers. This dual require- 
ment was achieved with p-r-n diode structures, biased 
strongly in the forward direction; they were fabricated 
by the diffusion of boron and phosphorus into opposite 
sides of a thin wafer of high-resistivity p-type silicon 
(acceptor density ~10" cm), from which were cut 
samples approximately 1 mm by 0.5 mm. (We use z to 
denote high-resistivity p-type silicon.) 

The injected carrier densities (,p) in the region of 
width 2d (Fig. 1) and the electric field strength E in- 
creased with diode current in the forward direction. 


7 J. R. Haynes, M. Lax, and W. F. Flood, J. Phys. Chem. Solids 
8, 392 (1959). 
8 L. W. Davies, Phys. Rev. Letters 4, 11 (1960). 
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Fic. 1. Mounting of silicon p-x-n diode, with (inset) 
details of diode structure. 


If n,p are large compared with the equilibrium carrier 
density in the w region, then® 


n= p= no cosh (x i. 
E= Eo sech(x/L), 


(1) 


where mo, Eo are the excess carrier density and electric 
field, respectively, at the center of the w region, and L 
is the diffusion length. Thus if 


dsl, 


there is a substantially uniform distribution of excess 


density and electric field in the x region. Measurements 
of lifetime by an open-circuit diode voltage decay 


method" gave r=0.088 usec at 77°K on the sample of 
Fig. 5 for example, for injection levels ~10'* cm™; 
combined with an estimated value ~100 cm* sec”! for 
the ambipolar diffusion coefficient, this gives a diffusion 
length L=3.0X10-* cm, somewhat greater than the 
m-region half-width d= 2.210 cm. The width of the 
m region was determined by capacitance measurements, 
with an accuracy of + 10%; the result was in good agree- 
ment with the value calculated from the diffusion treat- 
ment given in the fabrication process. 

The electric field strength in the w region was calcu- 
lated from the potential drop across the diode, making 
allowance for the built-in potential at the two junctions, 
and assuming the PD across p and n regions to be neg- 
ligible. For the case d2=0.73 L above, we have from 
Eq. (1) 

Eo= 1.085(V'/2d), (2) 


where V’ is the PD across the w region; thus the min- 
imum value of the electric field (at the boundaries of 
the region) is 

Emin=0.85(V'/2d). (3) 


In the course of the experiment the diode was biased 
strongly in the forward direction by a pulse of duration 


* A. Herlet and E. Spenke, Z. angew. Phys. 7, 149 (1955). 
1S. R. Lederhandler and L. J. Giacoletto, Proc. Inst. Radio 
Engrs. 43, 478 (1955); L. W. Davies, report in preparation. 
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1.5 usec; the turn-on time was less than 0.5 usec under 
the experimental conditions and measurements were 
restricted to the final 1.0 usec. When the pulse was 
turned off, the carriers cooled to lattice temperature in 
a time ~10~" sec, while the recombination radiation 
decayed with a time constant ~10~7 sec only. In order 
to differentiate between recombination radiation emitted 
by hot and by cold electrons, the detector was gated 
so that radiation from hot electrons only was allowed to 
contribute to the results; this stringent requirement of 
the time constant of the detector led to the choice of 
a photomultiplier detector. 

The experimental arrangement is shown schematically 
in Fig. 2, with the diode mounting shown in more detail 
in Fig. 1. The diode was mounted in high vacuum, in 
good thermal contact through one of its broad faces 
with a block of silicon ~2 mm thick to which it was 
soldered. This block was waxed directly to the copper 
wall of the Dewar. The face of the diode nearer the 
spectrometer was polished to increase the output of the 
recombination radiation; a fivefold enlarged image of 
the diode was formed at the entrance slit of the spec- 
trometer, whose width was approximately equal to 
one-third the width of the r-region image. 

The pulse generator consisted of a length of coaxial 
cable charged to the required voltage, and discharged 
by a mercury contact relay (WE 276B) operated by a 
multivibrator at ~ 30 cps. The particular unit used was 
capable of holding off 3 kv, and passed current pulses 
of up to 60 amp in this application. The resultant cur- 
rent pulse passed through the diode sample and a 
matching series resistor; the pulse triggered the sweep 
of a dual beam oscilloscope (Tektronix 551) and was 
displayed on the upper beam. The recombination radi- 
ation from the sampie was analyzed by a quartz prism 
spectrometer (Hilger, {/4.4) and detected by an infrared 
photomultiplier tube (RCA 7102) cooled to ~90°K. 
The output of the photomultiplier, consisting of pulses 
(duration ~5 musec) which corresponded to the libera- 
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Fic. 3. Observed spectrum of recombination radiation from 


silicon p-x-n diode at three different temperatures. 


tion of individual photoelectrons from the cathode, was 
amplified and displayed on the lower beam of the oscillo- 
scope. All connecting cables were shielded to obviate 
spurious pickup signals. By masking the screen of the 
oscilloscope suitably," only those pulse signals were 
visible which corresponded to the emission of recombina- 
tion radiation during some chosen interval of the current 
pulse. An image of the unmasked portion of the screen 
was formed on the cathode of a 931A photomultiplier, 
whose output was monitored and counted; the ratio 
of the counts of 931A output pulses (photons) and oscil- 
loscope sweeps was a measure of the relative intensity 
of recombination radiation at a given setting of the 
spectrometer. Relatively large intensities of the radia- 
tion could be accommodated by an increase in the sweep 
speed of the oscilloscope. Owing to radiative transfer in 
the plane of the oscilloscope screen phosphor there was 
a small output pulse from the 931A tube even when no 
photon pulses were displayed on the lower beam; it was 
necessary to set the triggering level of the 931A output 
counter to discriminate against these signals. Drift in 
the vertical position of the lower beam trace, or more 
rarely in the brightness of the trace could lead to 
changes in the magnitude of both these types of output 
signal pulse; the output of the 931A tube was therefore 
monitored continually, and occasional adjustments 
made to trace position or screen intensity as required. 

Since the resolving time of the 931A output counter 
[Berkeley 55 10] was 1 ysec, the occurrence of more 
than one photon pulse during a sweep was registered as 
a single count only. It was necessary to make correc- 
tions for this defect. In a large number of sweeps with 
constant probability p of the occurrence of a photon 
pulse, the probability of r photons occurring during a 


" R. Hofstadter and J. A. McIntyre, Rev. Sci. Instr. 21 
(1950). 
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sweep is given by the Poisson distribution p’ exp(— p)/r!. 
If in » sweeps we have wm’ occasions on which there are 
one or more photons present, then there are (n—n’) 


occasions on which no photon is observed (r=0); thus 
(n—n’)/n=exp(-- p). 


It follows that the observed ratio of counts, p’=n'/n, 
is related to the required probability » by the expression 


(4) 


The corrections amounted at most to 7% in the meas- 
urements at the highest intensity of Fig. 3; in general, 
however, they were less than this, as it was possible 
to maintain p’<0.1 by increasing the sweep speed. 

In order to determine from the measurements de- 
scribed above the number of photons per unit energy 
interval of the spectrum, it was necessary to take into 
account the spectral response of the spectrometer and 
detector. This was determined from measurements of 
the known black-body spectrum of the radiation from a 
graphite block heated to 700°K, in which a hole had been 
drilled to a depth four times its diameter; the bottom of 
the hole was imaged on the spectrometer slit. The results 
were checked with the spectrum of an electric lamp of 
known color temperature. All measurements of the 
radiation emitted by sources which were constant in 
time were carried out with the arrangement of Fig. 2, 
but with the pulse output of the photomultiplier itself 
triggering the oscilloscope for a measured time interval. 


1— p’=exp(— p). 


SPECTRA OF RADIATION FROM P-z-N DIODES 


A series of measurements were carried out on several 
samples at room temperature, and with the Dewar to 
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Fic. 4. Spectrum of recombination radiation, corrected for 
spectral response of the system and for absorption within the 
sample at three different temperatures, 
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Fic. 5. Spectrum of recombination radiation from silicon 
p-r-n diode at 77°K, for field strengths of 300 v cm™ (circles) and 
3700 v cm™ (triangles). 


which the sample was attached filled with liquid nitro- 
gen or hydrogen. The spectrum of the radiation emitted 
by one sample when passing a current pulse of 5 amp 
(current density 1700 amp cm~?) is given for each of 
these temperatures in Fig. 3; normalized values of the 
photon counting rate are plotted as a function of photon 
energy. The maximum values of the photon count rates 
were, respectively, 3550, 11 200, and 131000 counts 
sec”! at temperatures of 20°, 77°, and 300°K ; however, 
these figures give only an approximate indication of 
relative intensities, as the optical arrangement may have 
differed slightly at different temperatures. The resolving 
power of the spectrometer is indicated by the half- 
intensity width of the 1.014, line of the mercury 
spectrum. 

These results were corrected for the spectral response 
of the system and for absorption within the sample” 
using known values of the absorption coefficient in 
silicon; the resulting spectra of the radiation generated 
within the semiconductor at each temperature are 
shown in Fig. 4. The relative number of photons per 
unit energy interval (with the same normalizing factors 
as used in Fig. 3) is plotted as a function of the energy 
difference (kv— vo); hv is here the photon energy, and 
hvo the energy located by extrapolation of the low-energy 
side of the principal recombination band observed by 
Haynes’ (emission of optical phonon) to zero number 
of photons: for temperatures of 20°, 77°, and 300°K, 


2 J. R. Haynes, Phys. Rev. 98, 1866 (1955). 
%G. G. Macfarlane, T. P. McLean, J. E. Quarrington, and V. 
Roberts, Phys. Rev. 111, 1245 (1958). 
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Haynes’ measurements give values of vo, respectively, 
1.097, 1.093, and 1.052 ev. 

In an attempt to determine the energy distributions 
of electrons and holes under hot-electron conditions, 
a number of measurements were made with slightly 
better resolution on the radiation emitted at 77°K by 
another sample, for which values of the field strength 
in the x region [ Emin, Eq. (3) ] were calculated to range 
from 300 v cm™ to 3700 v cm~. Measurements at the 
two extreme values of the field are shown’ in Fig. 5, 
together with an indication of the resolving power; the 
results have been corrected for spectral response of the 
system and for absorption in the sample. The normal- 
izing factor amounted to 22. The range of values shown 
above and below each experimental point is calculated 
as three times the standard error of the corrected ratio 
of counts; it is improbable that the true value lies out- 
side this range, from the point of view of counting sta- 
tistics. The injected carrier density in the two cases was 
calculated on an approximate basis from a comparison 
of the recombination radiation intensity at 77°K with 
that at 300°K, where the injected density had been 
determined by open-circuit measurements of post- 
injection voltage across the diode; on taking into ac- 
count the change in lifetime, with the assumption that 
the radiation intensity is proportional to the square 
of the carrier density, the values obtained were 3X 10"7 
cm and 1.510'* cm-*; these values are believed to 
be accurate only within an order of magnitude. 

Measurements of this type were also carried out at 
liquid hydrogen temperatures; no change in the re- 
combination radiation spectrum was detected for cur- 
rent densities of 1700 amp cm~ and 5100 amp cm”, for 
which the field strengths in the x region were calculated, 
respectively, as 580 v cm™ and 830 v cm 


DISCUSSION 


In all the spectra obtained of the recombination 
radiation from p-r-n diodes there were considerable 
contributions at photon energies hy < hv». This contrasts 
with results obtained’ from high-purity samples in 
which excess carrier densities were created by photo- 
ionization within the sample. The relative intensity of 
radiation at energies ~0.05 ev less than hyo, and at 
energies greater than /vo, was found to vary widely from 
sample to sample, and also to vary as different portions 
of the p-x-n structure were brought to a focus on the 
entrance slit of the spectrometer. In some spectra at 
77°K a prominent band was observed, centered at 
photon energies 0.05 ev less than /ivo, and coinciding in 
frequency within experimental error with extrinsic re- 
combination bands observed in boron-doped silicon 
by Haynes and Westphal," and in phosphorus-doped 
silicon by Silhouette.'® From these observations it was 


4 J. R. Haynes and W. C. 102, 1676 
(1956). 

15D). Silhouette, Mémoire, Université de 
published). 


Westphal, Phys. Rev. 


Paris, 1959 (un- 
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concluded that a portion at least of the radiation at 
these energies was probably extrinsic in nature, as- 
sociated with radiative recombinations of electrons and 
holes with unionized acceptors and donors, respectively, 
in the heavily doped regions at the boundaries of the 
7 region. 

The spectra in Fig. 4 show a broadening to higher 
energies’ (hvy>hyvo) as the lattice temperature is in- 
creased ; as we shall see, this corresponds to an increase 
in the mean thermal energies of the excitons in silicon 
as the temperature is raised. 

The data of Fig. 5 were obtained in an attempt to 
determine the energy distributions of electrons and holes 
under hot-electron conditions, as the field strength in 
the w region was increased. For the case in which the 
calculated field strength in the r region was 3700 v cm™ 
there was an increase in the relative intensity at higher 
photon energies, but this will be shown to arise from 
Joule heating in the sample for the duration of the 
current pulse. 

An estimate of the temperature for the high-field case 
can be made on either of two hypotheses. In the first 
place, if we assume that the recombination radiation 
for hy>hvo arises from the direct phonon-assisted re- 
combination of electrons and holes, the number of 
photons N, per unit energy interval can be calculated 
on the basis that the electrons and holes have an equi- 
librium distribution of energies at some temperature 
T. If we sum over the various phonon contributions, 
a formula due to Lax,’ which is in reasonable agreement 
with experiment, gives 


N,«>>i(1—v0:/v) exp(—hv/kT), (5) 
where fo; is the energy of the photon emitted when an 
electron and a hole, each of zero thermal energy, re- 
combine directly with the cooperation of the ith phonon. 
On the other hand, if we assume that the observed 
recombination radiation arises entirely from the decay 
of excitons formed by the hot electrons and holes in 
the semiconductor, the number of photons V, per unit 
energy interval can be calculated on the basis that the 
excitons have a thermal distribution of kinetic en- 
ergies at some temperature 7. If a summation is again 
made over the various phonon-cooperation processes, 
and the probability of radiative decay of the exciton is 
assumed independent of its kinetic energy, we find 


N,« > i(v— vo:)! exp(—hv/kT). (6) 


If now a comparison is made of two spectra at ap- 
proximately the same lattice temperature (change in 
value of hyo insignificant), but with different carrier 
temperatures 7, and 72, we obtain from Eq. (5), on 
the first hypothesis, 


Nu/Nw.=exp{— (Av/k) (Trt -— Ts}. (7) 


If a comparison is made on the second hypothesis [ Eq. 
(6) |, for cases in which the excitons have thermal dis- 
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Fic. 6. Spectrum of radiation emitted from avalanche break- 
down region of reverse-biased silicon p-m junction at 77°K and 
300°K. 


tributions of energy at temperatures JT; and 72, we 
again obtain the ratio (7). Thus Eq. (7) may be used to 
analyze the data of Fig. 5, whichever hypothesis is 
relevant. It is worth noting that such analysis is in- 
dependent of errors in the calibration of the spectral 
response of the system, provided the system resolving 
power is adequate. 

At the lowest value of the field (300 v cm~) we have 
assumed that the charge carriers and excitons had ther- 
mal distributions of energy at the lattice temperature, 
i.e., T1=77°K. With the aid of Eq. (7) the value of T, 
was found which provided closest agreement with the 
spectrum observed at 3700 v cm7; the two full curves in 
Fig. 5 are related according to Eq. (7), with a value 
T.=83°K. A series of measurements of spectra at 
values of the field strength intermediate between those 
of Fig. 5 showed a monotonic increase in T>. 

A subsequent calculation of the amount of Joule 
heating within the w region of the sample during the 
current pulse yielded a temperature rise of 7°K at the 
mean time of observation during the pulse at 3700 
v cm™!; since the thermal time constant of the diode 
was ~10 usec, it could be assumed that it cooled to 
77°K between pulses. Since this temperature rise coin- 
cided almost exactly with the temperature difference 
(T.—T;) determined from Fig. 5, it was concluded that 
the changes observed in the recombination spectrum at 
increasing field strength originated entirely from Joule 
heating. 

Although no direct observations have been made of 
departures from Ohm’s law, or of other consequences of 
carrier heating, under the conditions of this experiment, 
it is believed that carrier heating effects were taking 
place at a field strength as large as 3700 v cm™. Prior'® 
has shown that there is only a small departure from 
Ohm’s jaw in high-resistivity p-type silicon at room 
temperature, for fields of this magnitude. On the other 


16 A.C. Prior, J. Phys. Chem. Solids 12, 175 (1959). 
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hand, measurements" of drift velocity in n-type silicon 
at 77°K show marked departures from Ohm’s law at 
fields greater than 700 v cm~". If this result is compared 
with calculations'* made for germanium, a reasonable 
estimate is that the carrier temperature in these ex- 
periments at 3700 v cm™ was at least twice the lattice 
temperature. Such a temperature rise would have been 
easily detected in this work, if the electrons and holes 
had recombined directly with the cooperation of 
phonons. We must therefore conclude that the observed 
recombination radiation at 77°K arises substantially 
from the decay of excitons formed by the hot carriers, 
and furthermore that the excitons have a thermal dis- 
tribution of energies at a temperature equal to that of 
the lattice. 

These conclusions were further supported by the 
measurements made at 20°K, at field strengths esti- 
mated from Eq. (3) to be 580 v cm™ and 830 v cm“. In 
this case no measurement of the lifetime was made at 
the temperature of the observations, so that the distri- 
bution of excess charge and field strength within the 
mw region according to Eq. (1) was an estimate only, 
based on the assumption that the lifetime did not change 
between 77°K and 20°K. Kaiser and Wheatley® have 
observed avalanche breakdown, indicating electron 
heating effects, at fields 300 v cm™ in n-type silicon 
at 20°K, and departures from constant mobility at 
fields as low as 10 v cm”; therefore the observation of 
an unchanged spectral distribution at fields of this 
order, but differing by a factor 1.4, is further evidence 
for a radiative process involving the decay of excitons, 
in this case at liquid hydrogen temperatures. 

The evidence available until now has not enabled one 
to differentiate unambiguously between the two pos- 
sible mechanisms, outlined above, for the emission of 
recombination radiation. High-resolution absorption 
measurements’ on silicon at low temperature reveal 
effects associated with absorption by the formation of 
excitons, from which it would be concluded that emis- 
sion at low temperature from samples containing an 
excess carrier density occurs by the decay of excitons. 
On the other hand, from observations of the emission 
radiation at increasing temperature, Haynes ef al.’ con- 
cluded that the radiation is either all due to the re- 
combination of electrons and holes, or all due to exciton 
decay, and that electron-hole recombination should 
dominate at room temperature. The results given here 
support an exciton decay process as the principal origin 
of the recombination radiation (hvy>fyo) in silicon at 
temperatures <77°K. Further evidence for this con- 
clusion has since been obtained by Haynes” from an 
analysis of the line shape of the recombination radiation 


'7 J. Bok, Solid-State Physics in Flectronics and Telecommuni- 
cations (Academic Press, Inc., New York, 1960), Vol. 1, p. 475. 

'8R. Stratton, J. Electronics and Control 5, 157 (1958). 

9 G. G. Macfarlane, T. P. McLean, J. E. Quarrington, and V. 
Roberts, J. Chem. Phys. Solids 8, 388 (1959). 

2 J. R. Haynes (private communication). 


A. RR. STORM, JR. 

at 83°K. On taking into account collisional broadening 
of the ground state of the exciton,’ Eqs. (5) and (6) 
have been used to fit the experimental results; Haynes 
concludes that approximately one-eighth of the radia- 
tion at this temperature originates in direct recombina- 
tions, the remainder in exciton decay processes. 

The observations of Fig. 5 show the excitons in silicon 
under hot-electron conditions to have a thermal dis- 
tribution of energies at the lattice temperature; at the 
same time their density is much greater than the equi- 
librium value at this temperature, and is presumably 
close to that in equilibrium with the injected carrier 
density, at the carrier temperature. It follows that the 
excitons formed from hot electrons and holes either lose 
substantial amounts of their energy to the lattice before 
decaying, or that they are formed preferentially from 
low-energy electrons and holes of the distribution. Inter- 
action between electrons and holes could rapidly make 
up this drain on the low-energy range of the distributions. 


RADIATION FROM AVALANCHE BREAKDOWN 


It is known” that the spectrum of the radiation 
emitted from avalanche breakdown regions in reverse- 
biased, diffused p-n junctions in silicon at 300°K extends 
to photon energies of at least 3.3 ev. The radiation has 
been attributed to two processes acting together: the 
direct (phonon-assisted) recombination of hot electrons 
and holes, responsible for photons of higher energy, and 
radiative intraband transitions of carriers which con- 
tribute to the radiation at the low-energy end of the 
spectrum, particularly that for which Av<hy. The 
photon energy at which the two processes become com- 
parable is not known; if it is slightly greater than the 
energy gap, as suggested,” then we may hope to observe 
a significant change in the spectrum (hy>/vo) as the 
sample temperature is reduced to 77°K, where the pres- 
ent paper shows that radiation from the direct recombi- 
nation of hot electrons and holes gives way to radiation 
from exciton decay, with the at lattice 
temperature. 

We have measured the spectrum of the radiation 
emitted from avalanche breakdown regions along the 
edge of a diffused silicon junction™ at 300°K and 77°K; 
the results obtained are shown in Fig. 6. The sample 
was again mounted in good thermal contact with a De- 
war vessel in high vacuum (see Fig. 1), and a continuous 
current (30-60 ma) passed in the reverse direction; the 
equipment was less stable than for the previous experi- 
ments, which accounts for the spread of experimentally 
determined values in Fig. 6. No change occurred in the 
visual appearance of the breakdown region on cooling. 

The results indicate no difference in the spectrum at 


excitons 


the rad 


21 This effect may give rise 
here at energies Av</hyo. 

2 R. Newman, Phys. Rev. 100, 700 (1955 

A. G. Chynoweth and K. G. McKay, 
(1956). 
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77°K and 300°K, within experimental error, in the 
range of photon energies 1.0-1.4 ev. The results at 
300°K are in good agreement with those of Chynoweth 
and McKay.” Taking into account that hyvp= 1.093 ev 
at 77°K, we conclude that there is no detectable contri- 
bution to the radiation at 77°K in these experiments 
from an exciton decay process. If the two processes 
outlined above are jointly responsible for the radiation, 
that from the intraband transitions must therefore 
extend to energies 2 1.2 ev, so that the transition from 
intraband radiation to interband radiation takes place 
at energies considerably in excess of the band gap. In 
this connection, from an analysis of the spectral distri- 
bution of avalanche breakdown radiation in germanium, 
Wolff? has concluded that the transition in germanium 
energy of 1.3 ev, i.e., approximately 
twice the band gap energy. 


occurs at an 


Note added in proof. A further statement on the ab- 


2° P. A. Wolff, J. Phys. Chem. Solids (to be published). 
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sence of exciton decay contributions to the avalanche 
breakdown radiation at 77°K has been privately com- 
municated by A. G. Chynoweth. The critical field for 
dissociation of excitons is estimated to be of the order 
of the exciton binding energy (8 10-* ev) divided by 
its effective radius (100A), i.e., 8 kv cm™. It is thus 
reasonable to expect the high field in the avalanche 
region to dissociate the exciton, if formed, so that no 
decay radiation is observed. The greatest field strength 
investigated here in p-m-n structures was 3.7 kv cm™ 
(see Fig. 5), less than half the estimated critical field 
for exciton dissociation. 
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The band structure near a minimum at a point of no special symmetry is examined for energies small com- 
pared to all band gaps except that to the next lower band. Spin-orbit coupling is included. The theory is 
specialized to points having the three possible symmetries of electrons in Bi and further simplifications 
appropriate to Bi made. The resulting nonellipsoidal energy surfaces are studied in some detail. An experi- 
ment is suggested which is capable of distinguishing between the three possibilities. Fitting the model to 


existing information is not carried out in this paper. 


I. INTRODUCTION 


HE interpretation of the very considerable body 
of information bearing on the structure of the 
conduction band in bismuth has usually been on the 
parabolic ellipsoidal model of Shoenberg.'? In this 
model, the electrons occupy six sets of ellipsoidal energy 
surfaces.* One set of ellipsoids is given by 
E(p)= (@erp 2 +ayypytazcp2t+aypyp:)/2m, (1) 
where x and gz are chosen along a dyad axis and the 
triad axis, respectively, and the crystal momentum p 


* Permanent address. 

1D. Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 

2 D. Shoenberg, Progress in Low-Temperature Physics, edited by 
C. J. Gorter (Interscience Publishers, Inc., New York, 1957), 
Vol. 2, Chap. 8. 

3G. E. Smith, Phys. Rev. 115, 1561 (1959). 


is measured from the position of the nearest minimum 
in the conduction band. Two other sets are obtained 
by rotation of +120° around the triad axis, the re- 
maining three by inversion. Because one principal axis 
lies along a dyad axis, symmetry requires that the six 
energy minima lie either on the dyad axes or on the 
reflection planes normal to them. Typical values of the 
aj; are those derived from a combination of de Haas- 
van Alphen'?- and cyclotron resonance data®* by 
Aubrey and Chambers’®: 


z2= 202, 1.67, asz2=83.3, ays=8.33, 


Ayy 


4J. S. Dhillon and D. Shoenberg, Phil. Trans. Roy. 
(London) A248, 1 (1955). 

5 J. E. Aubrey and R. G. Chambers, J. Phys. Chem. Solids 3, 
128 (1957). 

6 J. E. Aubrey (private communication), and thesis, Cambridge 
University, 1959 (unpublished). 
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or in the principal axis system, 


a,=202, a2=0.83, a3;= 84.2, (3) 
with the principal axis 3 tipped 5.8° from the triad axis. 
The Fermi energy derived from the de Haas-van Alphen 
effect on the basis of this model is 0.0177 ev at 4°K. 

For a parabolic relation between energy and mo- 
mentum to hold at the Fermi energy, the latter must 
be small compared to the vertical energy gap to the 
valence band. One can estimate from the sum rule for 
the effective mass that a value of a of order 10° re- 
quires a band gap of order 0.1 ev. Since the Fermi 
energy is some 5 times smaller than this, the Shoenberg 
parabolic-ellipsoidal model (PE model) appears con- 
sistent. Lax and collaborators, however, have uncovered 
by various magneto-optic experiments’ strong indica- 
tions that the effective mass of electrons in bismuth is 
energy dependent in contradiction to the Shoenberg 
model. Lax** concludes, in effect, that the band gap 
must be smaller than 0.1 ev, and that the Fermi level 
must lie in the nonparabolic region of the conduction 
band. Evidence supporting this smaller value of the 
band gap derives from the optical absorption edge 
observed by Boyle and Rogers" at 0.06 ev, which Lax’ 
interprets as indicating a gap E, of 0.02 ev, and from 
the studies of Bi-Sb alloys of Jain," who suggests a 
value of 0.007 ev for E,. 

The problem of deriving the deviation from parabolic 
behavior in the vicinity of a small band gap was solved 
by Kane for InSb.” Lax’ has taken over Kane’s results, 
modifying them slightly to apply to Bi, and proposes 
the ellipsoidal but nonparabolic model 


1 
—(p-a-p)=E(p)[1+E(p)/E, |, 


2m 


(4) 


for the electron energy surfaces in Bi, where the a;; are 
similar in form to those of Eq. (1). Lax has shown that 
his model describes satisfactorily the observed energy 
dependence of the effective mass.’ 

The criterion for the validity of Eq. (4) is that all 
three principal components of @ be large because of a 
single smal] band gap. The values obtained by fitting 
the parabolic model to experiment, Eq. (3), do not 
satisfy this criterion, a: being of order unity. Therefore, 
the energy should be parabolic along axis 2, in con- 
tradiction to Eq. (4). Accordingly, in Sec. II of this 
paper we develop a treatment of the band structure 
near a minimum which does not require that all com- 
ponents of the effective-mass tensor be small. We use 
symmetry and numerical arguments to simplify the 


7R. J. Keyes et al., Phys. Rev. 104, 1805 (1956). 

8 B. Lax, Revs. Modern Phys. 30, 122 (1958). 

° B. Lax, Bull. Am. Phys. Soc. 5, 167 (1960). 

1 W.S. Boyle and K. F. Rodgers, Phys. Rev. Letters 2, 338 
(1959). 

1A. L. Jain, Phys. Rev. 114, 1518 (1959). 

2 FE. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 
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results in Sec. III and propose there a nonparabolic 
as well as nonellipsoidal model for the band structure 
of bismuth which should describe most of the Fermi 
surface to better than 5% accuracy. The details of the 
energy surfaces are worked out in Sec. IV for the three 
possible symmetries compatible with existing experi- 
mental information. Reinterpretation of the experi- 
ments in terms of the new model requires a lengthy 
point-by-point analysis which will be reserved for a 
subsequent paper, in which an attempt will be made to 
reconcile a number of apparently divergent results for 
both electrons and holes. However, in Sec. V a brief 
discussion of the implications for experiment is given, 
with emphasis on new experiments specifically designed 
to distinguish between the present proposals and previ- 
ous models. Implications for Sb and As are also 
discussed. 


II. BAND STRUCTURE NEAR A MINIMUM 
FOR SMALL BAND GAP 


Suppose there to be a minimum in the conduction 
band (band index 1) of a crystal at a point Kp of no 
special symmetry within the Brillouin zone. To prepare 
for our study of Bi, we allow the spin-orbit coupling to 
be arbitrarily strong and assume the crystal to have 
inversion symmetry. In that case, the conduction band 
is doubly degenerate because of time-reversal symmetry 
Suppose further that the gap /, to the valence band 
(band index 0, also doubly degenerate) at the minimum 
is very small, whereas all other band gaps are large. 
While the method by which we analyze this situation 
is essentially that of Kane,” we shall follow more 
closely 
Blount 

The 
ture is 


the notation and procedures of Cohen and 
18 


model Hamiltonian we use for the band struc- 
P 


-=—+)V+ivvyV+P.- 
2m 


x 
KH sxvV, 


2mc 


(5) 


where P is the actual momentum, V the crystal po- 
tential, s the electron spin, and X the Compton wave- 
length over 27. The eigenfunctions of 5 are of the Bloch 
form 

KRY knp= E,,(k Wier p 


- (0) 


with k the wave number, » the band index, and p=1 
or 2 distinguishes the two independent eigenfunctions 
degenerate by time reversal. Let us measure crystal 
momentum p=7k relative to its value at the minimum 
hko and ask for the explicit dependence of energy /, on 
crystal momentum p near the minimum. 

To answer the question, expand the Bloch function 
at k in the set of Bloch functions at ko, 


Vi1p=>. Crp’ (p)ei™ ~K0) “Witonp’. 


np’ 


(7) 


138M. H. Cohen and E. I. Blount, Phil. Mag. 5, 115 (1960). 





ENERGY BANDS IN Bi. 


Inserting (7) into (6) leads to 


= ) 
(tenet DX p: (up| v|n'p’\Curpp=EiCnp, (8) 
2m 


n’p’ 


for the expansion coefficients, where €, is the energy of 
band m at Ko and v is the velocity operator 


v= P/m+ (X/2mc)sX VV. (9) 


Since all band gaps are large except that to band 0, 
only Co, and C,, are of order unity. All other coefficients 
are small and need be calculated only to lowest order 
in p with the result 


~ 


_[P-(mp|v|Op")Copr pe (np| v| 1p’)Ci,’ 
5 —— 4 (10) 


p’ €0— En 1" €n 

Substitution of (10) into (8) enables us to express £; 
as the eigenvalue of an effective Hamiltonian 3’, a 
four-by-four matrix operating on C’, a four-component 
wave function with components Coo, Co1, Cio, Ci. in 
that order. The form of 3¢’ can be simplified by use of 
time-reversal symmetry as in Eqs. (38) and (39) 
of reference 13, and its writing facilitated by the 
abbreviations 


Ko=p-: (O01 | v/01) 
_, (01| v|p)<np| v|01) 


emeeneneeed 


€0— En 


, dit | v| mp)(np| v| 11) 
ee - ———_————_—_ « P, 


€1— En 


(12) 


=p-(01)v/11), (13) 
(14) 


(15) 


= p-(O1| | 12), 
E,=a—e. 


The first term in Ko gives the slope of band 0 at Ko, 
which need not vanish as it does in band 1; the remain- 
ing terms give the contribution of all bands other than 
1 to the inverse effective mass at kp for band 0, and 
similarly for K;. In this way we arrive at 


Kyo—k, 0 t u 
0 Ko—E, —u* t* 
—uU K, 0 
u* l 0 Ky 


(16) 


for KX’ after setting the zero of energy at the minimum 
in the conduction band. 
It can readily be verified that 5’ satisfies 
(3’)?— (Kot Ki—E,)K’ 
+[Ki(Ko— E,)— (|t|?+ ||?) J1=0, 
where | is the unit matrix. Equation (17) is immediately 
diagonalized; that is #, and £» satisfy the same 


(17) 
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equation: 
I?— (Kot Ki—E,)E 
+[Ki(Ko—£,)— (|t|?+| |?) ]=0. 


The solutions of (18) are 


| On 1 (Kot Ki—E,) 


+{[4(E,4+-Ki—Ko) P+ |t\?+|a/2}4, (19) 


where the positive sign goes with £;. To identify the 
terms in (19), we go to the limit of small p, i.e., Ki— Ko 
small relative to E, and |t\?+!«!|? small relative to 
(E,)?, and expand the root: 
E,=Kit+((t (20) 
Comparing (20) with 
1 


Ei =—(p-a-p), 
2m 


(1’) 


which also holds at the bottom of the band, we see that 
the second term in (20) gives the contribution of band 0 
to the sum rule for the inverse effective mass at the 
bottom of band 1. Passing to larger p where |¢|*+ ||? 
becomes comparable to £,, we can obtain the model of 
Lax only if we suppose that Ko and Ko+K, remain 
smaller than E,. Equation (4) then follows directly 
from Eq. (18). However, we shall show in the next 
section that for certain directions of p, —Ko and K, 
are comparable to Hr and hence possibly to E, in Bi. 
Consequently Lax’s model does not apply, and we must 
work directly with the more complete Eqs. (18) and 
(19). 


Ill. A MODEL FOR BISMUTH 


The experiments of Shoenberg'* and of many others 
have demonstrated clearly that the Fermi surface of 
the electrons in Bi has either reflection symmetry in 
planes perpendicular to the binary axes and/or twofold 
rotation symmetry around the binary axes whatever 
model is used to interpret them. Such rotation or re- 
flection symmetry of the Fermi surface can result if 
the minima of the conduction band lie at, on, or in any 
symmetry point, line, or plane in the Bi structure 
except the trigonal axis.‘ All the symmetry points of 
the Bi Brillouin zone are shown in Fig. 1 and listed in 
Table I together with their locations, symmetry ele- 
ments, multiplicity of distinct minima which might be 
associated with them, and vanishing components of A 
[see Eq. (21) ] required by symmetry. All those above 
the line have the twofold rotation and/or reflection 
symmetry required for the conduction band minima. 
The points =, K, Q, W, S, V, and Y have twofold rota- 
tion symmetry and a multiplicity of 6. The points o, M, 
U, and N have reflection symmetry and a multiplicity 


14 An erroneous limitation of the possible locations of minima 
was made in reference 13. 
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TaBLe I. Symmetry points in the brillouin zone of the bismuth structure. 





Point 


Location 
Binary axis (BA) 
Centers of edges not parallel trigonal plane 
Projection of BA in trigonal face 

Corners 

Reflection plane (RP) 

Intersection of RP and trigonal face 

RP, edge center 

Intersection of RP and hexagonal face 
Center, hexagonal face 

Intersection of RP and rectangular face 
Center, rectangular face 

Projection of BA on rectangular face 
Projection of BA on hexagonal face 


4 


qo sont 


MAb SOES 


“a 
: 


Center of zone 
Trigonal axis 
Center, trigonal face 


Le 





of 6. The points L and X have both rotation and re- 
flection symmetry and a multiplicity of 3. 

If the breakdown of the parabolic-ellipsoidal model 
does not invalidate Smith’s conclusion that there are 
6 minima,* we may be able to rule out the points ZL and 
X as possible locations. However, the differing be- 
havior of 


A=(01! v/01), (21) 


for the three sets of points permits assigning the 
minima to one of the three sets by an independent ex- 
periment, as we shall show. In particular, A; vanishes 
for points having reflection symmetry, Az and A; 
vanish for rotation symmetry, and A vanishes for 
points having both symmetries. These results for A 
follow from the symmetry properties of the Bloch func- 
tions at such a point ko, as studied in reference 13. 
Additional consequences of the symmetry properties 
are that K,,[|/\?+||*]/F,, and the effective-mass 
terms in Ko all have the form given in the right side of 
(1) with principal axis « or 1 along the binary axis. 
Symmetry arguments like the above can carry us no 














Fic. 1. Brillouin zone and symmetry points for the 
bismuth structure. 


Symmetry elements 


Multiplicity 


6 
0 


C2, I, IC2 


2 
Co, I, IC2 
Ce 
C2 


2C3, 3C2, I, 21Cs, 
2Cs, 3C2 
2Cs, 3C2, I, 21C3, 31C2 


31C2 


further towards simplification and sharper specification 
of the model. We now proceed along a direction sug- 
gested by the actual numerical values obtained by 
fitting the parameters of the parabolic-ellipsoidal model 
to experiment. The small value of a2 in Eq. (3) suggests 
that £ varies very much more slowly with p in the 
direction of principal axis 2 than along 1 or 3. This 
implies that in the principal axis system of |/|?+ ||? 
the coefficient of p2* in |/|?+ ||? either vanishes or is 
of order 1% of the coefficient of p;? or p;?, which cannot 
be explained by a symmetry argument.'® Thus, while 
the terms |/|*+ «|? dominate the dependence of E on 
px’ and p;*, the quadratic terms in Ko and K, dominate 
the dependence of /; on pz. For | p;| and | ps3} small, 
therefore, |/\?-+ |u|? may be neglected in (19) giving 
a parabolic dependence, 

Ei=Ki, |p 


and small, (22) 


Ps 
of energy on crystal momentum quite distinct from 
that predicted by Eq. (4). 

Let us indicate all velocity matrix elements entering 
our expressions which are of ordinary, i.e., atomic, 
magnitude schematically by v. The extreme values of 
|\vpi| and |vp;| are of order Er, so that the contribu- 
tions of Ko and K, are of order ErpX Er/AE where AE 
is a typical band gap and of order 1 ev. Because Fy is 
of order a few hundredths of an ev, the f; and p; de- 
pendence of K, and of the quadratic term in Ko may 
be neglected. As a further simplification, we ignore the 
p2 dependence of |/|?+|«|?; we estimate the error to 
be at most 10% in the energy and probably less. 

Our conclusions are summarized by the following 
equations: 


Ko=— (p2?/2mz')+A-p, 


2m; 


(23) 


K, = p?/2mz, (24) 
| pr 
5+ |u[2=2,(—+ 


2m, 


(25) 
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which are estimated to reproduce the linear dimensions 
of the Fermi surface in k space to 5%, but may lead 
to a 10% error in the Fermi energy. Insertion of Eqs. 
(23)—(25) into (18) and (19) gives the dependence of / 
on p which makes up our model of the band structure 
of Bi. For all locations of minima listed in Table I and 
shown in Fig. 1, the cross sections of the constant en- 
ergy surfaces perpendicular to axis 2 are ellipsoids with 
axes along directions 1 and 3, but with centers shifted 
away from the minima by an amount which may vary 
with po. The detailed properties of the energy surfaces 
are derived from the equations of the model in the 
next section separately for the three types of symmetry 
under consideration (rotation, reflection, and rotation 
plus reflection). 


IV. CONSTANT ENERGY SURFACES 


A. Rotation Plus Reflection Symmetry; 
A Vanishes 


When A vanishes, as is the case for minima at L or 
X, Eq. (18) may be put into the simple form 


2 - § 2 2 
D4 (e- . ) (e+ Et 2 -) | 
2m, 2m; E, | 2m» 2m.’ 


The energy surfaces are ellipsoidal only for £ signifi- 
cantly less than Ey. Otherwise the surface is such that 
its sections normal to axis 2 are ellipses with axes along 
directions 1 and 3. Its extrema along 2 are at + (2m2/)! 
as for the ellipsoidal case. However, the areas of these 
normal sections vary differently with 2 than in the 
ellipsoidal case. The area of the central section (f2=0) 
may even be a local minimum, i.e., the areas of the 
normal sections increase with p2 near p2=0, provided 
that 


(26) 


y>1 and E>E,/(y—1), (27) 
where 
y=me/mz’. (27a) 


Such a necking in of the Fermi surface in the vicinity 
of the central section would give rise to a large period 
in 1/H in the de Haas-van Alphen oscillations which 
would be quite easy to observe. Inasmuch as no doubling 
of the periods appears to have been observed in Bi for 
H near axis 2, we should require that 


y<1 or Er<E,/(y—1), 


if we are to apply this model to electrons in Bi. 


(28) 


B. Rotation Symmetry; A, and A; Vanish 


When A2 and A; vanish but not A,, as is the case for 


rotation symmetry (points 2, K, Q, W, S, V, and Y), 
Eq. (18) may be put into the form 


p? 1 ; p? 
+ =—{ k-— 
2m; E, 2m» 


p? 9° 
x| (e+— +2) +o(2-—~)] (29) 
2m! 2m. 


2m, 
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Fic. 2 Sketches 
of E vs p curves for 
the case of rotation 
symmetry (case B) 
(a) E vs pi, (b) E vs 
pa, (c) E vs ps. 














where 


pitApi, 


mA l p? 
cs os 
E. 2m» 


im,A; +((O1 vy Q1))? 
Bi (32) 


E, (O1|v,|11)|2- 


The energy surfaces again have elliptical sections nor- 


mal to direction 2 with axes along 1 and 3 and extreme 
values of p2 of +(2m.é)'. The centers of the ellipses, 
however, are shifted along 1 by Ap,, Eq. (31), the shift 
vanishing at the extrema of 2 and increasing quad- 
ratically with decreasing | po}. 

The area of these sections normal to 2 is simply 


2x (m m3)! p? 
[7 (e- +) 
E, 2me 
p? pe 
x| (e+ +B,)-+6( E-—)], (33) 
2m,' 2m» 


a formula which holds for the valence as well as the 
conduction band. The sections exist for those values of 
E and p2 which give a positive @ when substituted into 
(33). If 8, is less than y, then @ is positive for E positive 
(conduction band) and 2?/2me less than E&. For E 
negative (valence band), @ is positive if p2?/2mz,’ is 
such that 


_, oF pi sai 
Ee rm | /a+90<\2. 
2m,’ 2ms 
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Fic. 3. Principal 
sections of the en- 
ergy surfaces for the 
case of rotation sym- 
metry (case B). (a) 
p1=0, (b) ps=0, (c) 
pi=0. 











Thus, the energy surfaces have maximum values of 
| pel, ie., are closed, in both valence and conduction 
bands when y exceeds 6;. This remains true for the 
conduction band when 6,>y but not for the valence 
band, where, for both positive and negative FE, @ is 
positive only as long as 


pe [Et (1+8)E) 


2m,’ (8,/ y—1) 
Thus when 6, exceeds y the energy surfaces in the 
valence band are not closed, and there is a saddle point 
and not a maximum in the valence band, a situation 
unlike that in Bi. 

From Eq. (33) for @ one can see that necking of the 
central section (f2=0) will occur in the conduction 
band if 


y>1+28, and 


E> E,/[y— (1+26,) ] 
Thus, to apply our model to Bi, we must require that 


y>Bi, (34) 
and 


y<1+28, or Er<E,/[y—(1+28))]. (35) 


One more restriction upon the possible values of the 
parameters derives from the requirement that the shift 
of the centers of the sections normal to axis 2 must not 
be so large that the section in the 1, 2 plane becomes 
sausage shaped, a geometric feature which would readily 
have been detected by the de Haas-van Alphen effect 
but was not. This restriction on y, 


y {+ (2B,y)'<1 or Ky <f. [y+ (2B,y)'— 1 iF (36) 


is more severe than (35). 
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E vs p curves are sketched in Fig. 2. Note that the 
maximum in the valence band is displaced from the 
minimum in the conduction band by 


(1+ 8,), 


and that the gap in energy between the bottom of the 
conduction and top of the valence band is 


E,=E,/(1+6:). 38) 


Principal sections of the energy surfaces are sketched 
in Fig. 3. Note the possibility of a lens-shaped Fermi 
surface indicated by the section in the 1, 2 plane [ Fig. 
3(b) ]. The de Haas-van Alphen effect, cyclotron reso- 
nance, and geometric resonance experiments already 
performed on Bi would not reveal such a distortion of 
the Fermi surface from an ellipsoid. 


po= mA, 


C. Reflection Symmetry; A; Vanishes 


When A, vanishes but not Az and Az, as is the case 
for reflection symmetry (points o, M, U, and N), Eq. 
(17) may be put into the form 


ae Ge 
on 2mz2 
x[ (Breet, io 
etter —ap)+0(6-22)], 
2m 2m2 


where p3;’, Aps, and 8; are given by Eqs. (30)-(32) with 
the index 1 replaced by 3. The energy surfaces once 
again have elliptical sections normal to direction 2 with 
axes along 1 and 3; the centers of the ellipses are now 
shifted along 3 by Aps;, see Eq. (31); but the extreme 
values of p2 need not be + (2m)! for the conduction 
band, as we shall show. 
The area of the sections normal to 2 is 


2a (myms;)! p? 
oe (z-—) 
E, 2m» 


p? p? 
x| (+8. +—— Aohr 1) +8,(2- —~) , (40) 
2m,’ 2m2 


for both valence and conduction bands. The condition 
following from (40) that there be a maximum and not 
a saddle point in the valence band is now 


2m, 


B3<y. (41) 


A more perspicuous form for @ is 


Q@= 2r(1+3) (mym3)!E, [| E— f(p2) |LE—g(p2) |, (42) 


where 
S(p2) = p2/2m2, 
y—Bs (p2t+Ap2)? 
g(p:)=E,-—_— 
1+ 


3 2m, 


(43) 


(44) 
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B2— (y—Bs) 
~~, 
(1+83) (y—-Bs) 
B2=}m2,A?/E,, (46) 
Ap2=—m2A2/(y—Bs). (47) 


@ is positive in those ranges of p2 for which the factors 
(E—f) and (E—g) are both positive or both negative, 
which are the ranges of 2 spanning the constant-energy 
surfaces. Four cases may be distinguished on the basis 
of first the maximum value of g, E; of Eq. (45), and 
second the associated value of Ape, Eq. (47), the posi- 
tion of the maximum. For energies both positive and 
greater than £,, the energy surface consists of a single 
piece enclosing electrons with f2 in the range + (2m2/)! 
for all four cases. As this appears to occur in Bi, we 
must require that 


- 
4 


(45) 


E,.<0, i.e., Be<(y—83) (Case a) (48a) 


E:>0, i.e., B2>(y—B83) and Epr>E,, (48b) 


if we are to apply Eq. (39) to Bi. The differences be- 
tween the four cases, though not relevant to Bi per se, 
may be important for Bi-Sb alloys and Sb. First, how- 
ever, we discuss the properties of the energy surfaces 
common to all four cases when E>0, Fi. 

We note first that the energy surfaces consist of a 
single piece but that the central section (f2=0) is no 
longer an extreme section. For small y, 62, and 83, the 
displaced extreme section remains a maximum. As 
these parameters increase, the maximum can change 
over to a minimum. The exact relation among the 
parameters for the occurrence of this necking is compli- 
cated and unprofitable to write down here. Secondly, 
we note that a sausage-shaped Fermi surface’ can 
occur for large values of y, 82, and 8; because of the 
shift of the centers of the ellipses by Ap; along axis 3. 
Once again the criterion for this is too complicated to 
write down. In Bi, presumably neither the neck nor 
the sausage shape occurs. 

Now we return to the differences between the four 
cases: 

(a) The condition 


Bo<y—B3 


holds, when the top of the valence band occurs at a 
finite energy — E, below the bottom of the conduction 
band as for the other two kinds of symmetry [Fig. 4(a) ]. 
In this case all the energy surfaces in both conduction 
and valence band have the characteristics discussed 
in the previous paragraph. 

(b) Condition (49) is violated but 


(49) 


Bs<1+y, (50) 


so that f and g do not intersect [ Fig. 4(b) ]. There is a 
simple overlap between the valence and conduction 


145 We mean by a “‘sausage-shaped”’ Fermi surface one which is 
concave-convex in the 2-3 plane because of a large Ap3. 
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bands. For energies between 0 and E; (>0), the energy 
surfaces consist of a piece containing electrons in the 
conduction band and a piece containing holes in the 
valence band. The shape of each piece is like that 
already discussed. For Bi-Sb alloys having a concentra- 
tion greater than 5%, the electrical resistivity becomes 
temperature independent below 25°K." Such behavior 
would occur for a band structure like that discussed 
here with Er<£;. This case may also be of interest for 
Sb, where the electrons and holes both appear to have 
reflection and/or twofold rotation symmetry." 
(c) If condition (50) is violated but 


(Aps)?/2m2> E,, (51) 


then the maximum of g falls outside of f, the situation 
depicted in Fig. 4(c). More explicitly, (51) is equiva- 
lent to 


y<1+28; and B2<(y—83)?/[y—(1+283)]. (51’) 
In this case, for energies between 0 and £; the energy 
surfaces once again consist of an electron piece and a 
hole piece. If E, and E, (£,<£») are the common 
values of f and g at their intersection, then for E<E, 
and k,.<E<£, the energy surfaces are like those of 
case (b). The electron surface lies between + (2m2E)! 
along axis 2, and the hole surface is similarly bounded 
by the two values of p2 for which g=£. There is a 
point of contact between the valence and conduction 
band at the energy E, and the point po=— (2m2E,)! 
Xsgn(Aps), and a second point of contact at EK, and 
po= — (2m2Ey)' sgn(Ape). For Ex<E<£; the electron 
surface is bounded at one extreme by f=£ and at the 
other extreme by g=£, and similarly for the hole 
surface, changing the geometry of the energy surfaces 
somewhat from that of case (b). 


(a) (b) 


g 


Fic. 4. p2-dependence of f and g, the functions entering the 
area of sections normal to f2. (a) Gap between valence and con- 
duction bands. (b) Overlap. (c) Overlap with two points of 
contact between the electron and hole energy surfaces. (d) One 
point of contact occurs between the maximum in the valence band 
and a local minimum in the conduction band. 


16 H. Juretschke and S. Friedman (to be published). 
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(d) Because of the way we set up the model, the 
minimum of f cannot occur within the curve for g (see 
the Appendix), but, if condition (51) is violated, the 
maximum of g at p2= — Aps lies within /, Fig. 4(d). Up 
to energies somewhat greater than E,, the energy sur- 
faces are much Jike those of case (c). However, the 
electron surface does not contact the hole surface again 
at the energy Fy. Instead, the hole surface vanishes and 
a second electron surface appears at the energy £>. 
Thus, although the conduction and valence bands come 
into contact at the energy FE, and p2=— (2m2kp)! 
Xsgn(Ape), the contact is between a maximum in the 
valence band and a minimum in the conduction band 
and not between two extended surfaces as at E,. The 
two separate pieces of electron surface coalesce at 
p2= — Ap» for energies equal to or greater than £;, but 
a neck remains for a range of energies above E,. 


V. SUMMARY AND CONCLUSIONS 


In Secs. II, III, and IV we have set up and discussed 
what we regard as the simplest model of the band 
structure of Bi capable of accurately portraying de- 
partures from the parabolic-ellipsoidal (PE) model. 
In doing so, we have used only the observed symmetry 
of the electron Fermi surface and the numerical values 
of the parameters of the PE model. 

The extent of the departures from the PE model de- 
pends strongly on the ratio Er/F,. As discussed in the 
introduction, the existing information about the value 
of Er/E, is scarce at best. Since knowledge of Er/E, 
is crucial, direct measurement of the absorptivity of Bi 
in the infrared near where Boyle and Rodgers found the 
decrease in transmission at 0.060 ev would be of very 
great interest. 

The existing experimental information does not dis- 
tinguish between three possible kinds of symmetry for 
the electron energy surfaces, twofold rotation and/or 
reflection symmetry. The deviations from the PE model 
are quite different in the three different cases, and ex- 
periments set up to look for these deviations could thus 
further restrict the symmetry of the Fermi surface. 
One such experiment is the “‘tilt effect”’ in the ultrasonic 
attenuation,'?'* which permits direct measurement of 
the Fermi velocity. The Fermi velocity so measured 
will show inversion symmetry in case A, rotation sym- 
metry in case B, and reflection symmetry in case C, all 
readily distinguishable by studying the tilt effect as a 
function of orientation of magnetic field and direction 
of propagation. In contrast, it would be very difficult 
to infer these differences in symmetry from de Haas- 
van Alphen,'?* cyclotron-resonance,®*:* geometric-reso- 
nance,’ or anomalous-skin-effect® data. The anomalous- 
skin-effect data, when interpreted on the PE model, do 
strongly support 6 ellipsoids. Until we have explored 
the effect of departures from the PE model on the 

17D. Reneker, Phys. Rev. 115, 303 (1959). 

18H. Spector, Phys. Rev. 120, 1261 (1960). 
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anomalous skin effect, however, it would be wise not to 
rule out the rotation and reflection symmetry of case A 
on this basis. 

An overlap between the valence and conduction 
bands and even points of contact between them can 
occur if the conduction band minima have reflection 
symmetry. Although such features of the band struc- 
ture could have been observed in the de Haas-van 
Alphen effect in Bi and were not, they may possibly 
provide the explanation for the low-temperature be- 
havior of the resistivity of Bi-Sb alloys." This in turn 
would suggest that the energy surfaces in Bi may have 
reflection symmetry, case C, with Er>E;. Case C may 
also apply to Sb, where the electrons and holes both 
appear to have one principal axis along the dyad axis.'® 

The models do have a large number of parameters: 
Er, Eg, m, m2, m2’, m3, and the angle of tilt, i.e., 7, in 
case A, plus A; or 8 in case B, or plus A2 and A; or 9 in 
case C. Nevertheless, the amount of experimental in- 
formation is considerable. Reinterpretation of existing 
data together with the tilt effect and the infrared ab- 
sorptivity should suffice to distinguish between the 
possible symmetries and to give numerical values to the 
parameters. The task of working out the theory of the 
various experiments for the new model will be tackled in 
a separate paper. 

Finally, the model presents a single analytic expres- 
sion for the constant-energy surfaces which permits one 
to illustrate in a clear and simple way a variety of 
general features of band structure, e.g., points of con- 
tact, to name but one. 
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ADDED NOTE 


After the above was written, the author received a 
preprint of a paper by Wolff’ in which was developed 
independently the two-band model of Eq. (4) proposed 
also by Lax.® Wolff has made a detailed study of this 
model and infers from the de Haas-van Alphen, cyclo- 
tron resonance, and optical data that Ery=0.022 ev and 
E,=0.042 ev in Bi. As emphasized in Sec. III of this 
paper, the two-band model of Eq. (4) cannot be applied 
directly to Bi because the effective mass is large along 
axis 2. Nevertheless, our own independent analysis of 
the experimental data had shown that the departures 
from (4) discussed in Sec. IV do not signficantly affect 
the magnetic energy levels for the specific orientation 
of magnetic field used in obtaining the data analyzed 
by Wolff, particularly for case A. Wolff’s values for Ep 
and E, should therefore remain unaffected by the 
refinements introduced in the present paper. 


1 P. A. Wolff (to be published). 
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Support for Wolff’s values derives from new inter- 
band magnetoreflection experiments by Brown, Mav- 
roides, Dresselhaus, and Lax,” who infer a value of 
0.047+0.003 ev for /,, in excellent agreement with 
that of Wolff. 

The new magnetoreflection experiments demonstrate 
that the departure from a parabolic E vs p relationship 
is significantly less than is implied by Eq. (4) with these 
values of Hr and Ey. Less departure from a parabolic 
E vs p relationship is implied by Eqs. (26), (29), or (39) 
than by Eq. (4) so that the experimental results are in 
accord with our present considerations. 

Dresselhaus” has interpreted the transitions observed 
in the magnetoreflection experiments as indicating that 
case A holds, i.e., rotation plus reflection symmetry and 
only 3 ellipsoids. The tilt effect would provide a valu- 
able check on this assignment. 

Supposing that case A holds, the observation by 
Brown et al.”° of equality of corresponding valence and 
conduction band cyclotron masses to within 10% for 
H along the binary and bisectrix axes would suggest 
that m2’ and mz do not differ by more than 20%. 

Finally, Wolff’s demonstration that models like these 
are adequate to explain the value of 100 reported for 
the dielectric constant by Boyle” lends general justifica- 
tion to such detailed studies as the present one. 

The author is grateful to Dr. Wolff for a prepublica- 
tion copy of his paper. 


APPENDIX 


The model as set up presupposes the existence of an 
ellipsoidal minimum in the conduction band at Ko: This 
need not be the case; energy surfaces which are roughly 
ellipsoidal around kp at energies near the Fermi energy 
are all that are required to fit the experimental data on 
Bi. Only a very minor modification of Eq. (38) suffices 
to introduce a point of contact with the valence band 
as the minimum of the conduction band, viz., 


” R. N. Brown, J. G. Mavroides, M.S. Dresselhaus, and B. Lax, 
International Conference on the Fermi Surfaces of Metals, 
Cooperstown, 1960 (unpublished). 

21G. F. Dresselhaus, International Conference on the Fermi 
Surfaces of Metals, Cooperstown, 1960 (unpublished). 


NONELLIPSOIDAL MODEL 


Fic. 5. p2-depend- 
ence of f and g when 
no ellipsoidal mini- 
mum occurs in the 
conduction band (see 
Appendix). (a) One 
contact is between 
maximum and mini- 
mum. (b) Both con- 
tacts are between 
maximum and mini- 
mum. 


+f . 
=——[E— (2) LE—g(p2)], 


2m3 E, 


bs’ =pstAps, 
B3;=3m;A;*/E, 
=}((O1|03|01))2/| (01| 3] 11)|?, 
Ff (p2) = p?/2m2, 
g(p2) =E:—2(potApe)*/2mo, 
E.= Egy/(1+83). 


pe (p3')? 
—+ 
2m 


Ap;=(m;A;/E,)(E—f), 


z>0, 


We now regard the parameter y as disposable inde- 
pendently of Ape, which was not so in case C(d) dis- 
cussed previously. Thus, if 


E,>2(Ape)*/2mz, (58) 


holds, the minimum of / occurs within g as illustrated 


in Figs. 5(a) and (b). In either of these cases, the energy 
surfaces can have two hole pieces for E< Eq, one hole 
plus one electron piece for E,<E<£», one hole plus 
one electron [Fig. 5(a) ] or two electrons [Fig. 5(b) ] 
for k.<E<;, and one electron for E> F;. 
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Origin of Hypersonic Attenuation in Germanium at Low Temperatures 
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Hypersonic attenuation in germanium at different temperatures is calculated and compared with the 
recent low-temperature measurements by Truell and his associates. The excellent agreement between the 
theory and experiment for the temperature dependence shows that Umklapp processes are responsible for 


the attenuation at low temperatures. 





YPERSONIC attenuation in germanium at low 
temperatures has been recently studied by Truell 
and his associates.'! They found a sharp rise in attenua- 
tion beginning at about 20°K, similar to thermal re- 
sistivity measurements in dielectric crystals at low 
temperatures where phonon-phonon scattering associ- 
ated with Umklapp process is considered to be respon- 
sible for the sharp rise in thermal resistivity with the 
increase in temperature. The very fact that acoustic 
wavelengths are roughly of the same order as the mean 
free path for Umklapp processes supports our expecta- 
tion that Umklapp processes are also present here. 
According to Akhiezer? sound waves on passing 
through a crystal disturb the equilibrium distribution 
of thermal phonons. The re-establishment of equilibrium 
in the phonon gas requires an increase of entropy and 
leads to absorption of sound. Introducing a few simpli- 
fying assumptions Bémmel and Dransfeld* have ob- 
tained the following expression for the absorption 
coefficient : 


TYav wA 


pv 1+(w6)? 


P 
a(db/inch) = 1.1- 


where c is the specific heat per cc, v is the longitudinal 
sound velocity, p is the density, yay is the average 
Griineisen constant, w is the angular frequency of the 
sound wave, and @ is the relaxation time for phonon- 
phonon Umklapp processes. 

This expression has been shown to be in qualitative 
agreement with experiment in quartz where a similar 
rise in hypersonic attenuation was reported earlier by 
Bémmel and Dransfeld.‘ No attempt, however, was 
made to calculate the attenuation at different tempera- 
tures (except when w/=1) and compare it with experi- 
ment. We have calculated hypersonic attenuation at 
different temperatures in the case of germanium and 
have compared it with experiment. The small apparent 
attenuation below 20°K, which is independent of tem- 


1E. R. Dobbs, B. B. Chick, and R. Truell, Phys. Rev. Letters 
3, 332 (1959). 

2 A. Akhiezer, J. Phys. (U.S.S.R.) 1, 277 (1939). 

3H. E. Bommel and K. Dransfeld, Phys. Rev. 117, 1245 (1960). 

4H. E. Bommel and K. Dransfeld, Phys. Rev. Letters 2, 298 
(1959). 


perature and is largely due to the reflection losses, has 
been subtracted from the observed attenuation at other 
temperatures. The solid curve in Fig. 1 is the theoretical 
curve and the circles represent the experimentally 
observed attenuation at 508 Mc/sec after making the 
correction for reflection losses. The relaxation time at 
these low temperatures has been calculated with the 
help of the relation K= 4cv*#, where K is the thermal 
conductivity, c is the specific heat, and v is the velocity 
of sound waves. Values of thermal conductivity, specific 
heat, and elastic constant ci; at low temperatures used 
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Fic. 1. Hypersonic attenuation in germanium at low temperatures. 


in the calculation are from the measurements of Rosen- 
berg,® Hill and Parkinson,® and Fine,’ respectively. A 
value of the average Griineisen constant was obtained 
by choosing it such that the theoretical value of the 
hypersonic attenuation was equal to the experimental 
ralue, say, at 70°K. This value was used for all subse- 
quent calculations. 

The excellent agreement between the theory and 
experiment for the temperature dependence of hyper- 
sonic attenuation in germanium, as shown in Fig. 1, 
shows unmistakably that phonon-phonon Umklapp 
processes are responsible for the observed hypersonic 
attenuation at low temperatures. 

5 H. M. Rosenberg, Proc. Phys. Soc. (London) A67, 837 (1954). 


6 R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952). 
™M. E. Fine, J. Appl. Phys. 26, 862 (1955). 
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Correlation Effects on the Electronic Specific Heat of Sodium* 


Epwarp A. STERN 
University of Maryland, College Park, Maryland 
(Received June 20, 1960) 


The effect of the martensitic transformation in sodium on measured values of its specific heat is analyzed. 
It is shown that the only important effect at low temperatures is to produce a mixture of the two phases. The 
measured specific heat is very closely given by the sum of the specific heats of each phase measured sepa- 
rately. An analysis of the various experimental measurements gives the result that the effective mass of 
conduction electrons in the bcc high-temperature phase is greater than 1.5 times the free electron mass while 
in the hcp low-temperature phase the corresponding value is less than 1.21. Using further experimental data 
it is estimated that the effective masses in the bec high-temperature phase and the hcp low-temperature 
phase are 1.7 and 1.1 times the free electron value, respectively. These effective mass values imply that there 
is substantial contact of the Fermi surface in the hcp structure with the “A” faces of the Brillouin zone. The 
large effective mass in the bec phase indicates a large enhancement of the specific heat of the conduction 
electrons in sodium by correlation and electron-phonon interaction effects. The correlation effects alone 
appear to increase the specific heat of a free electron gas at a density corresponding to r,=3.96 (in units of 


the Bohr radius) by about 40%. 





I. INTRODUCTION 


N the last several years there has been great progress 
in understanding the many-body problem and the 
effect of correlation between particles. In particular, 
the properties in the high-density limit of a degenerate 
electron gas have been thoroughly investigated. 
Properties such as the specific heat, correlation energy, 
and plasmon energy have been calculated.'-” Yet there 
have been no experiments performed that can be com- 
pared directly with theory. 

There have been several causes of this. The exact 
theory uses a model of an electron gas in a background 
of a uniform, ‘smeared out,” positive charge. Any 
effects of a periodic lattice is missing. In practice this 
model is best approximated by the electrons in body- 
centered cubic sodium metal. The property that appears 
to best test the theory is the electronic specific heat of 
sodium at low temperatures. The correlation energy of 
the electron gas is only a small fraction of the total 
binding energy in sodium and cannot be directly 
measured. A measurement of the plasmon energy and 
lifetime as a function of wavelength is another possible 
check on the theory. However, in this case, the experi- 
mental difficulties of working with thin sodium films 
in order to measure the characteristic energy losses of 
high-energy electrons passing through the films does 


* Investigation supported in part by the U. S. Army Signal 
Corps, Department of Defense, Office of Scientific Research. 
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not permit enough accuracy to give a critical check on 
the theory. 

Measurements on the low-temperature specific heat 
of sodium have been made by various investigators"—* 
but the interpretation of these measurements in terms 
of an electronic specific heat that can be compared with 
theory has been complicated by the phase transfor- 
mation that occurs in sodium at low temperatures and 
produces a variation in the experimental results. The 
purpose of this note is to show what is the effect of the 
phase transformation on the specific heat, and then to 
show that the present experimental data indicate a 
surprisingly large effect of correlation. 

An additional difficulty in comparing theory with 
experiment is that the theoretical results have been 
expanded in a perturbation scheme about the high- 
density limit and give useful results for values of 
r,<2.9"7 Here, r, is the radius, in units of the Bohr 
radius, of a sphere that has the same volume as the 
average volume per electron. It thus is a measure of 
the density of the electron gas. The electron densities 
that are generally found in actual metals correspond to 
r,>2. Thus, it is seen that the theoretical results have 
to somehow be extrapolated in order to be compared 
with experiments on real solids. There is apparently 
some difficulty in performing this extrapolation, Pines,!* 
and Quinn and Ferrell’® give the result that the corre- 


11 L. M. Roberts, Proc. Phys. Soc. (London) B70, 744 (1957). 

2). H. Parkinson and J. E. Quarrington, Proc. Phys. Soc. 
(London) A68, 762 (1955). 
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14 J. Rayne, Phys. Rev. 95, 1428 (1954). 
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lation effects decrease the specific heat of sodium about 
10% from the value it has in the ordinary band theory 
calculation while a reasonable extrapolation of the 
results of DuBois’ to r,=3.96, the value for sodium, 
and the results of Fletcher and Larson” indicate an 
enhancement of the specific heat by perhaps 30% or 
more. It is interesting that there is not even qualitative 
agreement among theoreticians as how to extrapolate 
the theory indicating that there is need of developing a 
physical insight into the effects of correlation. 


II. PHASE TRANSFORMATION 


Barrett”!* discovered and investigated the fact that 
both sodium and lithium, in contrast to the heavier 
alkali metals, undergo a change in crystal structure at 
low temperatures. It was found that the transformation 
was a martensitic type occurring in Li around 80°K 
and in Na around 40°K. Sodium changes from a high- 
temperature body-centered cubic structure to a low- 
temperature hexagonal closed-packed structure with a 
c/a ratio equal to the ideal of 1.63. 

A martensitic transformation™™ is a special type of 
transformation between two crystallographic modifi- 
cations of a solid. In contrast to the nucleation and 
growth by diffusion type of transformation where 
atoms move many atomic distances, a martensitic 
transformation occurs by a coherent movement of 
many atoms the order of an atomic spacing. This 
movement usually consists of the combination of a 
shear movement between planes and a slight rearrange- 
ment within a plane. There is essentially no activation 
energy for a martensitic transformation and it can 
therefore occur at low temperatures in contrast to 
diffusion-type transformation. Two other important 
properties of this transformation for our purposes are 
that it can occur over a range of temperatures and 
when the temperature is changed that part of the 
material which transforms does so practically instan- 
taneously. At the low temperatures where sodium 
transforms, stresses produced by strains in the medium 
surrounding the transforming nuclei cannot be relieved 
and the transformation proceeds till the induced stress 
energy stops further transformation. If the temperature 
is further lowered, the increased difference in bulk free 
energy between the two phases favors further trans- 
formation till the increased induced stress energy again 
cancels the gain in bulk free energy difference. When the 
temperature is so low that the bulk free energy differ- 
ence no longer changes significantly with decreasing 
temperature, the composition of the material will no 

2” J. G. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958). 

2 C. S. Barrett, Am. Mineralogist 33, 749 (1948); J. Inst. 
Metals 84, 43 (1955). 

2 C. S. Barrett, Acta Cryst. 9, 671 (1956). 

%3 See, for example, reviews by J. S. Bowles and C. S. Barrett, 
Progr. Metal Phys. 3, 1 (1952); and B. A. Bilby and J. W. 
Christian, The Mechanism of Phase Transformations in Metals 
(Institute of Metals, London, 1956), p. 121. 


* J. S. Dugdale and D. Gugan, Proc. Roy. Soc. (London) 
A254, 184 (1960). 
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longer appreciably change. The fraction of the material 
that has transformed at any given temperature depends 
on the past history of the sample such as the amount 
of cold working it has been subjected to, its purity, 
grain size, and surface condition. In general, at absolute 
zero a sample of sodium will consist of a mixture of 
the two phases. 

If the strain produced by the transforming region 
(both in itself and in the surrounding untransformed 
medium) does not exceed the elastic limit when growth 
stops, the new phase region is said to be in thermoelastic 
equilibrium. In this case the transformed region will 
have a singled-valued size as a function of temperature, 
growing and shrinking as the temperature is lowered 
or raised. When, however, the elastic limit is exceeded 
the transformation will show a temperature hysteresis, 
the more usual state of affairs. 

One important experimental consequence of the 
practically instantaneous nature of the martensitic 
transformation is that the transformation cannot be 
detected by keeping the temperature constant and 
observing if any heat of transformation is produced as 
a function of time. In practice once a given temperature 
is reached no further transformation will occur. 

Further studies of the martensitic transformations 
in sodium have increased our knowledge. It has been 
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EFFECTS ON THE £ 
estimated*® that the Debye temperatures of the high- 
and low-temperature phases of sodium at 20°K are 
153 and 160°K, respectively. Figure 1 shows the results” 
that were obtained on the composition-temperature 
curve of sodium as it undergoes its martensitic trans- 
formation. The interesting result is that when the 
temperature is raised from liquid helium temperatures 
to 30°K very little if any transformation is occurring. 
It appears that at these temperatures no thermoelastic 
behavior is occurring.**° 


III. EFFECT OF PHASE TRANSFORMATION 
ON SPECIFIC HEAT 


In this section some simple thermodynamic ideas 
will be used to estimate the effect of the phase trans- 
formation on the specific heat. The phase transfor- 
mation can affect the specific heat in three different 
ways. (a) It changes the composition of the sample. 
Each phase will have a different specific heat and the 
measured specific heat will depend on the relative 
mixture of the two phases. (b) The heat of transfor- 
mation that is evolved as one phase transforms into 
the other will add to the true specific heat producing a 
measured value that is larger than the actual value. 
This effect is proportional to the amount that is trans- 
forming at a given temperature. (c) Stresses induced 
in the sample will change the value of the specific heat 
since the specific heat is a function of stress. 

It is not too hard to show that the effect (c) is not 
important. We estimate it as follows. Under a stress r 
the change in specific heat C is AC=(0C/dr)rr. In a 
solid under constant stress C= 0H/07, where H is the 
enthalpy of the solid. In cubic solids it can be shown 
that if r is a shear (0C/dr)7=O and an effect occurs 
only if the stress is a pressure. In hexagonal materials, 
C does depend on the shear stresses but the order of 
magnitude change in C can be obtained by considering 
the effect of pressure stresses. Under a pressure , 


AC= (0C/dp)rp= (8H /ApdT) p= T (8(Var)/ AT) p, 


since (0?H/dpdT)=T(0?V/0T*)=T(0(Va,/dT). Here 
ay,=V-—(dV/dT), is the volume thermal expansion 
coefficient and V is the volume. The Griineisen relation 
Va»=y8C, where 8 is the compressibility and y is the 
Griineisen constant, a dimensionless number around 2, 


then gives 

AC 108 10 

—=(7-— +1 — yap. (1) 
c Ber Cer 


At low temperatures the first term in the parenthesis 
in (1) is much smaller than the second term. The second 
term at low temperatures has values between one and 
three. Hence at low temperatures 


AC/C = 58p. (1’) 


For pressures equal to the elastic limit, 8p is less than 


25 1). L. Martin, Proc. Roy. Soc. (London) A254, 433 (1960). 
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a percent. Even if all of the sample had this stress, a 
highly unlikely upper limit, the percentage change in 
C is small. Thus we can neglect the change of specific 
heat produced by stresses. 

Effect (b) depends on the amount transforming per 
unit temperature interval. If Fig. 1 is representative 
for all sodium samples as the experimental evidence 
indicates, then effect (b) must be negligible as the 
temperature is increased between 0°K and 30°K since 
no transformation is occurring. Because the specific 
heat is usually measured when the temperature is 
being raised, effect (b) should not be important below 
30°K. It can be argued, however, that since the trans- 
formation varies from one sample to the next, Fig. 1 
may not be representative of the samples employed in 
some specific heat measurements. In particular, as the 
temperature is varied in the liquid helium range some 
transformation may be occurring in some samples. 
Even in that unlikely case we will show that the 
electronic value of the specific heat will not be effected 
by (b). That portion of the sample that is transforming 
must be in thermoelastic equilibrium since from Fig. 1 
the hysteresis effect extends to past 30°K for that 
portion that has exceeded the elastic region. For the 
thermoelastic portion of the sample, the transformation 
is occurring reversibly and the heat of transformation 
is given by TAS, where AS is the difference in entropy 
between the two phases. At any temperature JT, AS 
is given by JG? (AC/é)dt, where AC is the difference in 
specific heat between the two phases. At liquid helium 
temperatures and below, AC=AT*+BAT and thus 
AS=4AT*°+BT. The contribution of the heat of 
transformation to the measured specific heat, if df/dT 
of the sample transforms per unit temperature change, 
IS 


dQ/dT=TAS (d f/dT)= (3AT*+ BT?) (df/dT). 


One expects df/dT to be well behaved near absolute 
zero and thus it can be expanded in a power series in T: 


df/dT=a+bT-+ --- 

We see that the heat of transformation does not produce 
a linear term in 7 in the specific heat and thus effect 
(b) cannot in any way affect the electronic specific heat. 
In addition, because the available experimental data 
indicate that no thermoelastic effect occurs with in- 
creasing temperature below 30°K, we will also assume 
that (b) does not affect the Debye characteristic 
temperature. 

By the process of elimination only effect (a) can vary 
the measured specific heat at low temperatures. That 
effect (a) exists, ie., the two different phases have 
different specific heats, is guaranteed by thermodynamic 
requirements. The low-temperature phase at 0°K must 
have a lower internal energy than the high-temperature 
phase. The high-temperature phase on the other hand 
must have a larger entropy at a given temperature, 
and thus a larger specific heat, in order that its free 
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TaBLeE I. The various experimental results on the electronic 
specific heat and Debye temperatures, @p, for samples of sodium 
below 3°K. The electronic specific heat is expressed in terms of 
the ratio of an effective mass of the electrons, m*, to the free 
electron value, m. 





Sample 
preparation 


Investigator 
Gaumer and Heer* 
Lien and Phillips® 
Roberts® 
Parkinson and 

Quarrington4 


“1.21 
1.33 
1.22+.0.04 





cast 
cast 
cast 


1.6 +0.16 158 cut from lump 





* See reference 15. 
> See reference 16. 
¢ See reference 11. 
4 See reference 12. 


energy, U—T7S, become lower at elevated temperatures. 
Experimental measurements” confirm this reasoning. 

Effect (a) implies that the specific heat of a sample 
of sodium at low temperatures is given by C=/C, 
+(1—/)Cr, where f is the fraction of low-temperature 
phase present and C; and C, are the specific heats of 
the low- and high-temperature phases, respectively, 
C,>C;. The specific heat should be well behaved at 
low temperatures and vary as y7+7*. The only 
variation between various experimental results should 
be in the values of y and 8. We use this property in 
the next section to analyze the available experimental 
data on the specific heat of sodium. 


IV. INTERPRETATION OF EXPERIMENTAL 
MEASUREMENTS 


Table I summarizes the various experimental results 
on the low-temperature specific heat of sodium that 
give a value for the electronic contribution. Two other 
measurements have been made, one by Rayne™ and 
another by Simon and Zeidler,” which show anomalous 
behavior at low temperatures. From what was said in 
Sec. III this anomalous behavior is probably not related 
to the phase transformation. All of the investigators 
listed in Table I found that at low temperatures the 
specific heat of sodium varies as yT+ T*. As shown in 
Sec. ITI only effect (a), the variation of the composition 
of the sample between the two phases, can affect y and 
the same can be said for 8 with a little less certainty. 
To determine what the mixture of the two phases was 
in the various samples used by each investigator we 
use the fact that the high-temperature phase must have 
the larger specific heat. The results of Parkinson and 
Quarrington” (PQ) and Roberts" (R) are of particular 
interest because their measurements were made in 
the same laboratory, the main difference being in the 
method of preparation of the sample. Yet the specific 
heat measured by PQ was 10% higher at 1.5°K and 
5% higher at 20°K than that measured by R. This 
difference is much larger than can be explained by 
errors of measurement and must be real. The sample 
used by PQ had more of the high-temperature phase 
in it than the sample of R. Another interesting obser- 
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vation is that R, and Gaumer and Herr" used entirely 
different experimental methods in measuring the specific 
heat, but prepared their samples in similar ways and 
obtained very good agreement. Thus, the difference in 
the experiment results appear to be only due to differ- 
ences in the method of preparation of the sample." 
This is consistent with our reasoning that differences 
in the specific heat can be caused by differences in the 
proportion of the two phases in the sample. The specific 
heat values of Lien and Phillips'® are between those of 
PQ and R, indicating that their sample had more of 
the high-temperature phase than that of R but less 
than that of PQ. 

A plot of the effective mass determined by various 
investigators as a function of the specific heat measured 
at 2°K is shown in Fig. 2. The values at 2°K are taken 
because that is the highest temperature where 3 of the 
4 investigators have experimental points. The measure- 
ments of Lien and Phillips extended only up to 1.4°K. 
Their data were extrapolated to 2°K by assuming the 
same temperature dependence as they measured below 
1.4°K. The experimental values of R and PQ for m*/m 
have their estimated limits indicated. The values of 
Gaumer and Heer, and Lien and Phillips should be 
more accurate than those of R since they made measure- 
ments at lower temperatures. If our reasoning is correct 
and only effect (a) causes the variation, the data should 
be consistent with a straight line, as it is. The straight 
line is drawn in Fig. 2 to give most weight to the most 
accurate points. Since the electronic contribution to 
the specific heat at 2°K is less than half of the total 
specific heat it does not necessarily follow that the plot 
should be linear. There is a definite trend in the experi- 
mental values. Those samples that have more of the 
high-temperature phase as determined by their larger 
values of specific heat, also give a larger value for the 
effective mass of the conduction electrons. We conclude 
from this that the high-temperature phase has a higher 
value of effective mass of the conduction electrons than 
the low-temperature phase. We can further conclude 
from Fig. 2 that m*/m>1.5 for the high-temperature 
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Fic. 2. Effective mass of the conduction electrons versus the 
total specific heat at 2°K. The values of m*/m are the same as 
shown in Table I. 
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phase and m*/m<1.21 for the low-temperature phase. 
The Debye characteristic temperature @p does not vary 
appreciably from one phase to the other at very low 
temperatures as shown in Table I though there is an 
appreciable variation above 3.5°K. Figure 3 illustrates 
the variation of 6p with temperature according to the 
results of PQ and R. 

An estimate of how much of each phase is present in 
the various samples of sodium can be made using the 
estimates of the Debye temperatures of the two phases. 
At 20°K the Debye temperatures of the low- and high- 
temperature phases are 160° and 153°K, respectively. 
The sample of PQ had a Debye temperature of 155°K 
while that of R had a Debye temperature of 158.6°K, 
both at 20°K. Therefore about 30% of the sample of 
PQ and 80% of the sample of R were in the low-tem- 
perature phase. From this we extrapolate from Fig. 2 
that m*/m for the low- and high-temperature phases 
are about 1.1 and 1.7, respectively. 

Since there is such a large difference in the effective 
mass between the two phases of sodium the questions 
naturally arise—can this large difference be understood, 
and which value, if any, should be compared with the 
many-body theory of a dense degenerate electron gas. 
Experimentally it is found that the volume of the low- 
temperature phase is 0.27+0.16%” larger than the 
high-temperature phase. This small volume change in 
a free gas model cannot explain the large effective-mass 
difference between the two phases. The difference can, 
however, be explained by a distortion of the Fermi 
surface near the Brillouin zones. 

The wave functions of sodium for values of the k 
vector not too close to the Brillouin zone faces is in- 
sensitive to the crystal structure, but depends mainly 
on the volume per atom. The dependence on crystal 
structure occurs only for those values of k close to the 
Brillouin zone faces. In the hcp low-temperature phase 
of sodium, if one assumes a spherical Fermi surface of 
radius ko, the Brillouin zone ‘‘A”’ face,?* which is parallel 
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Fic. 3. The Debye temperature versus temperature for two 
different samples of sodium. Curve A is the results of reference 11 
and curve B is the results of reference 12. 

278A. H. Wilson, Theory of Metals 
Press, New York, 1954), 2nd ed., p. 89. 
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Fic. 4. The effect of correlation on the effective mass of a free 
electron gas as determined by the electronic specific heat. The 
solid curve represents the theoretical results of DuBois.? The 
point is the value determined from the experimental measure- 
ments of the electronic specific heat of sodium. The indicated 
errors are only rough estimates. The dashed curve is a possible 
interpolation. 


to the ¢ axis, is a distance 1.04 kp from the center of 
the Brillouin zone. The Brillouin zone “B”’ face, which 
is perpendicular to the c axis, is a distance 1.11 ko from 
the center of the Brillouin zone. In the bec high- 
temperature phase of sodium the closest face is 1.14 ko 
from the center of the Brillouin zone. Because of the 
close approach of a spherical Fermi surface to the 
Brillouin zone “A” face of a hep structure, it is rea- 
sonable to expect that the Fermi surface will actually 
be distorted from a spherical shape. The experimental 
values for the effective masses indicate that the Fermi 
surface makes a substantial contact with the “A” face 
in the hep phase. The decrease in the Fermi surface 
area overcomes the increased effective mass in the 
vicinity of the contact. It is clear then that only the 
high-temperature bec phase of sodium approximates a 
free electron gas and theory should be compared with 
the values of that phase alone. 


V. COMPARISON WITH THEORY 
AND CONCLUSIONS 


Band-theory calculations, which do not include the 
correlations effects on the effective mass, show that the 
electrons in bec sodium approximate a free electron gas. 
Their effective mass is almost exactly equal to the free 
electron value.?’ Any difference from the free electron 
value must be due to effects neglected in the ordinary 
band-theory calculations. One such effect, as is men- 
tioned frequently above, is correlation effects. Another 
such effect is the electron-phonon interaction.'.?8 
Estimates of the electron-phonon interaction contri- 
butions to the effective mass is that it will increase it 
by about 20%. The accuracy of this type of calculation 


7 F. S. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127. 


Ham, Solid State Physics, edited by F. Seitz and D. 

28M. J. Buckingham and M. R. Schafroth, 
(London) A67, 828 (1954); J 
199 (1960). 


Proc. Phys. Soc. 
J. Quinn, Bull. Am. Phys. Soc. 5, 
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has been questioned since it is not clear that the 
electron-phonon interaction can be calculated sepa- 
rately from correlation effects. For lack of anything 
better we will nevertheless assume that the effects of 
correlation and electron-phonon interactions can be 
estimated separately. Then the experimental data that 
m*/m=1.7 for the bec phase of sodium indicates that 
correlation alone increases the effective mass of the 
conduction electrons (r,=3.96) about 40%. This result 
is in disagreement with the calculations of Quinn and 
Ferrell, and Pines,'® but is consistent with the results 
of DuBois’ and Fletcher and Larson.” Figure 4 shows 
the theoretical calculations of DuBois as the solid line 
and the experimental point with approximate errors 
from the results on bec sodium. The dashed line is a pos- 
sible interpolation between the results. 

The large value of the effective mass of the electrons 
in bee sodium is quite surprising. Yet, it is not at 
variance with the theoretical calculations of DuBois, 
and Fletcher and Larson, and estimates of the effect of 
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electron-phonon interactions. However, it would still 
be highly desirable to obtain further experimental meas- 
urements on the electronic specific heat of sodium. In 
particular, a measurement on a sample in which the 
transformation to the low-temperature phase has some- 
how been inhibited would be of great interest. 

The large change in effective mass between the bec 
and hep phases is also surprising. The substantial 
contact of the Fermi surface to the Brillouin zone “A” 
face implies a fairly large energy gap at the zone face. 
This disagrees with the model of Cohen and Heine” 
for sodium. However, the contact explains why the 
hep phase has the lower energy at absolute zero. The 
lowering of the energy levels in the vicinity of the 
contact lowers the total energy of the solid. 


The author is indebted to Professor M. H. Cohen 


for a stimulating discussion and to Professor Ralph D. 
Myers for a critical and informative discussion. 


2 M. H. Cohen and V. Heine, Advances in Physics, edited bv 
N. F. Mott (Taylor and Francis Ltd., London, 1958), Vol. 7, 
p. 395. 
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Ultrasonic Attenuation in Superconductors* 
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A general treatment of ultrasonic attenuation of both longitudinal and transverse waves in superconduc 
tors, valid for an arbitrary mean free path, is given on the basis of the Bardeen-Cooper-Schrieffer theory. The 
interaction between the ultrasonic waves and electrons is assumed to be given by a self-consistent electro 
magnetic field. Instead of the customary theory of the attenuation based on the Boltzmann equation, a 
different formulation is developed using the density-matrix formalism. The ratio of the attenuations in 
superconducting and normal metals for the longitudinal wave turns out to be approximately independent of 
the mean free path. The attenuation of the shear wave due to electromagnetic interaction is shown to be very 


small in the superconducting state. 


1. INTRODUCTION 


LTRASONIC attenuation in metals at low temper- 

atures, predominantly electronic in origin, has 
been an object of active researches in recent years, 
yielding valuable information on the properties of nor- 
mal metals as well as superconductors.'? Bommel and 
Mackinnon’ first observed the rapid fall in the attenua- 
tion below the critical temperature. While it clearly re- 
flected the decrease of the normal component, this steep 


* Supported in part by the Office of Ordnance Research, U. S. 
Army. 

1 For general review of the subject, see R. W. Morse, Progress 
in Cryogenics, edited by K. Mendelssohn (Heywood & Company 
Ltd., London, 1959), Vol. I, p. 220. 

2 Concerning the ultrasonic attenuation in superconductors, see 
J. Bardeen and J. R. Schrieffer, Progress in Low-Temperature 
Physics, edited by C. J. Gorter, (North Holland Publishing Com- 
pany, Amsterdam (to be published) }. 

3H. E. Bommel, Phys. Rev. 96, 220 (1954); L. 
Phys. Rev. 98, 1181, 1210 (1955) 


Mackinnon, 


drop could not be accounted for by the simple applica- 
tion of the two-fluid model and waited for the Bardeen- 
Cooper-Schrieffer (BCS) theory‘ for its satisfactory ex- 
planation. According to the latter theory the ratio, 
a;/an, of the attenuations of a longitudinal sound wave 
in superconducting and in normal state varies with tem- 
perature as 2f(€9), where f is the Fermi function and ¢€ 9 
is the temperature-dependent energy gap. The agree- 
ment between this formula and the experimental data, 
obtained for pure superconductors mostly in the fre- 
quency range around 50 Mc/sec, is reasonably good and 
is one of the strong supports of the BCS theory.® In fact 
this is one way of obtaining an empirical value of the 


4 J. Bardeen, L. 
1175 (1957). 

5 R. W. Morse and H. V. Bohm, Phys. Rev. 108, 1094 (1957); 
R. W. Morse, H. V. Bohm, and J. D. Gavenda, Bull. Am. Phys. 
Soc. 3, 44 and 203 (1958). 


N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
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energy gap. The measurements of attenuation have been 
performed by Morse and Bohm‘* also for impure super- 
conductors with g/=1, where g is the wave number of 
the sound and / the electron mean free path. The result 
indicates that the temperature variation of the ratio 
a,/a» depends slightly on the values of gl: for the smaller 
values of gl the attenuation decreases somewhat more 
rapidly than for g/>1. Another case of interest is the 
attenuation of a shear wave. The result of detailed 
measurements by Morse and Bohm®! taken in poly- 
crystalline indium and tin showed an even more abrupt, 
apparently discontinuous drop in attenuation at the 
critical temperature. The change in the attenuation is 
more than 50% in the temperature range of 0.01°K 
below T., then followed by a gradual decrease which 
seems again to be described by the BCS formula. 

So far there has been no theoretical treatment of the 
attenuations in superconductors with an arbitrary mean 
free path except one by Kresin’ for the limiting case of 
gl1. It is the main purpose of the present work to 
construct a general theory of the attenuation of both 
longitudinal and shear waves on the basis of the BCS 
theory, valid for an arbitrary mean free path. 

The first complete theory of the attenuation by the 
electron system in normal metals was proposed by 
Pippard® based on the idea of a distorted local Fermi 
surface. More recently, general treatments have been 
given by Blount’ to discuss the attenuations for arbi- 
trary frequency and band structures and by Cohen, 
Harrison, and Harrison” to analyze its magnetic de- 
pendence. Most of these theories are based on the 
Boltzmann equation for an electron distribution func- 
tion, although the original treatment by Pippard did not 
make an explicit use of it. While this method is no doubt 
adequate for the case of normal metals, we cannot apply 
it to the case of superconductors, particularly in the 
present problem where an electromagnetic interaction is 
involved. Therefore we are led to take a different ap- 
proach, closely related to the quantum mechanical 
derivation of conductivity from the density matrix 
formalism, first proposed by Kubo." This kind of treat- 
ment has been used by Mattis and Bardeen” to derive 
the complex conductivity for a transverse electromag- 
netic field of a superconductor in the presence of scat- 
tering centers. Gorkov and Abrikosov® also calculated 
the conductivity by means of the Green’s function 
formalism. We assume that the interaction between a 


6 R. W. Morse and H. V. Bohm, Bull. Am. Phys. Soc. 3, 22: 
(1958). 

7B. Z. Kresin, J. Exptl. Theoret. Phys. U.S.S.R. 36, 1947 
(1959), (translation: Soviet Phys.-J ETP 36(9), 1385 (1959). 

8 A. B. Pippard, Phil. Mag. 46, 1104 (1955). 

* E. I. Blount, Phys. Rev. 114, 418 (1959). 

10 M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev. 
117, 937 (1960). 

1 R. Kubo, Can. J. Phys. 34, 1274 (1956), J. Phys. Soc. Japan 
12, 570 (1957). 

121). C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 

13 A. A. Abrikosov and L. P. Gor’kov, J. Exptl. Theoret. Phys. 
U.S.S.R. 35, 1558 (1958) [translation: Soviet Phys.-JETP 35(8), 
1090 (1959) ]. 
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long-wavelength sound wave and electrons in metals is 
mainly electromagnetic, so that it is necessary, first of 
all, to obtain the conductivities of the system for longi- 
tudinal as well as transverse fields, which we shall 
evaluate following the works mentioned above. In calcu- 
lating the attenuation an extra complication arises from 
the fact that impurities, which we assume to be the only 
scattering mechanism, move with the lattice, thereby 
dragging electrons. This difficulty is dealt with by a 
canonical transformation, which has been used by 
Blount.’ 

In Sec. 2 we shall give an outline of the formulation 
of the problem, which is applied first to the case of 
normal metals in Sec. 3. The succeeding sections are 
devoted to the calculation of the attenuation in super- 
conductors and to discussions of the results obtained. In 
the case of a longitudinal wave it becomes necessary to 
take into account the collective excitations in supercon- 
ductors in order to guarantee the invariance of the 
theory against the canonical transformation mentioned 
above. The proof is presented in the Appendix. 


2. FORMULATION 


In the problem of ultrasonic attenuation by electrons 
it is convenient to consider three systems, namely, the 
impressed sound wave, the electrons, and the heat reser- 
voir consisting of thermal phonons. We do not discuss 
the mechanism of transferring energy from the second to 
the last explicitly. The attenuation will be calculated 
from the amount of energy transferred to the electron 
system. For simplicity we suppose in this work that 
electrons are elastically scattered by impurities. Hence 
the unperturbed Hamiltonian for an electron may be 
written 


1 
Ho= ——v" t Vo(x’) +2 Vim(x’—R)), (2-1) 
7 7 


2m 


where V(x’) is the periodic potential of the lattice and 
Vim(x’—R,) is the potential due to the jth impurity. 
When the lattice is deformed by a sound wave, the 
perturbed potential is 


Vo(x’—8R)+-Vi(x’,) +30; Vim(x’—d5R—R,;), (2-2) 


where 5R(x’,f) is the smoothly varying function of x’ 
such that at the lattice positions it is equal to the 
displacements of the ions. As pointed out by Blount,® 
V o(x’—6R)— Vo(x’) may be large and the Bloch theorem 
no longer holds in the original coordinate system, so 
that it is necessary to make a transformation into the 
coordinate system, x, fixed to the moving lattice"; 


(2-3) 


Another reason for making this transformation is that 
the scattering by impurities embedded in the lattice is 


x= x’—6R(x’,t). 


‘4 The use of the transformation was first pointed out to the 
author by Professor J. Bardeen. 
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elastic not in the x’ frame but in the x frame. The treat- 
ment here is essentially the same as one given by Blount, 
but for completeness we shall discuss it in some detail. 
Let y’(x’,t) be a wave function satisfying 
te] 
i—yp’ (x’,t) = Hop’ (x’,2). (2-4) 
ot 
Since the transformation (2-3) is not in general volume 


conserving, we write for the wave function in the x 
frame, 


(x,4)=[1+ (WR) ]y’(x’(x),#), 


so that to the first order in the displacement 


(2-5) 


f vt(x,¥(x,t)dx= (2-6) 


if y’(x’,#) is normalized. From (2-4) and (2-2) one can 
derive the wave equation for ¥(x,#). Since we are inter- 
ested in the linear response of the system, we con- 
sistently keep only the terms linear in the displacement. 
Using 


oy od6R 
“v(s ))=———-vy, 


ol ot 


V P= Vd—L (VER) VN, 


we get, where as in what follows all the quantities refer 
to the new coordinate, 


0 
i— (x,t) = (Ho+H’)¥(x,)), 
at 
Ho= p*/2m+Vo(x) +d; Vim(x—R,), 


1 
H’ = eee D [4;,L6i,(V6Rs) Ly 


m ii 


06R; 
p> 45 [pi | +Vi(x). (2-8) 


Note that this Hamiltonian is Hermitian. One can show 
that this transformation is i alent to a unitary trans- 
formation, U=exp(iS) with S=}>°;[p;,6R;],. We 
shall consider H’ as a perturbation ‘and take the eigen- 
functions of Hy as our unperturbed states, which, if there 
is no scattering by impurities, we assume to be given by 
plane wave states. Since the wavelength of the im- 
pressed sound is much larger than the interatomic dis- 
tance, we can consider V;(x) to be given by a long-range 
electromagnetic field produced by the sound wave, 
neglecting possible real metal effects. 

Thus we arrive at a simple model: essentially a free 
electron gas with the background of positive charges 
capable of carrying the sound wave. The system is 
driven by the electromagnetic field determined by the 
Maxwell equations in a self-consistent manner and the 
scattering of electrons is by the fixed impurities. In 
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addition there is a fictitious force described by the first 
part of H’, which, as we shall see, can be physically 
interpreted as the dragging force due to the moving 
impurities. 

The current density of electrons in the state y in the 
new frame can be obtained by calculating the time rate 
of change of the charge density —eyply: 


dp/adt=i{ (HY) y—yt(Hy) = -j (2-9) 


where 


A : e d65R 
3(x,t) =j p(x,.) -—Ayy+e—p 
mc at 


+r [(V,6R)+ (v6R;) | 
2m i 
XL(VaH)¥—-V (Va) ] 


with V; being the components of Y, and 


(2-10) 


; 
jn(x) = ——{ (vv) '¥—-¥'(¥Y)} (2-11) 


“ 


If there are no electromagnetic fields nor impurities, 
jp(x,t) calculated to the first order in H’ is equal to 
— e05R/dt-p which just cancels the third term in (2-10), 
as we shall explicitly show. Since we are keeping only 
terms linear in the displacement, we can drop the last 
term in (2-10), so that the expression is reduced to the 
customary one. 


Let us describe the sound wave by a velocity field 


u(x,/)=u exp[i(q-x—wt) ]= —iwdR(x,t), 
with the wave vector q and the frequency w. Rewriting 
(2-8) in terms of u, we get 


fe 
H=—+— 
2m 2mc 


(A-p+p-A)—e¢ 


+>> V 


7 


—Rj)+H;, (2-12) 


im \X 


where 


1 
Hr=—t4- (p+3q) |Lu-(p+3q) ]—u-(p+iq). (2-13) 


We shall assume that the impressed wave is either purely 
longitudinal or transverse. Since A(x,#) and ¢(x,t), to be 
determined self-consistently, are already proportional to 
u, we can calculate the linear responses to the fields and 
to the fictitious force H; separately. They are con- 
veniently described by the conductivities defined by 


3(q,w) =0(q,w) E(q,w), (2-14) 
and 


(2-15) 
where 7 is the relaxation time to be determined later. 
This definition of o/ is quite arbitrary at this stage but 
will turn out to be convenient. The total electronic cur- 


j1(q,w) = 07 (q,w)(— mu/er). 
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rent will then be given by 


je=J+j,=cE—o! (mu/er). (2-16) 
The attenuation constant @ can be expressed in terms of 
a and o!. We follow the derivation given by Cohen 
eé al.,"° with a slight generalization that o’ may be 
different from o. The electric field is given by the 
Maxwell equations, 


(YOO 


where F;,, J), and Ey, J, are the electric field and the 
total current components parallel and perpendicular to 
q, respectively, and v, is the sound velocity. The total 
current in the fixed frame is 
J=j.+-Neu. 


Combining (2-14) through (2-18), we can solve for E: 


(2-17) 


(2-18) 


Ey, = (o’ +77)" (o'!—1)mu/er, 
E,= (o’+78)7 (o’!—1)mu/er, 


where we have introduced 


(2-19) 


, 
Fe a! J0, 


7 —_ B(v, C )2, 
oo= Ne’r/m is the de conductivity. We shall neglect 
which is always very small. The power dissipated by the 
sound wave per unit volume is then given by 

QO=3 Re[j.*E]. (2-21) 
Here we have neglected the correction related to the 
collision drag effect, which is important only at very 
high frequencies.'® Substituting (2-19) into (2-21) and 
using the definition of the attenuation constant, 


, 
a =a/d0, o 
’ (2-20) 
2// . 
B=w0e?/ (4rayv,), 


a=Q/ (Spion| | ?v.), 
where pion is the density of the ions, we obtain 


Nm 1—o’! 
a= Re 


” / 
PionUsT o 





for the longitudinal wave and 
Nm 
a=—— Re 
Pion’ sT 


i—o’! 
— 
for the transverse wave, respectively. 


a(x)=—3eX f dy $(x-a)eHetint S U9(E,) 


ixf 


——|(4] Cno*Cnot | f)|*Wn* (x) Pn (x)¥n* (yay) +(c.c. with —w) f, 
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3. NORMAL METALS 


The problem is now reduced to calculations of the 
appropriate conductivities defined by (2-14) and (2-15). 
We shall first treat the response of normal metals to the 
longitudinal wave by the method of density matrix. 
Following this example we can apply the method to the 
case of superconductors in a straightforward manner. 

The average value of the charge density calculated by 
first order perturbation theory is compactly expressed 
by the formula,'® 


t 
a(x,!) -if at { av Co(x,t),0(x’,t’) )o(x’,t’), (3-1) 


where the angular bracket means (a)=Tr(U oa) with 
Uo=exp(—BKo)/TrLexp(—BHo) |]. Ho is the unper- 
turbed Hamiltonian of the entire system. One can also 
write down the response to the perturbation H in the 
same form, 


p1(x,t)=—1 [ at { ax’ (p(x,t), H1(x’,t’) ]). (3-2) 


One way of calculating these quantities is to apply the 
many-body Green’s function formalism directly, as has 
been done by Abrikosov and Gorkov." But the subse- 
quent calculations are mathematically involved in the 
case of superconductors and become almost intractable 
at finite temperatures. Therefore, another method will 
be used here, which is similar to the one by Mattis and 
Bardeen.” 

Let ¥,(x) be the eigensolutions of Ho which include 
the impurity potentials: 


Hb n= enn. (3-3) 


We use the second-quantized formalism and expand a 
field operator ¥(x,/) in terms of yn; 


¥(x,)=>0 exp(25Col)cne EXP(—75Hof Wno(X), 
ite - (4) 
¥t(x,)= > exp(iKol)cnet exp(—iHol ne (x), 


no 


where ¢n, and c,,', are annihilation and creation operators. 


Then 
IKo= 7. Cibee Cans (3-5) 


The expression (3-1) can be written as 


(3-6) 


16 The condition for neglecting it is 8&1, see reference 10, Sec. II-B. 


16 See for example, V. M. Galitskii and A. B. Migdal, J. 


Exptl. Theoret. 
Phys.-JETP 34(7), 96 (1958) ]; P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 


Phys. U.S.S.R. 34, 139 (1958) [translation: Soviet 
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where |i) and | f) are the eigenstates of 3) with the eigenvalues EZ; and £,, respectively, and an infinitesimal 
quantity 7 has been introduced for the adiabatic switching on of the interaction at ‘= — %. Since the scattering 
centers are randomly distributed in space and y,’s are a function of their positions, the only significant quantity is 
the average over this random distribution. In order to find the average it is convenient to separate out the product 
of y,’s from other factors in (3-6) in the following way. Carrying out the calculation of the matrix elements we get 


(qs) =—e6(u) | dy ea off dedeTp0- $6) 


1 
x > in ara ——(Wn* (x) ne (x) ne * (yn (y)5 (en — €)5 (En — €’) av + (Cc.c. with —w) | 

oo Lenalnewts 
where ({ )ay means the average over the distribution of impurities and the energy is measured from the Fermi 


energy. We may rewrite this as 


i(gw)=—e(qu) {ff dede M“ (¢,e’,w)F(q; €,€’), (3-8) 
where 
BS. a 
M‘ (¢,e’,w) =Lf()— fle’) ] +— -}, (3-9) 
| e—e'—w—in e—e' +wtin 
and 
F(q; 6€’) - fay e~‘ay-®)(TT (x,y, y,X; €,€') av, (3-10) 


IT (x’,y,y’,x; €,€) = d- vn* (x WalyWne*(y’ Wn (x)5(€n— €)5(€n —’). (3-11) 
This is the correlation function of electron amplitudes in the presence of scattering centers. The similar quantity 
was discussed by Edwards" for the case of the dc conductivity, so that we shall just sketch the derivation of the 
results. In terms of the Green’s function defined by 
G_(y,x,t)= —in() > nVnlyWn* (xe, 
Gi(y,x,t)=in()Dd nvnl(xbn* (yee, 


where n(#)=1 for ¢>0 and =O otherwise, one can write 
t 4 t 

Dd valy)Wn*(x)b(e—en) = ~ f di{e—*“G_(y,x,t) —e''G, (x, y,d)} =—{G_(y,x,e) —G, (x, y,6)}. (3-13) 

n or i ar 
Hence 

1 
(II (x,y’,€,€’) ae = ———([G_(y,x,e) —G,(x’, y,e) ][G_(x,y,e’) —G,(y,x,e’) })av. 
(2m)? 


The average of the one-particle Green’s function is approximately calculated by summing over the series of per- 
turbations represented by diagrams shown in Fig. 1: 


(Gs.(P,€))av= (e— €pot i/2r)—, 


1 npom 
ees. ma fan Vim (8) |2 
t (2m)? 


where 


is the relaxation time, » the average number density of impurities, and 


dp 
(G.(y,X,€))av = f ——(Gx(p,€)) ave ip(y—x) | 
(2r)8 


with €,= p?/2m—er. In deriving (3-15) it has been assumed that the average separation between the scattering 


17S. F. Edwards, Phil. Mag. 3, 1020 (1958). See also P. R. Weiss and E. Abrahams, Phys. Rev. 
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centers is large compared to the interatomic distance. Next, the interference of the two propagators can be found 
approximately by summing the series represented in Fig. 2, which results in an integral equation, 


It (Pi,€; Po,€’)) av - (Gy. (pi,€) avlG (Dae) +0 f 


for the Fourier transform defined by 


dp 
dye~‘*I-®)(G, (x, y,€)G_(X,y,€’) av J 
(2) 


where pi=p+q/2 and p.=p—q/2. The Eq. (3-18) can 
be readily solved; with the help of (3-15) we find, as- 
suming that q is much smaller than the Fermi mo- 
mentum Po, 


11+ (pj, €,po,€’) av = (Gy (pi,€)) av(G_(po,e’) av 


1 
x| 1+ - T(e—e’, q) (3-20) 


£QAT 


where 


1 —1 
T (x,q) s(x) _ s(x) | 
at 


4a 
x/a—1+i/ar 


x/a+1+i ar 


s(x,qg)=—i In (3-22) 


and a=gto. In (3-20) we have assumed isotropic scat- 


Fic. 1. Diagrams of impurity scattering included in (G(p,e)) 


tering although more general cases can be treated. The 
important point is that while for the case of the static 
conductivity or the one for a transverse field this inter- 
ference effect vanishes unless the scattering is aniso- 
tropic, such that (1/pp’) f'dQ| V im(p—p’) |?(p- p’) #9, it 
is finite in the case of the response to the longitudinal 
wave of finite wavelength. Since (G4.(pi,€) )av(Gs. (po, €) as 
vanish upon integrating over p, we get 


N(O) 
F (q,¢,€') = {T(e’—«, gq) +c.c.}, (3-23) 


Wa 


where V(0)=mpo/2r" is the density of states at the 
Fermi surface. 

Let us first calculate (3-8) for w=0. For this purpose 
it is easier to go back to (3-7). Since f(e)—f(e’) 
~ (df/de)(e—e’) for important values of ¢ and é’, 


df 
p(q,0) = -2¢6 f dy e~ ta(y—2) [ae > 
ny enn’ 


xv n*(x)Wnly)War*(y Wn’ (x))avd (€En— €). (3-24) 


, 


dp 
| Vim (p’— p) 211 . (see) (3-18) 


(273)? 


{TI (pi,€,p2,€’) av, (3-19) 


Because of the completeness and of the relation 


*(x)Wn(X))avd(En—€)~N(0), (3-25) 


p(g,0) = —2eN (0) (9,0). (3-26) 


= —2¢2N (0)p(q,w) 


1 
a i+ ff aeaert f(e)— f(e’) | 
Sta Wd « 


x| M™ (e,€’w)— 


XLT (e’—«, g)+c.c. ] | 


rhe integral can be done by contour integrations if one 
introduces the convergence factor a?/(@+¢«?+<a?) and 
‘then take the limit as a— ~.” Closing the contours 
such that the argument of 7(x,g) has no negative imagi- 
nary part, we finally get the expression for the longi- 
tudinal conductivity ; 


2N (O)e*a | lw f 
a(g,w) = 1 —— 1 +- : T (w,q) ‘ 
( Za 


(3-28) 


g 


This is identical to the result which has been obtained 
by the semiclassical method based on the Boltzmann 
equation and which includes the diffusion current due to 
the local variation of the electron density.'® It is inter- 
esting to note that the effect of the interference of the 
two propagators shown in Fig. 2 is closely related to the 
diffusion current: if we had not taken this into account 
we would have gotten, simply S(w,g) instead of T(w,q) 
in (3-28). 

The response to the perturbation H; can be calcu- 
lated in the same manner from (3-2) and may be written 


Fic. 2. Ladder-type diagrams included in the vertex corrections. 


18 J. L. Warren and R. A. Ferrell, Phys. Rev. 117, 1253 (1960). 


See also reference 10. 
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in the form, 


Algom e ff dede LM (6e's0)Palquee) +M (€,€’,w) F2(q,¢,€’) |, 


where 


4mw 


F(q,¢,€’) = 


toy 


1 
F2(q,¢,€/) = fe e~*4-(—® (Jim [u- (9 y — Vy) JIT (x,y,y’,x; €,€’) av. 
y 


2 


fey e~'a-O-® (lim [q: (Vy — Vy) Lu: (Vy — Vy) JI (x,y, y’,x; €,€’) av, 
a7 
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(3-29) 


(3-30) 


(3-31) 


As before we first evaluate p; putting w=0 in M‘(e,e’w). The second term in (3-29) gives zero because of the 


symmetry, so that we get from the first term, 
2eu 
de 


Mad 


‘ 


which cancels the 


df 
f de— 3. Wn*(x)(G- V)*Hn(X))avd (e= €n) = — 


2eN (0) porg q 
- = ——Neu, 
3mw w 


‘gauge current,” Neu, in (2-10). One can calculate the correlation functions F; and F, by the 


same method ; the only difference is to insert in (3-18) the verticies, (q-p)(u-p) and (u-p), respectively. The results 


are” 
, 


e'—e€ 
F,(q,¢,€’) = F1' (q,€,e’) +——F 2(q,¢,e’), 


w 


) 4 
Fy’ (a,¢,¢’)= “me 

l ia, sa le rman : 
(29r)?mwr oar | 


Upo’ 


27) 309 


F.(q,¢,e.)=— 


Substituting these into (3-29) one finds 


q mu 
p1(qw) = ——Neu— (= 


Ww eT 


the terms involving F, having cancelled each other. 
When r— ~, it reduces to — (g/w)Neu. Hence 
T( (3-37) 


0 q,w) = o(g,w). 


The total electronic current is, therefore, 


, mu 
Je(q,) -o(qu)(E-—). 


eT 


(3-38) 


[See Eq. (2-40) of reference 10]. One can see that the 
inclusion of H; takes care of the fact that electrons relax 
onto the displaced Fermi distribution after colliding 
with moving impurities. 

If we keep terms of the lowest order in w/a=1,/v, we 
get Pippard’s result for the attenuation constant; 


mN vo} 1 (gi)? tan (q/) ] 
pint lL 3 gl—tan(ql) 





On (3-39) 


where /= rv is the mean free path. 


19In performing the integral over it is sufficient to consider 
only the contributions from the poles of (G)ay. This may be 
justified by subtracting the corresponding quantity with 7 
which can be evaluated by the ordinary method. 


>~x 


2e?N (0) ta 
)}- - [i+ rea} 
q 2a 


4. CONDUCTIVITIES OF SUPERCONDUCTORS 


i(e’—e) 
+ Te'—¢, 9) | rC.c. |, 


w 


(e’—e)[T(e’—e, q)+c.c. }. 


(3-36) 


In place of a real superconductor we shall take the 
simplified model of the BCS theory, supplemented by a 
suitable consideration of the collective excitations when 
it is necessary. As the perturbation Hamiltonian we 
assume that the same expression (2-12) is still adequate. 
Actually this is an approximation. In the BCS model we 
have an attractive interaction between electrons via 
phonons, responsible for the superconducting transition. 
This interaction would also be modified by the deforma- 
tion due to the impressed wave, so that there should 
appear an additional term in (2-12), which would bring 
about the local variation of the energy gap. We assume 
that this effect is small. Then the response of a super- 
conductor may be obtained by simply extending the 
method developed in the previous section. 

The pairing of the states in the presence of scattering 
is known to be (nt, —nJ) if we define y_,,(x)=y,.*(x). 
Let us introduce the quasi-particle operators, 


nt; Y ni 


uUn= ¥(1+€,, E,)', 


Yn0= UnCut —Unl 
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where E,=(€n+ec?)#, The statistical operator for a 


superconductor is given by” 


Uo=C iy u 


j=0 mi<-+-<m;j 


Am - “Ampymy'- = -ym;*|0) 


XO] ym: » oe 


(4-2) 


p(qw)=—e “o(ow) ff aeae \ 7 Y(€,€’,w) — 2- 


where L' 


Fe? 
L*) (e,e’,w) =4 (: + Jere) — see ni(- _ 
EE’ 
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where 

Aw=e-OE™ C=TT..( 
|0) is the BCS ground state, ym|0 
here include the indices 1 and 0. 


1 +m). 
)= 0, 


(4-3) 


and the m’s 


(a) Longitudinal Wave 
One can evaluate the first order response in just the 
same way as for normal metals: 


‘(e)—f( 
ud oO lRae)-2 de? N (0)O(q,w), (4-4) 


e—e’ 


’ is the matrix element involving the coherence factors: 


1 
enter 
E—E'—w—in E-E ‘+w+in 


€€ ‘Fed 1 1 2 
-3(1-* aa —f(E n(- + ). (4-5) 
EE’ E+E'-—w-in E+E’+wo+in 


Making use of the symmetry in ¢ and ¢’ of the above expression, we get the following expression for the con- 


ductivity : 


o(q,w) =—-— . 
gy 
where 


2N (Oe f 


1 
i+ —ttewl, 


(4-6) 
4qv } 


T(q,w) -f dE(1—2/(E+w) ]{[gi(Z)+1)7T(e—e, ¢)+[e1(E)—1]T (ate, 9)} 


0—w 
oo 


€0 


-f dF[1—2f(E+w) {[ei(E) +17 (e2— «1, ¢) +[¢:(E)—1]T(—a—e, 9)} 


+f dE[1—2/(E) {[ei(E)+1]T (e— a1, 9) +[¢:(E)—-1]7 (et+-e2, g)}. (4-7) 


We defined 
= (e— €o7)}, 
gi(E) = 


€2=[(E+w)?— eo? }}, (1.8) 
(E?+ Ew— €?)/ €1€2, 

where for a negative argument we take (—x)!=ix!. In 
the limit ¢)— 0 this expression reduces to the value 
given in (3-28). 

In evaluating o/ for the longitudinal wave we en- 
counter the same kind of difficulty as in the problem of 
the gauge invariance of the BCS theory. This is natu- 
rally to be expected from the expression (2-13), which 
involves a term identical in form to a longitudinal 
vector potential. Since what we did to get H, is merely 
a coordinate transformation, the theory should be in the 
absence of impurities invariant against this transforma- 
tion. To ensure this invariance it is necessary to consider 


, 


quasi-particle excitations but also the 
collective excitations, just as in the case of the gauge 
invariance. In the Appendix we shall give a proof with 
the aid of the random phase approximation generalized 
to finite temperatures that the theory is indeed invariant 
against the canonical transformation when there are no 
scattering centers. 

In terms of the correlation fun 
the response to H is equal to 


p1(qw)=—e [face (e,€’,w) F'1(q,€,€’) 


+ Lo’ (€,€’,w) F2(9,€,€’)} 


not only the 


tions (3-33)—(3-35), 


q 
——Neu, (49) 
w 
where L’= L—2{[f(e)— f(e’) ]/(e—’)} and Lo is a new 
type of matrix element given by 


1 





+E _- ” Bn’ 1 
THE) 1 jc ‘ 


Lo(e,e’,w) =- 
2 


1 E’e— Ee’ 


2 Ee 
%” J. G. Valatin, Nuovo cimento 7, 843 (1958). 


E-—E'—w-in E-E'+w 


pi—1(8)- E0(—— 


is 


1 1 
- —— —). (4-10) 
E!—w—in E +E! +w+in 
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The appearance of Lo for F2 
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in contrast to L™ for F; may be understood from the fact that the first and second 


term of H; contains an even and odd power of momentum operators, respectively. With the help of (3-33), the 


above expression may be rewritten as 


—e 
p1(q,w) )=nef f dae’ \ (ee — 1o'(€,€’,w) | Palace) 


As was remarked above, in the absence of impurities the 
first term would vanish if we had used the correct 
matrix elements instead of the one given by the quasi- 
particle excitations. We assume that this is the case even 
in the presence of impurities. For a more rigorous treat- 
ment one has to set up the theory of the collective ex- 
citations in superconductors in the presence of scat- 
tering, which is beyond the scope of the present work. 
Howeve! er, it is thought that the error w whic h might result 


2 (0) 


q 
where 


=f ase ‘slltin ics 


Vee) +2 f dE f (I 


(4-11) 


q 
—ef f date L'— (€,€’,w) F 1’ (q,€,€’) ——Neu. 
w 


from this unsubstantiated assumption would be of the 


same order of magnitude as the direct contribution of 


the collective excitations to the absorption of the 


longitudinal sound wave, which was estimated by 


Rickayzen to be negligible at least for relatively low 


frequencies.”! 
remaining ex- 


Carrying out the ¢’ integral in the 


pression, we finally get for o/, 


wf2 1 
“( Sit } 
w 2a 


00 
+-a)— {(E) lg: (E£) 


€0 


tw E E+w E 
dE(1—2/(E+~e) ] | (= +- )re-ea+( )rleten q) | 
1 


w €2 € 


€2 €1 


_ E+w E E+w E 
a 1 


€9 € 


€2 € 


-f dE 1—2f( p}|(— +— =) r(e-«,9)- (- 
€0 €2 €1 2 


In deriving (4-12)—(4-14) we have made use of (3-34) 


and the relations 


E E+w 
[gi(E)+1 ](e2— 1) -o(—+— ), 


€) €0 


; E Ete 
[ai()— tebe) =o a‘ +) 


€1 €2 


The above expression reduces to the correct normal value in the limit of €) — 0. 


(b) Transverse Wave 


In the present method the conductivity for the transverse field can be calculated from the expression 


2 
ja(qw) =— Aa(qss) | f dede L'c 
mc 


(€,€’,w) F'3(q,€,€’), (4-16) 


Fa(qee’)= f dy e~89—*)¢ lim (Vza— Vza’)(Vua— Va’) I(x’, y, 9’, ; €€ 


*y 


a G. Rickay zen, Phys. Rev. 115, 795 (1959) 
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for the component parallel to A (A-q=0) which we take in the direction of the x. axis. As remarked before, if the 
scattering is isotropic the interference, or vertex correction vanishes in this case. Then, 


1 dp ‘ 
F3(q,¢,€') = ned f= Pele (Pe, €) av(Gy (pi,e’ ) av + (G4 (P1,€) av(G—(qz,€’) av | 


1 3am! vrs s( } 
e—e’, g)+c.c. ], 
"(Qe 4a 
where 
1 
S(x,q) = cei sl q)\1+- —(1—ixr)? 

ar ar? 

with S(x,g) defined in (3-23). The final result is 
O° »(q,w)  o (3Ne, 8maw)I (1) (q,w), 


where 


I.» (q,w) -f dE[1—2f(E+w) ]{[g2(E) +1]5(e:— 2, 9) +[¢2(E)—1]S (ete, 9)} 


0—w 


-f dE(1—2f(E+w) }{[g2(E) +1 ]S(e2— «1, 9) +[g2(E)—1]S(—e2— a1, 9)} 


€0 


+ f dE(1—2f(E) ]{Lg2(E)+1)S(eo—e1, 9) +L ge(E)—1]S (ete, q)}, (4-21) 


with go(E) = (E+ Ew e)/e1¢2. This result can also be gotten simply by taking the Fourier transform of the Eqs. 
(3-3)—(3-5) of Mattis-Bardeen’s article. The above expression reduces to the correct value for normal state in the 
limit of €9— 0: 
one) (gw) = (32N/4ma)S (w,q). (4-22) 
Let us proceed to the evaluation of o/. The second term of H, is identical in form with the electromagnetic 
interaction, so that this part, together with the “gauge current,’ Neu, gives the following contribution to the 
response current; 


3meNu dede’ . : 
ila toler ie — LO (€,e’,w)[.S(e—e’, g)+c.c. ]. (4-23) 


From the first term of H, we find the contribution 


SreNu dede 1 . 
ja! (gw) = f —— I’ (¢,e’,w) } -[S(e—e’, g)—c.c. ]—i(e—’)[S(e—e’, g)+c.c. ] }. (4-24) 
T 


os (27)? 


Because of the identity 
(e—e’)Lo(e,€',w) =wl™ (e€,€’,w), (4-25) 
the proof of which is given at the end of the Appendix, the second term of (4-24) exactly cancels j,’, so that we are 
left with the term which vanishes for r— «, as it should be. Lo’ (e,e’,w) may be written under the integrals as 
é +e—ew/E ét+etew 


1—2f(E ge : 4-26 
=L I i (E—w—in)? E2—(E+w+in)? { 





Thus we finally obtain 
0 »!(q,w) . (3Ne 8wam), Ty (q, w), (4-27) 
where 


“ E+w E i+w E l 
J o(ge)= f dn{i—2j(E+e)]} (— n -) Ste ia Slate, 9] 
0—w €0 €1 2 


+w E E+w E 
+f dE(1—2/f(E +0)}| (+ ste »— €1, o+(— -—)s(-a-«, q) 


€9 €2 €} 


E+w E 
— ft dE[1—2/(£) | (= +=)sta _— €1, o-( — -—)S(arte, a}. (4-28) 
J « €2 €1 


In the limit of ¢) — 0, one can show that 0,4)! — ony). 
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5. ATTENUATIONS IN SUPERCONDUCTORS 


Since the final integration in these expressions ob- 
tained for o and o/ cannot be carried out analytically, 
further discussions have to specialize in various limiting 
cases. We first note that the frequencies of ultrasonic 
waves available are much smaller than the gap fre- 
quency except at T very close to the critical tempera- 
ture. (The gap frequency is, say for tin at T=0.8T., 
1.210" cps whereas the highest frequency so far at- 
tained is of the order of 10'° cps.) Unlike the problem of 
the surface impedance, we have a definite dispersion 
relation in our problem, namely, w= qv, which, together 
with the fact that »,/v)~ 10-*<1, simplifies our analysis 
considerably. 


(a) Longitudinal Wave: w<<e9(T) 


Let us first look at the imaginary part of o given by 
(4-6) and (4-7). In order to estimate the first integral of 
(4-7) we put the arguments of the T functions equal to 
w. This is actually not permissible unless gvp>(2ew)}, 
but presently we are interested in the order of magni- 
tude. Then, this term can be expressed in terms of 
elliptic integrals and its contribution to o turns out to be 
approximately equal to 


re? N (0)w* 
—1 > —[1—2/(¢9) ]. 


qaeo 





Therefore, compared to the first term in (4-6), which is 
the Thomas-Fermi screening factor, it is at least smaller 
by v,/v and is negligible. The remaining two integrals 
are approximated by 


of dE{ f(E+w)— f(E)]T(e— «1, 9) 


€0 


since gi(£) approaches 1 very rapidly as E departs from 
€9; an increase by a few w is enough to make g:—1 
negligibly small. Noting that e—e:<(2ew)*/a and 
approaches w as E increases, we may replace T(€2— 1) 
again by T(w). Thus, the real part of o is given by 


7 \? 1 
a'=or/ov~3(-) —T (w,q) f (0) 
Vo ql 


%\? 1 tan“(ql) 
~6(*) —————— fle). ($1) 
v/ gl 1—tan—(ql)/ql 
The imaginary part is equal to 
o2'=02/00= — (3/ql)(v./0). (5-2) 


In evaluating o/ we take advantage of the fact that o,'7 
and o,’/ appear in the expression for the attenuation 
constant (2-23) each multiplied by o:’ and oy’, re- 
spectively. Hence o,’/ is more important. The similar 
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approximations as above yield 


6 /, 
— -—(~) ie, 
gl Vo 


and o;’/ is proportional to (v, 
(5-3) into (2-22) we get 


(5-3) 


vo)”. Substituting (5-1)- 





mNvo [1 (gl)? tan (gl) ’ : 
a= |- = aaa TF vas fa (€0). (5-4) 
Pion?/L3 gl—tan— (ql) 
Therefore, the ratio is, 
a,/an=2f(€), (5-5) 


just as in a pure superconductor. 


(b) Longitudinal Wave: w>2(T); 
Beo(T), Ba<<1; 1= ~ 


In view of the recent progress in generating high fre- 
quency sound waves, it may be of interest to study the 
attenuation in the region of temperature just below T¢, 
where w exceeds the gap frequency. For simplicity we 
put /= ©, Further, since in this case gvo/¢9>>1 we may 
set T'(x,q)~m as in the extreme anomalous limit. Be- 
cause w>2eo, a real part appears in the first integral of 
(4-7), which corresponds to the direct excitation of 
quasi-particles across the gap. It is approximated by 


= —rBeus| (14+—)z@ 


2€9 


-=(14=) K(k) , (5-6) 


€0 €0 


where E and K are the complete elliptic integrals and 
k= | (w/€0)—2|/| (w/eo)+2|. We have expanded f(£) 
in terms of BE. The remaining real part of (4-7) may be 
evaluated by the following approximations: 


—45 i) dE{ f(E)— f(E+w)]g:(E) 


~—4e f dE E(E?—«?)'{ {(E)— f(E+w)] 


x 


~ —4nw f dy exp[ (y? +6? e0?)? | 
0 


X{exp[(y?+6%e0?)#] +1} = —2mwpa(T)/p, (S-7) 
where p, is the density of the normal component, 
pn(T)/p=1—A(0)/A(T).4 We emphasize that this ex- 
pression is valid only when w>e0(T) and Be(T)>>1. 
Thus the ratio to the normal value, oin=aN (0)e’u*/g*v0 
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is equal to 


o1 w 
= =18a| (14+—)zw) 
Tin 2€o 


w wo \o 
-=(1+=) K() | +ps(T)/p, _ (5-8) 
€9 2€0 


which is a,/a,, in this case. The first term represents the 
extra absorption due to breaking up of the ground 
pairs. An estimate of (5-8) for w/¢.(0)=1/10 seems to 
give a peak just below 7¢, but its height exceeds 1 by 
only a few percent. For higher frequencies this effect 
would become more noticeable. 


(c) Transverse Wave: w<2e(7T)<quy 


If these conditions are satisfied, one can take the 
extreme anomalous limit, replacing S factors by a con- 
stant S(w,g) in (4-21). Then we have 





3Ne* 
(4) =—— (Ta +I») S(w,9), (5-9) 
mo 
where 
€0 
I,= f dE[1—2f(E+w) ]go(E), 
eo 
(5-10) 
9] 
n=2f dE f(E)— f(E+w) ]g2(£). 
€0 
Similarly from (4-27) and (4-28) we get 
3Ne | . 
04! =——S (w,q) =en. (5-11) 
4am 
Using the expression for the ratio 
Qs lon e 
An —_ 
61(»/On— (Gno0) (anon! Fox Ho2%1") - 
—_—————-- - (5-12) 
1—on/o0 
and neglecting v,/v0, we get 
a, lon |? Ty |o\°* |oa°* |? 
eS) Nahe nF (5-13) 
An aw | ® |ON | On 


where o® is the value of a pure superconductor at the 
extreme anomalous limit. This ratio is clearly much 
smaller than unity. 

In the opposite case of gue the mean free path 
enters into the conductivities in a very complicated 
manner, so that we have not been able to see whether 
the discontinuous drop becomes small as g/l — 0. 
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(d) Transverse Wave: qu<e(T); l= 


The conductivity o in this case has been given by 
Khalatnikov and Abrikosov™: 
O71 a2 4a A 
—=1, =—— —, (5-14) 


oN oN 


which leads to 


Qs 4 vo A 27-1 

—=|1+{ ——— . 

An 3a v;, Ar 
Because A/Ar rapidly approaches unity below T¢, 
a,/a, again drops to a negligible value. 


(5-15) 


6. CONCLUDING REMARKS 


Let us first discuss the attenuation of longitudinal 
waves. Most of the measurements have been performed 
in the frequency range 30-100 Mc/sec, so that our con- 
dition we of Sec. 5(a) is amply satisfied. Our result is 
then independent of g/ and fails to explain the observed 
fact that a,/a, decreases slightly more steeply with de- 
creasing temperature, the smaller the value of gi.'5 The 
error due to the approximation (g;~1) seems to be too 
small to affect this conclusion. Two other assumptions 
have been made in our calculation: the effect of de- 
formation on the attractive electron-electron interaction 
is ignored and the use is made of the resuit obtained 
from the theory of collective excitation in the absence of 
scattering. In these respects further improvement of the 
theory would be necessary. It seems, however, that 
speaking only of the theoretical side, there are other 
factors that need to be taken into account before ex- 
pecting any better agreement, such as the anisotropic 
energy gap” and the scattering of quasi-particle excita- 
tions by phonons. 

An attenuation measurement at a microwave fre- 
quency would be of considerable interest, because it 
may be possible to observe the absorption due to the 
excitations across the gap [Sec. 5(b) ] as well as to study 
the effect of the collective excitations. 

In the case of a transverse wave our analysis has 
shown that the attenuation due to the electromagnetic 
interaction drops abruptly to a negligible value at Tc 
owing to the appearance of the large value of a2. This 
confirms the qualitative explanation that the discon- 
tinuous drop is due to the strong screening of the 
transverse field by the Meissner effect.'? As pointed out 
by Morse,! the subsequent gradual decrease of a, ob- 
served seems to indicate two distinct processes for 


227. M. Khalatnikov and A. A. Abrikosov, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1959), 
Vol. 8, p. 45. 

23R. W. Morse, T. Olsen, and J. D. Gavenda, Phys. Rev. 
Letters 3, 15 (1959); 4, 193 (Erratum) (1959). P. O. Bezuglyi, A. 
A. Galkin, and A. P. Karolyuk, J. Exptl. Theoret. Phys. U.S.S.R. 
36, 1951 (1959) [translation: Soviet Phys.-JETP 36(9), 1388 
(1959) ]. 
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attenuating the transverse wave, one electromagnetic, 
discussed here, and the other due to some real metal 
effects which may be described by a deformation po- 
tential. If one assumes a phenomenological potential, as 
in the work by Blount,’ this latter effect may be 
calculated by a quantum mechanical treatment similar 
to the present one. 
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APPENDIX 
For the purpose of proving the invariance of the 


theory in the absence of scattering centers against the 
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canonical transformation leading to (2-13), it is more 
convenient to resort to a formalism slightly different 
from the one used in the text, which was developed by 
Anderson** and Rickayzen* on the basis of the set of 
linear equations of motion. We shall use the form given 
by Rickayzen: for the detail of the derivations of the 
basic equations and for the notation used, the reference 
should be made to his article. Since only the case of zero 
temperature was treated in the latter article we first 
generalize the theory of random phase approximation to 
finite temperature. The procedure is simple; one line- 
arizes the equations of motion for the pairs of quasi- 
particle operators by replacing ti¢=CikotCko, bk=C_Kicet 
and 5,* by their average values at finite temperatures 
instead of their expectation values in the BCS ground 
state. One expects this approximation would become 
worse as temperature increases. The resulting equations 
of motion are as follows. 


CA yy ergo vert J= (Eat Ene) ve+oot vert + (1— fi— fire) {V v(q)m(k,g)p(g) +3(k,g)Bi(g) — 431 (k,q)A «(Q)}, 
[Ay erorvi0 |= woe (Ei: tEniav k+qlV¥ ko— (1—fi-—fi raf V v(q)m(k,g)p(q) +3n(k,q)Be(q)+3l(k,g)A x(Q)}, 


[Ayye+e0°v x0 |= (Ezq— Ex)v ei go YRot (f+ a— Sef nit V v(q)n(k,q)p(g) +am(hk,g) By (q)+2p(k,g)A «(q)}, 


(A-1) 


CA yer yetor = — (Expa— Ex)virtverai— (fere— Se) { — V v(q)n(k,q)o(q) +3m(k,g) Bx (q) —3(k,9g)A e(Q)}. 


Here V p(q) is the direct interaction between electrons, hence predominantly the Coulomb interaction. When we 
calculate the effect of the perturbation H;, we can drop terms with the direct interactions, since we shall use the 


screened potential. 


The second term of H;, (2-13) is identical in form to a longitudinal vector potential coupling, so that invoking 
the gauge invariance already proved we may replace it by an equivalent scalar potential e@’=mwuq-'. Hence, 


effectively we have 


H;=>d: h(k,q){px*+ px} *—ep'p(q), 


where 


(A-2) 


1 q q mu 
wha) =-—|a-(k+) |[u-(b+2) |=" Ce 
mw 2 2 qw 


Adding this to the Hamiltonian we can derive the equations of motion for the pairs of quasi-particle operators with 
the driving terms and from them the equations determining the collective variables p(g), Ax(g), and B,(q) to the 
first order in H;. The driving terms in the equation for A x(q) can be transformed as follows: 


2mu 2mu 
—m(k,q)[h(k,g) —" \Sc4) = ———(€xs g— €x) P(,g) +—I(h, q) €0S 





wg G 
(A-3) 
oie 2mu 2mu 
n(k,g)Lh(k,q)—¢' JSuy’=— (€x4q— €x)1(k,g) -—— p(k, q) €0S-)’, 
wq Y 
where 
S(ay = (Enp gt Ex twtin) + (Eig gt E.—w—in)“, (A-4) 
Si4)'= (Eis g—Extwtin)- i (Exyq—Er—wo— in) - - 
We have used the following identities: 
m(k,q)(Ex+q+Ex)= — p(k,q) (€x+¢—€4) +2el(k,g), (A-5) 
A-5 


n(k,g) (Ex+q—Ex)=1(k,q) (€x+q—€x) +2e0p(k,q). 
* P, W. Anderson, Phys. Rev. 112, 1900 (1959). 
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In this way we can reduce the equations for the collective variables: 


| 2mu 4muey 
p(q) =2) (1—fi— fis )|-ce —a)plha)+i( 4 w(q)+ Jans Joe 
k i wd q 


2mu 4Amuey | 
+ (fig fo ———(en4¢— €z)/(2,q) —4 (. w(g)+ )eceads "ute l? (A-6) 


wd q 
[ 2mu | 4mueo 
Ax(q)=->d VES) (1— fai— fires |-= -m(k,q) (4 w(g)+ ens jen 
, q q 
: _ f2mu 4muey | 
+(fure-S0)| n(g)—3( Au) )ockadSes' Joc [> (A-7) 
q q 


where we have omitted Bx(q), which is negligible because of the symmetry around the Fermi surface. In the last 
equation the driving term for A,(g) can be shown to be equal to —4mueoqg~'. Therefore, if we take A,(q) to be 
—4mueog', we are left with 


2mu 
p(q)=—— © { (1 — fae fee gmk, g) (kg) + (Set o— ful R,g)l (Rg) } (€x4 o— €x) 


wg & 
=—qw Nu. (A-8) 


This completes our proof of the invariance. 
For the transverse case, u-q=0, it can be readily seen that the collective excitations are not important unless 
V (K,k) is anisotropic. The invariance is maintained even if we limit our consideration to the quasi-particle excita- 
tions. The proof rests on the relation (4-26) which may be shown to be true if one notes that in the present notation 
L’(e,e’,w) = p(k,g)m(k,qg) (1— fi— fier Si —l(R,g)n(hg) fie fire SO’, (A-9) 
and the identities 
m(k,q) (€x4 — €J=— P| kg) (Ens at Ex), 


A-10) 
n(k,q) (€x+q— €x) =1(k,q) (Eni g— Ex). ( 
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The principal purpose of this paper is to discuss the nature of the modes of vibration in a solid. The 
following is found: (1) Waves in lattices are in general neither transverse nor longitudinal; in particular, 
they need not be transverse or longitudinal when the propagation vector k is very small. (2) The relationship 
w1/w= (€0/€2)* for “longitudinal” and “transverse” modes in ionic crystals applies, if at all, in a region 
of small, but nonzero, wave vector k. (3) The derivation of this relationship is based, at least implicitly, 
on the use of cyclic boundary conditions. (4) The use of cyclic boundary conditions is valid in statistical 
problems for crystals without long-range forces, but has never been justified for systems with Coulomb 
forces. (5) If cyclic boundary conditions are nonetheless used, it can be simply shown that for k=0, w:/w;=1. 





I. INTRODUCTION 


HE over-all purpose of this paper is to discuss 

the nature of the modes of vibration of a solid. 
We are particularly interested in solids in which long- 
range forces, which appear to complicate the situation 
considerably, are important. 

The problem is by no means a new one, and it has in 
fact been discussed from many different, and not 
necessarily mutually consistent, viewpoints. Chrono- 
logically, elasticity theory came first, and introduced 
into the field much of the vocabulary that is still used; 
later, lattice dynamics was developed as a classical 
theory involving coupled harmonic oscillators ; it proved 
to be valid, as far as it went, in quantum theory as 
well, on account of the particularly close correspondence 
that occurs between classical and quantum mechanics 
for oscillators; however, the earliest, and still the most 
detailed, work in lattice dynamics dealt with models 
involving short-range forces only, and some of the 
results of this work tended to be accepted as valid for 
crystals with long-range forces, without obvious justifi- 
cation. Finally, many people were led into this field by 
a primary interest in optical problems—the interaction 
of light with either individual atoms or with the lattice 
as a whole, or perhaps with both; these are much more 
involved problems essentially quantum mechanical in 
nature, but with the interaction of the light with the 
lattice often superimposed on it in a semiclassical way. 

Specifically, the following things are done here. In 
Sec. II it is pointed out that the waves in the lattice 
which constitute the usual modes need be neither 
transverse nor longitudinal, not even when the propa- 
gation vector k is very small, and that when k=0 the 
very concept of transverse or longitudinal polarization 
is meaningless. In Sec. III the frequently used relation- 
ship w;/w:= (€0/€.)' is discussed. (Notation: w;, w; are 
the frequencies, respectively, of the “longitudinal” and 
“transverse” vibrations, and ¢, ¢, the dielectric con- 
stants, respectively, for zero frequency and for high 
frequencies.) It is shown that this relationship contra- 
dicts not only the results of Sec. IL (somewhat super- 
ficially), but, more important, that it disagrees with a 
counter-example whose validity is established under 
rather general conditions. In Sec. IV reasons for this 


discrepancy are examined and discussed; among the 
items suspected of being responsible are the effects of 
polarizability, of retardation, of size and shape de- 
pendence, of the order and method of mathematically 
performing limiting processes, and of using simplified 
boundary conditions. It is shown that the last of these 
may be responsible, since no mathematical, or even 
plausible, justification has ever been presented for the 
use of cyclic boundary conditions in crystals with long- 
range forces. In Sec. V the results are summarized and 
discussed. In Appendix I an example, which is used 
throughout the paper, is worked out in detail. Appendix 
II amplifies the discussion of Sec. IT. 


II. POLARIZATION OF WAVES 


It seems rather commonly believed that waves in 
solids are either transverse or longitudinal. This belief, 
even when restricted to waves whose propagation 
vector is small, is not always justified. 

There is no simple reason for believing this for short 
waves, for their properties depend in detail on the 
atomic forces; but in fact it is not even true for long 
waves (often called “acoustical” or “elastic”? waves) 
which can be described with reference to the bulk 
properties of the solid only. (‘“‘Acoustic” waves are 
usually defined as low-frequency waves of long wave- 
length or small propagation vector.) The question of 
“acoustic” waves has been discussed by deLaunay' 
who shows that even these waves in nonisotropic cubic 
crystals are transverse or longitudinal only in the 
(100), (110), (111) directions. An equivalent result can 
be straightforwardly obtained from the classical work 
of Green? as expounded by Love.’ 


1J. deLaunay, J. Chem. Phys. 21, 1975 (1953), see p. 1997. 

2 G. Green, Trans. Cambridge Phil. Soc. 7, 121 (1842). 

3A. E. H. Love, A Treatise on the Mathematical Theory of 
Elasticity (reprinted by Dover Publications, New York, 1944). 
Relation (23) on page 299 gives the necessary condition for 
transverse waves. This expression for the strain energy function 
W is found to agree with the general one for cubic crystals (last 
line of Sec. 109, p. 160) when the condition ¢1; —¢12= 2¢44 (isotropy) 
holds, because then the corresponding coefficients in the two 
expressions are equal; and also when propagation is in the (100), 
(110), or (111) directions, because then all the nonvanishing 
strain components themselves become equal. I am indebted to 
Dr. Jules deLaunay for calling this work to my attention. 
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NATURE OF VIBRATIONAL 

It should be realized that a certain amount of subtlety 
is required to make any sense at all out of statements 
about the polarization of waves of infinite wavelength. 
A transverse (longitudinal) wave is defined as one in 
which the atomic, or material, displacements are 
perpendicular (parallel) to the direction of propagation 
(i.e., to the propagation vector k) ; and if the wavelength 
is infinite (propagation vector 0) then the entire concept 
becomes meaningless; a vector cannot be perpendicular 
(or parallel) to a vanishing vector or, physically 
speaking, if a displacements are the same everywhere 
in a crystal, then no direction of propagation can be 
defined at all. Thus statements about elastic waves, or 
even nonelastic waves of “long” wavelength such as the 
above, make sense only for small propagation vector 
but not in the limit of propagation vector approaching 
0; if it is to make any sense there, a way of going to the 
limit must be defined. 

D-dimensional crystals of m atoms per unit cell are 
known to have nD frequencies (or “‘modes’’) for each 
wave vector k. The “acoustic” or “elastic” waves 
discussed by deLaunay!' and others arise for small k 
and are D in number. The (n—1)D other solutions that 
arise are often called “optical” modes. (This is a 
misleading designation since it seems to imply that they 
are optically observable, which is never obvious and 
usually not true. A mode can be optically observable 
only if the dipole moment of each cell changes in course 
of a vibration, and then only if contributions from each 
cell add, rather than cancel as they often do. We shall 
discuss this matter further in Secs. IV and V.) 

In the literature we have found no study from the 
standpoint of lattice dynamics of all the modes that 
arise for small k (and not just of the “acoustic’”’ ones) ; 
we therefore thought that this would be worth doing in 
detail, if only for some special model. We therefore 
proceed to do this for the simplest possible nontrivial 
crystal model. Our main interest there is in the eigen- 
functions themselves, rather than in the eigenvalues 
(frequencies) as is usual. 

In looking for a model which is nontrivial for our 
purposes, we do not object to restricting ourselves to 
small wave numbers (except to zero wave number); 
we are primarily interested in the relationship between 
propagation vector k and the atomic displacement 
vector, and in the difference there between the so-called 
“acoustical” waves and the “‘optical’’ waves. To exhibit 
these features, our crystal must have at least two 
dimensions (one dimensional crystals have only one 
direction of any sort) and to get more than one mode 
whose frequency does not approach 0 as k approaches 
0, we choose two atoms per unit cell. Also, we must 
include interaction between nearest and next nearest 
neighbors, for if the latter are omitted, then the problem 
is known to degenerate into a one-dimensional one. 
The simplest example to work out that is, to our pur- 
poses, nontrivial is the 
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Fic. 1. The crystal model in our example. 


diatomic lattice with first and second neighbor inter- 
action. 

The notation is explained by reference to Fig. 1. 
Cells are labelled by indices /, m, each cell containing 
one atom of mass m whose displacements in the x and 
y directions are called um and vim, respectively, and 
one atom of mass M whose displacement in the x 
direction and y direction are called wim and tim. The 
Hooke’s law force constant for first and second neighbor 
interactions are called a and 8, respectively. We write 
Q?=m/M, c=8/a, and 


lin ei@tei (leit me2 Um } 


Vim= eivtei lert+-me2) Vy } 


’ 


(1) 


Wim = et@tet(lertmes WM, 
tim= e***'e' lertmes T'M~ , 


for the usual normal mode transformation. U, V, W, 
and T are constants, w is the frequency, and ¢; and ¢2 
can be related to the propagation vector k= (h1,k2) by 
equating e'('ttme2)—ei(iztky) and observing from 
Fig. 1 that x=2/a+y, y=ma so that k= (1/2a)[ gu, 2¢2 
—¢ |, a being the distance between nearest neighbors. 
The four linear algebraic equations which result from 
inserting (1) into the Newtonian equations of motion 
and which define U, V, W, T can then be written 


(H—\)y=0, (2) 
with 
Vu 
a W 
A= (mM)\u*/a, ¥ vy) 
r 


and H a 4X4 matrix whose elements, which are 
functions of the ¢’s, or k’s, are written down in Appen- 
dix I. The solution to Eq. (1), valid for small k, is 
obtained by perturbation theory in Appendix I. 
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The resuits are as follows. The eigenvalues are found 
to be 


(Q+0~)Ar= [1420 ]a?(k:?-+hs?) +02(k2— ke) (1+2)}, 
(Q4+Q-)d2=[1-+20 ]a*(ks?-+ ha?) —a(k:?— he?) (1+ 24, 
(Q+0-)r\s=2(0+07)"—[1- (+0~)o] 

X a?(ki2+ he) +0? (ky? — ke) (1+n?)!, 
(Q+O-)u=200+0-P—-[1- (P+. 0) o] 

X a? (ky + ke?) — a? (ky? — ke”) (1+77)}, 


with n=3(@+Q)t, §=4ckk2/(ki2—k,*), and the 
corresponding eigenfunctions 


(3) 


tO 5 


l1—(1+2)"0 
LT1— (1+) J 
‘4 tO 7 


Ci+(1+e)40 
fi+(1+e)*] J 
” 
[1—(1+7?)*] 
(—[1— (1+)! JO 

n 
—nQ 
[1+(1+n7)*] 
\—(1+(1+7*)! Jo 


vi°= (P?+1)-4c, (€) 


y2°= (P+1)-c_(é) 





4 


Y= (+1)-Hc_(n) 








with 


c4(€)=L1+ (1+8)*)/24¢. 


In all these formulas, the signs are correct as they 
stand whenever £>0 but are to be reversed when §<0. 
We note that Eq. (4) resolves the ambiguity of defining 
the polarization of waves as 0 wave vector is ap- 
proached: it states that, and how, the polarization 
depends on the direction of the approach. 

As to the eigenvalues A, we may observe that for k=0, 
we have Ai=Az, and A3= \4. 

As for the eigenfunctions, or atomic displacements, 
we observe first of all, that for each mode, U/V=W/T. 
According to Eq. (4) we have explicitly 


Ui/Vi=W/T,=¢/(1— (1+ #)4], 
U2/V2=W2/T2=¢/(1+ (1+) ], 
U3/V3=W3/Ts=n/[(1— (1+79°)4], 
Us/Vs=W4/Ti= 1 +(1 +n)! ]. 


This means that the motion of one atom in any given 
cell is always either parallel or antiparallel to that of 
the other atom. By looking at the ratio U/W, or V/T, 
we see that modes 1 and 2 are parallel and modes 3 
and 4 are antiparallel. 

Next, we ask whether the various modes are perpen- 
dicular to each other. The condition for this would be, 


ROSENSTOCK 


for modes 1 and 2, 
UyUstV V2 4 W We +tyls 0, 


or, since we have already shown that the two atoms in 
any cell move always parallel or antiparallel in any 
given mode, more simply %2+2,2.=0 or, by (1) 
U,U2+V,V2=0, which, by the use of (4), is found to 
hold true. Thus modes 1 and 2 are mutually perpen- 
dicular and similarly modes 3 and 4 can be shown to 
be mutually perpendicular. On the other hand, any 
low-frequency modes are perpendicular to the high- 
frequency modes only if special conditions hold («=0, 
or m=M, or k,i=0 or ko=0). 

Finally, we ask whether and under what conditions 
any mode is transverse or longitudinal. The condition 
that mode i be longitudinal is 

U /V =hi/ke. 
Substituting from (4) we find 
modes 1 and 3 are longitudinal if and only if k, 0, 
modes 2 and 4 are longitudinal if and only if k, + 0, 
and, since mode 1 is perpendicular to 2 
dicular to 4, 


and 3 perpen- 


modes 2 and 4 are transverse if and only if ke > 0, 
modes 1 and 3 are transverse if and only if k; — 0. 


In summary, then, we may say that the “‘acoustical”’ 
modes (the ones whose frequency approaches 0 as k 
approaches 0) agree with deLaunay (who started from 
the standpoint of the elasticity theory) and the other 
modes show behavior very similar to the acoustic ones: 
for any given small k, the low-frequency modes are 
perpendicular to each other, and the high-frequency 
modes are perpendicular to each other, but any one 
mode is longitudinal or transverse only for certain 
special crystallographic directions. The two acoustic 
frequencies are seen to be equal to zero at k=O, and 
approach that value in a continuous way as a finite k 
is permitted to approach zero; and the two other 
(“optical”) frequencies are seen to be equal to each 
other at k=0 and they, too, approach the value they 
take on at k=O in a continuous way as a finite k is 
permitted to approach zero. 

The preceding development constitutes, among other 
things, a counter-example to the commonly believed 
theorem that all lattice waves are either transverse or 
longitudinal. The counterexample here is confined to 
small k, and it might therefore still be conje¢ tured that 
the theorem may be valid when k is not small. In fact, 
it is not valid. For a counter-example applicable for all 
k, turn to Appendix II. 


III. ARE THE FREQUENCIES OF “TRANSVERSE” AND 
“LONGITUDINAL” MODES SIMPLY RELATED? 
We are now prepared to consider the “well-known” 

relation 

(5) 


W1/Wt= ( €o, éa)*: 
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We shall find that serious difficulties arise when either 
its quantitative assertions or its physical implications 
are compared with our previous results, and with simple 
but general extensions of our previous results. We shall 
devote most of the rest of this paper to establishing 
and then explaining these contradictions. 

Relation (5) was first obtained by Lyddane, Sachs, 
and Teller‘ and later obtained as a consequence of a 
more general phenomenological treatment of long waves 
by Huang.®:* LST define w, and w; as the frequency of 
“the transverse vibration” and “the longitudinal vibra- 
tion,” respectively, «9 as the dielectric constant for 
zero frequency and e,, as the dielectric constant for high 
frequencies (essentially the square of the index of 
refraction). Both papers make it clear that they are 
considering long waves and, in particular, the ones 
whose frequencies do not approach zero there; the 
limit of k close to zero’ is thus clearly implied. Neither 
paper seems to have any doubt about the transverse 
and longitudinal nature of the waves or the method of 
going the limit. LST, however, are clearly talking about 
propagation perpendicular or parallel to a crystal face, 
in which, as we have seen from at least one example 
(preceding section) waves are indeed often transverse 
or longitudinal. 

We shall first attempt to discuss the situation by 
means of our example of Sec. II. The model, let us 
repeat here, is that of a diatomic two-dimensional 
lattice with interaction between first and second 
neighbors, and the work is valid for small k for the 
“optical” as well as the acoustic modes. The two 
squared frequencies in our calculation that correspond 
to w? and w? in LST and BH are X3 and Ag (for A; and 
Ae are the “elastic”? or “‘acoustical’”? modes). We note 
two things: 

(1) w, is equal to a, (in the limit of k=0, and nearly 
equal for small k) or w)/w;=1; this clearly contradicts 
Eq. (5). 

(2) Except for the main crystallographic directions, 
the vibrations corresponding to 3 and dy, are neither 
transverse nor longitudinal, neither at k=0 (where the 
concept is, strictly speaking, meaningless) nor for small 
k (as shown in Appendix I) nor presumably in the case 
when k is not small (as shown in Appendix II). Having 
established these apparent contradictions, we must of 
course investigate to what extent our example is rele- 
vant to the case envisaged by LST and BH. 

LST and BH are concerned with real three- 
dimensional ionic crystals with long- as well as short- 


4R. H. Lyddane, R. G. Sachs, and E. Teller, Phys. Rev. 59, 
673 (1941); referred to as LST. 

5 Kun Huang, Proc. Roy. Soc. (London) A208, 352 (1951). 

6M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1954), Sec. 7; referred to 
as BH. 

7LST make it ciear that they are speaking of small k, but not 
k=0 (although they do not use that language, nor make the 
point that the concept of transversality or longitudinality would 
be meaningless there). They specify that the wavelength must be 
large, but much smaller than the dimensions of the crystal. 
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range interactions ; our model is in every respect simpler 
than theirs (two dimensions and short-range forces 
only). Thus if our example contradicts a supposedly 
general result, that result may be considered to have 
been proven wrong; but a result specially derived from 
our model will not necessarily be valid for real solids. 
In other words the results of Appendix I are not to be 
taken literally in a quantitative way, since they derive 
from a special model, but are of importance wherever 
they contradict a supposedly general theorem. 

First consider statement (2), the less important one 
of the two. It contradicts nothing in LST (although it 
would seem to detract from the implied generality of 
the treatment), but does appear to contradict the 
statement that “the independent vibrational modes can 
be taken as transverse and longitudinal waves of 
different wave numbers and directions of propagation.’ 
Be this as it may, we can certainly conclude that since 
waves are neither transverse nor longitudinal in our 
simple example, they will in general be neither transverse 
nor longitudinal in the complicated cases of real ionic 
crystals. 

By contrast, statement (1) would seem to be of the 
kind that had little general probative value. If two 
frequencies happen to be equal in some simple special 
case, the ‘‘corresponding” frequencies surely need not 
be equal in all cases. However, we shall now proceed 
to show that statement (1) is true under circumstances 
much more general than implied by our example. In 
fact, we show that, under fairly general conditions, all 
nonacoustical vibrations have the same frequency for 
k=0. 

We do restrict ourselves to diatomic crystals of cubic 
symmetry and of structure such that each atom is a 
center of symmetry. (This includes the NaCl and CsCl 
structure but not the ZnS structure). Temporarily only, 
we also restrict ourselves to two-dimensional crystals 
as illustrated in Fig. 2. Let us call the two kinds of 
atoms in the crystal A and B. When k=0, all A atoms 
move the same way in all cells, and all the B atoms 
move the same way in all cells. We might say that the 
motion is rigid motion of the B sublattice relative to 
the A sublattice; it will cause no confusion if we omit 
phrase beginning with the word “relative” henceforth. 
Consider now the forces that act on one particular A 
atom. The force exerted by any other A atom vanishes, 
for forces arise only from relative displacements and 
these are all 0 between pairs of A atoms. The forces 
exerted by the B atoms, on the other hand, do not 
vanish, but they have the property that motion of the 
B sublattice in the x direction causes a force on the A 
atom which is purely in the x direction. Physically, 
this can be seen from Fig. 2: for each atom B, located 
at equilibrium position (%o,Vo), there exists another 
atom By, located at equilibrium position (%o, —~yo); if 
the B sublattice moves in the x direction, both B, and 


8 See reference 6, p. 87. 
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Fic. 2. Forces when k=0 (two dimensions). F; is the force 
exerted on particle A by particle B;. The resultant of the F; is 
in the x direction. 


Bz, may exert forces on the A atom at the origin; the 
«x components of these two forces add, the y components 
cancel, leaving a net force in the x direction only. In 
this way all B atoms can be grouped into pairs, such 
that each pair has a net force on the A atom at the 
origin which will be in the x direction only. Any motion 
of the B sublattice in the x direction will thus remain 
in the x direction, and one of the modes of vibration 
for k=O can therefore be described entirely without 
regard to the y direction. This is actually a complete 
description of one of the nonacoustical modes with 
k=0: the B sublattice moves in the x direction alone, 
and its frequency is determined by the sum of the 
restoring forces in the x direction. Since we have not 
specified the details of this force, we cannot compute 
the frequency here; but we do know, purely from 
symmetry, that there will exist a second mode, in 
which the B sublattice moves in the y direction alone, 
that than the restoring force, now directed in the y 
direction alone, on that motion will be of the same 
strength as it was in the other case, and that the 
frequency of these two modes will therefore be the same. 

At this point it is important to realize the generality 
of the argument in the preceding paragraph. Atom B, 
and B, are not necessarily nearest neighbors of atom A; 
rather, no assumption whatever has been made about 
their distance from A ; similarly nothing was said about 
the nature of the forces (central or noncentral, velocity 
dependent or independent, etc.). The resulting forces 
on A from any pair B, and B, can thus be added to the 
resulting forces from any other pair, and all forces that 
act on A can thus be accounted for, regardless of the 
nature of the force and particularly of the range of the 
force; forces of infinite range (e.g., Coulomb forces) 
are included. 

(Formally, the force in the y direction on atom A 
due to motion in the x direction of all the B atoms 
appears in the element M2; of the dynamical matrix M 
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in Eq. (A2.5). It is identically 0 there because inter- 
action in that model is included only to second neigh- 
bors. If, e.g., fourth neighbors had been included, a 
term sinak,e***!+-2  sinak,e~***[cos2ak.+cosakje'** | 
would appear there; in conformance with the argument 
in the preceding paragraph, this terr.. goes to 0 as k 
goes to 0). 

The proof is easily extended from two dimensional 
to three dimensional diatomic lattices as illustrated by 
Fig. 3. The only difference is that the cancellation of 
forces in the directions other than that of the direction 
of motion occurs not pair-wise but quartet-wise. Since 
there are three possible directions of motion, there are 
three independent modes of the vibration, all of the 
same frequency. Again there is no restriction in the 
argument concerning the nature and range of the forces 
in the crystal, and Coulomb forces in ionic crystals, in 
particular, are included. 

Our conclusion may be summarized by saying that 
the diatomic three-dimensional crystals with atoms 
which are centers of symmetry have six modes of 
vibration for k=0: the frequency of three of these is 0 
(in agreement with elasticity theory) and the fre- 
quencies of the three other modes are all equal,*"® in 
disagreement with relation (1). 


IV. DISCUSSION 


The results of the preceding section disagree not only 
with relation (5), but also with some features of several 
explicit calculations of lattice frequencies.*"—" It does 
agree with others.'*~!” The results of R!’ agree because 
they were obtained for the sodium chloride lattice es- 
sentially by carrying out in detail the steps outlined in 
the preceding paragraphs here; the papers referred to in 
references 14-17 do not include long range forces, except 
perhaps sometimes by unjustified implication. The re- 
sults of references 6, 7, 11-13 do not agree among each 
other. In attempting to disentangle the situation, we 
consider the following matters which could, one might 
think, be responsible. 


(a) polarizability, 

(b) electrostatics versus electrodynamics, 

(c) size and shape dependence, and the order of 
performing limiting processes, 

(d) boundary conditions. 


® The limiting value of w:/w, is also discussed by H. Fréhlich, 
Theory of Dielectrics (Oxford University Press, New York, 1958), 
p. 149 ff. Fréhlich points out that the ratio is unity for crystals 
small with respect to the wavelength, and size and shape-depend- 
ent for larger crystals; see our discussion, particularly Sec. IV c. 

When the three ‘‘optical” frequencies are equal and the three 
acoustical ones zero, the sum rule 2°_, w,;?(k)=18a/8M, which 
is valid for all k [R. Brout, Phys. Rev. 113, 43 (1958)], gives 
directly w*(0)=6a/8M for the optical ones (8=compressibility, 
M =reduced mass). But it should be pointed out that the specific 
form of the right-hand side of Brout’s sum rule depends directly 
on the assumed nature of the short-range forces (in Brout’s 
paper, repulsive interaction between nearest neighbors only). 
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(a) BH attributes the discrepancy of their results 
with K’s to K’s failure to consider the electrical polar- 
izability of the ions. This disagreement is, however, 
entirely quantitative; qualitatively, both papers get 
two different non-0 frequencies for k=0. What K, and 
also I, R, and many other authors, have ignored, and 
what is also ignored in the present paper, is the so-called 
“electronic” polarizability, which arises from the fact 
that ions are not truly charged point masses, but are 
charged objects of finite size, whose charge is therefore 
subject to distortion by electromagnetic forces. The 
‘“jonic” polarizability, which arises from the displace- 
ment from equilibrium of the ions themselves, is 
properly accounted for automatically in the lattice 
dynamical problem in all cases. Physically, neglect of 
the electronic polarizability means setting «,=1 (at 
high frequencies, the dielectric constant is entirely due 
to electronic motion, since the ions are too heavy to 
participate in the motion); but ¢9#1, and hence the 
right-hand side of Eq. (5) will still differ from unity. 

The present result—one single nonzero frequency 
can therefore not be attributed to our own refusal to 
consider the electronic polarizability explicitly. 

(b) The question has been raised whether for k=0 
the forces can be considered as purely electrostatic 
ones, or whether “retardation” must be taken into 
account. Introduction of retardation would in effect 
make the forces velocity-dependent. Much discussion 
has been devoted to this point,"?:"*'8 but it is probably 
fair to say that no solution acceptable to all has been 
given. However, we may cite I," who is aware of the 
existence of the problem but uses only electrostatics in 
this calculation, and gets two, rather than one, nonzero 
frequencies for k=0. By contrast, K treats the retarda- 
tion problem in detail; but he, too, gets two different 


frequencies for k=0. In both cases, the value of the 


frequencies for k small but not 0 do approach the k=0 
values smoothly. (It is agreed that the retardation is 
negligible for k not equal to 0.) Furthermore, as pointed 
out in Sec. III above, velocity dependent forces are not 
excluded in our argument that lead to equal optical 
frequencies. 

We conclude that our failure to consider retardation 


11M. Iona, Phys. Rev. 60, 822 (1941); referred to as I. This 
paper treats the KC] lattice as monatomic; therefore our k=0 
appears at his points (000) and (z,z,7). 

2. W. Kellerman, Phil. Trans. Roy. Soc. 238, 513 (1940); 
referred to as K. 

13R. H. Lyddane and K. F. Herzfeld, Phys. Rev. 54, 846 
(1938); referred toas LH. A. D. B. Woods, W. Cochran, and 
B. N. Brockhouse, Phys. Rev. 119, 980 (1960). 

14M. Born and Th. v. Karman, Physik Z. 13, 279 (1912). 

18M. Born and M. G. Mayer, Handbuch der Physik, edited by 
3. Fliigge (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2. 

16M. Blackman, Proc. Roy. Soc. (London) A159, 416 (1937). 

17H. B. Rosenstock, J. Phys. Chem. Solids 4, 201 (1958), 
referred to as R. Note particularly top, p. 203. This paper treats 
the NaCl lattice as 8-atomic; our k=0 therefore corresponds to 
the frequencies there called w; and w.. 

18 J. H. Thompson, Proc. Roy. Soc. (London) A149, 487 (1935). 
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Fic. 3. Forces when k=0 (three dimensions). F; is the force 
exerted on particle A by particle B;. The resultant of the F; is 
in the x direction. 


explicitly cannot account for our obtaining only one 
single nonzero frequency at k=0. 

(c) LH'® have noticed that results for lattice fre- 
quencies are dependent on the size and shape assumed 
for the crystal. This is a consequence of the long-range 
nature of the Coulomb forces which makes the sum- 
mation processes only conditionally convergent. There 
are, as has been observed, several quantities in such a 
calculation that must be computed by some process of 
approaching infinity: the three space coordinates (and 
the order and method used here might make a differ- 
ence) and in addition the wavelength.” It should be 
said however that the wavelength does not “approach 
infinity” in the usual sense of mathematical analysis: 
the basic quantity is the wave vector k, to whose 
reciprocal the wavelength is proportional, and which 
does not “approach” zero in a continuous way, but in 
finite and well-defined steps. There should therefore be 
no difficulty in letting the wavelength approach infinity ; 
rather, there is nothing wrong with setting k equal to 
zero. 

In our case no explicit assumption at all has been 
made about the crystal size and shape, but it is im- 
portant to realize that implicitly such assumptions are 
contained in our tacit assumption that the modes for 
which k=0 actually exist. More will be said about this 
matter in (d) below; at this point let us merely empha- 
size that the existence of modes with k=0 is not obvious. 

(d) All explicit calculations concerning ionic crystal 
frequencies, except one recent one-dimensional one,”! 
have used the assumption of cyclic boundary condi- 

19 See reference 13, p. 354. 

* See reference 12, p. 598. 

21H. B. Rosenstock, J. Phys. Chem. Solids 15, 50 (1960). 
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tions. This problem of boundary conditions has been 
discussed for many years.” It is generally believed 
that the validity of cyclic boundary conditions is 
established at least for statistical problems—i.e., for 
problems in which only the total number of frequencies 
in a finite, though arbitrarily small, frequency interval 
is of interest, but not necessarily for problems in which 
one is interested in individual modes. At this point we 
wish to make two points: 

First, that the above restriction is an important one 
for the present case, and 

Second, that proofs that have been given for the 
validity of cyclic boundary conditions are invalid for 
crystals with long range forces. 

The first statement is perhaps most clearly justified 
by asserting that the modes for which k=O do not 
exist in the absence of cyclic boundary conditions 
(strictly speaking, they might exist in certain special 
cases, such as when certain crystal parameters take on 
special values, but the probability of such an occurrence 
is zero). This is shown affirmatively for one-dimensional 
ionic crystals in reference 21 and follows a fortiori for 
three-dimensional ones. Yet the modes for which k 
equals zero are the ones which are generally alleged'® 
to be the only ones that give rise to optical phenomena 
(see, however, reference 17). In a negative sense we 
point out that the existing justification for cyclic 
boundary conditions (Lederman* and Peierls**) concern 
themselves only with the numbers of eigenvalues in a 
range but not with the changes caused in individual 
eigenvalues by changing boundary conditions, and 
certainly not at all with the detailed nature of any 
eigenfunctions.”6 

The second statement, which asserts that no rigorous 
justification for the correctness of cyclic boundary 
condition exist at all for crystals with long-range forces, 
has, as far as we know, not been made recently, and in 
fact the opposite seems to be generally assumed.” 
Ledermann’s™ original proof for this is rather clear 
about the matter, however. He essentially establishes 
the theorem that the correct frequency distribution g 
is related to the distribution g. obtained from cyclic 
boundary conditions by 


g(A)=g-(A)L1+0(b/(i+d)) ], 


where 5 is the number of boundary particles and i the 


* For a comparatively recent discussion, see H. B. Rosenstock, 
J. Chem. Phys. 23, 2415 (1955). 

3 BH (reference 6), Appendix IV. 

*4W. Lederman, Proc. Roy. Soc. (London) A182, 362 (1944). 

25R. E. Peierls, Proc. Natl. Inst. Sci. (India) 20, 121 (1954); 
or reference 23. 

26 The nature of the modes in the absence of cyclic boundary 
conditions are examined in one simple case (short-range forces of 
a special kind) in H. B. Rosenstock, J. Chem. Phys. 27, 1194 
(1957). In that case, the usual modes are still sine or cosine 
waves, differing from their form in the case of cyclic boundary 
conditions only in their phases. This particularly simple result is 
a consequence of the simple model there used and should not be 
expected to remain if long range forces are included. See also 
reference 22. 
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number of interior particles. L carefully defines the 
boundary particles as particles which have one or more 
“active” neighbors missing, and as ‘‘active neighbors” 
of a particle those particles that exert a force on it. If 
interaction is short range, “‘active and the 
word “neighbors” in the ordinary synomous 
and O(b/(i+6))=O(1/.V), V* the number of atoms 
in the crystal. This is the usual interpretation of L’s 
theorem. If, however the forces are of infinite range, 
then all particles in the lattice are ‘‘active neighbors”’ 
of any particle, all particles become, by definition 
boundary particles, O(6/(i+6))=O(1), and the theorem 
derived is devoid of useful content. Similarly, Peierls’ 
proof is dependent on the assumption that “‘a disturb- 
ance starting from a point a distance d from the nearest 
surface will propagate in the same manner 
infinite crystal for a time less than d/c, where c is the 
maximum velocity of sound.”’ This statement is correct 
only when the interactions are of short range; for long- 
range interaction, infinity, or more precisely the velocity 
of light, would have to be substituted for the velocity 
of sound. Thus this proof also fails to establish a rela- 
tionship between the behavior of the finite lattice and 
the lattice with cyclic boundary conditions when long- 
range forces occur. 

We have thus established that cyclic boundary 
conditions have been used in all earlier calculations of 
lattice frequencies, either explicitly or by implication 
(this includes both the papers devoted to the calculation 
of frequency spectra and general papers such as LST), 
and also that no justification for this exists in crystals 
in which Coulomb forces exist. It is perhaps to the 
point to add that this flaw is likely to be an important 
one because lattice sums, whose values are strongly 
dependent on small systematic changes in the positions 
of all particles, appear (either explicitly or by impli- 
cation) in all these works. We can therefore conclude 
that the incorrect treatment of boundaries may well be 
responsible for the contradictory results that have been 
found. 

(Parenthetically, let us reiterate what we hinted in 
point (c) above: that our own calculation in Sec. III 
is also based on cyclic boundary conditions. It follows 
that the result obtained there—viz., three equal 
“optical” frequencies—cannot be applied to ionic 
crystals either. But we should point out clearly that 
Sec. III does provide a general proof of the equality of 
“optical” frequencies for all cases in which cyclic 
boundary conditions are valid). 


neighbors” 
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V. SUMMARY 


The situation may, then, be summarized as follows. 
The vibrational modes for any given k are, in general, 
neither transverse nor longitudinal. In particular, k 
being very small is not a sufficient condition for trans- 
versality or longitudinality, neither for the low- 
frequency (“acoustic” or “elastic’”’) waves nor for the 
high-frequency (“optical”) ones; even when k is very 
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small, waves will be transverse or longitudinal only in 
special directions or if the crystal is isotropic, or for 
special models. For k=0 the concept of transverse or 
longitudinal waves becomes, strictly speaking, mean- 
ingless. 

However, if one confines oneself to certain special 
crystallographic directions (e.g., the (110) direction in 
cubic crystals), modes may be correctly called trans- 
verse and longitudinal. Doing so, Lyddane, Sachs, and 
Teller have derived the relationship (5), wi/w:= (€0/€.)!, 
for the two “optical” frequencies at a value of k which 
is implied to be small, but not specifically defined. In 
contrast, we have shown that for k=0, the three 
“optical” frequencies of an ionic crystal of alkali halide 
structure are all equal. Our calculation is straight- 
forward and independent of the force model assumed, 
provided only that the harmonic approximation is 
retained, and includes, in particular, forces of infinite 
range (Coulomb). The discrepancy is resolved by 
pointing out that both the present calculation and the 
earlier calculations of LST and most other writers are 
predicated upon cyclic boundary conditions. It is pointed 
out that no justification has ever been adduced for the 
use of cyclic boundary conditions in crystals with forces 
of infinite range, and that what use cyclic boundary 
conditions have (which is considerable) is restricted to 
short range force models. It follows that a mode for 
which k=0 (i.e., in which, at any one time, each cell in 
the crystal looks exactly like any other cell) need not 
even exist, and that although the motion of the ions 
will still be describable in terms of normal modes 
(provided only that the harmonic approximation is 
retained) these need not be of the form sin(k-x) or 
cos(k-x); the very definition of the propagation vector 
k is based on this form of the normal modes.'~* We 
must thus conclude that Eq. (5), based, as it is by 
implication, upon the use of cyclic boundary conditions 
and restricted in its validity as it is to a range of k 
which is small but not precisely defined, cannot be 
considered quantitatively established; and that if it 
could be shown that cyclic boundary conditions are 
valid for ionic crystals (which has never been done), 
then relation (5) would be in complete disagreement 
with a simple calculation which shows that for k=0, 
w, and a, are equal. 

The situation is particularly complicated in connec- 
tion with optical problems, because the mode with k=0 
is generally believed to be the only one that interacts 
with light. Recent work in which boundary conditions 
were taken into account correctly has shown, to be 
sure, that this belief is not exactly correct ; but accepting 
this belief would, besides being incorrect, seem to be 
inconsistent with adoption of Eq. (5) (which refers to 
a region of k in which k is small, but certainly not 0). 
It is, in other words, not clear just what the values of 
the frequency are in those ranges of k that may be 
important for optical phenomena, and to what approxi 
mation, if any, relation (5) may apply there. 
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APPENDIX I. COMPUTATIONS FOR SECTION II 
The matrix H in Eq. (1) can be written 
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We are to solve (1) for small y. There it becomes, by 
expanding and keeping terms up through ¢’, 
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(A3) is approached by first solving it for ¢=0, viz., 


(H°—)°*)y°=0, (A4) 


and then proceeding by perturbation theory. The 
eigenvalues of (A4) are obtained by solving the deter- 
minantal equation 

| 7°—)°| =0; 
the solutions are 


hy9=A2"=0, Azs°=AW°=2(0+ 07). (A5) 


Che eigenvectors are then found by substituting these 
values for \° back into (A4). We find that the ones 
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corresponding to A°=0 can be written 


0 0 

1 . 0 
0 }’ ¥2°= (2?+1) Q ’ 
LO i 1 
and the ones corresponding to \°=2(0+0Q7") as 

1 } 0 
—Q| 0 

c f,,o— (( ) 4 1) 

0 , V4 ‘ +- 1 
L OJ \-Q) 
Any linear combination of ¥,° and y2°, and of y3° and 
¥s° would be equally satisfactory for describing the 
solutions to the zero-order problem, and the next task 
in the perturbation theoretic treatment is to find the 
“correct” linear combinations y;° of zero-order eigen- 
functions—i.e., that linear combination to which the 
perturbed problem reduces if the perturbation is 
permitted to disappear (g¢—> 0). The general formulas 
for the y,°, as well as the other formulas needed for 
the degenerate perturbation theory, are collected by 
Condon and Shortley,?” for example. On account of 
the matrix Himag Wwe must carry the calculation to 
second order if we desire accuracy to ¢*. The eigenvalues 
are found to be as given by Eq. (2) and the corre- 
sponding “correct” linear combinations of 
functions by (3). 


¥1°= (+1) 


v= (0?-+1) (A6) 


eigen- 


APPENDIX II. ORTHOGONALITY, TRANSVERSALITY, 
AND LONGITUDINALITY FOR ALL k 


We first show that, for any given k, the modes are 
always orthogonal or, in a certain sense, perpendicular 
to each other. (This has nothing directly to do with 
whether any one mode is transverse or longitudinal or 
neither, i.e., with whether any one mode is perpendicular 
or parallel to k or neither.) In every lattice dynamical 
problem with harmonic forces one obtains, after elimi- 
nating time dependence and performing the partially 
diagonalizing transformation suggested by translational 
symmetry, an eigenvalue equation of the form (2), 
which we now write as 

(H—d”)y=0. (A7) 
H, called the dynamical matrix, is a Hermitian nDXnD 
matrix if we are dealing with a D-dimensional crystal 
with m atoms per unit cell, and ¥ and A“ are its 
eigenvectors and eigenvalues, respectively (i=1, 2, ---, 
nD). Each element in y describes the displacement of 
one of the m atoms in one of the D directions in space. 
It can then be shown*®® that the eigenvectors are 

27 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1953), Secs. 8, 9. 

28 Replace i by j in (A7), take the Hermitian conjugate, and 
postmultiply by ¥“; from this subtract the equation that results 
from premultiplying (A7) by y“. The result is (AQ) —AM)yU*yo 
=0 as was to be demonstrated. In connection with the behavior of 
lattice waves, this standard theorem of matrix theory has been 
discussed by J. deLaunay, Gordon Research Conference on 
Physics and Chemistry of Metals, 1959 (unpublished). 
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orthogonal, 

pry 0 (A8) 
unless the corresponding eigenvalues are equal, A“ 
=), If the lattice is monatomic, n=1, (A8) simply 
implies that for any given k the displacement vectors 
of two different modes are perpendicular to each other; 
but when m>1, this simple interpretation cannot be 
made. 

To show now that the modes are in general neither 
transverse nor longitudinal, we chose the example of 
the monatomic two-dimensional square lattice.2* With- 
out even specifying the forces, we can write 


AC 
H ( a 
in (A7); upon solving the resulting secular equation 
for \® and substituting these back into (A7) we find 
a=Z+(Z?+1)}, (A9) 
a® = Z—(Z7?+1)}, (A10) 


where we have written 


and 


Solving (A9) for Z gives 
Z= (a\?—1)/2 (A12) 


Now, for concreteness, specify that forces exist between 
first and second neighbors and that their ratio is o. 
Then (A11) becomes”® 
Z= (cosk;—cosk2)/2e sink, sinks, 
and combining this with (A12) gives 
(a2—1)/2a (A13) 


The condition that mode 1 be longitudinal is that the 
ratio k2/k, be equal to the ratio V™/l a 
requires, from (A13), that 

(a2—1)/2a 


= (cosk; — cosa“ 


(cosk;—cosk»)/2e sink, sinks. 


, which 


(A14) 


But this cannot be generally true; for if (A14) should 
hold for some specific k; and oa, it will certainly not 
hold if either of these parameters is changed slightly. 
Mode 1 is therefore not longitudinal (except possibly 


k,)/2o sink, sina“ ky. 


at isolated points in k space for certain special values 


of the force constants), and the same can be shown for 
mode 2 in the same way; and the orthogonality relation 
(A8) then implies that neither mode 2 nor mode 1 can 
be transverse, either (subject to the same accidental 
exceptions). Having shown that modes are, in general, 
neither transverse nor longitudinal in case of one very 
simple model, the same follows a for 
complicated crystals. 


fortiori more 


27 E. W. Montroll, J. Chem. Phys. 15, 575 (1947) 
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The interaction of a valence-band hole with a potassium chloride crystal, when crystal-hole correlations 
are considered, is studied by variational means. Initially a crystal trial wave function is constructed which 
allows for the ionic polarizability of the crystal by means of a correlation between the crystal configuration 
and the motion of the hole. The expectation value of the Hamiltonian operator for the crystal is found by 
integrating over both electronic and nuclear coordinates. The necessary matrix elements of the electronic 
energy operators are taken from a previous calculation by Howland. The total energy expectation is 
minimized with respect to a single parameter in the wave function that measures the hole-lattice correlation. 
One finds that the valence bands obtained when the crystal lattice is treated as rigid become completely 
flat, a result which implies that the hole is self-trapped. 

The modifications that are introduced by the addition of the electronic polarizability are studied by 
repeating the previous calculation with a refined wave function. Only a rough treatment drawing on the 
experimental electronic polarizabilities of the crystal ions is given. Information on self-trapped holes in 
KCI derived from the electron-spin resonance experiments of Castner and Kinzig is briefly considered. 


1. INTRODUCTION 


SLOW conduction electron or a valence-band 

hole in an ionic crystal interacts strongly with 
the crystal by inducing ionic and electronic polariza- 
tions. Theories of the polaron are generally based on a 
model in which the extra charge is treated as a free 
particle with a definite effective mass interacting with a 
continuous polarizable medium.! However, Sewell? and 
Holstein? have recently explored a_ tight-binding 
approach in which the interaction between charge and 
crystal is built into the wave function from the start. 
This approach is suitable when the interaction of the 
charge with the undeformed lattice is particularly 
strong.” 

Making use of a suggestion by Koster* of an Ansatz 
similar to that considered by Sewell, the writer studied 
the behavior of a valence-band hole in potassium 
chloride in an attempt to extend the careful numerical 
calculation of the band structure of potassium chloride 
for a nonpolarizable lattice made by Howland.* Unlike 
the investigations of Sewell and Holstein the present 
study is based on an ab initio many-electron Hamil- 
tonian, and is thus also able to take electronic polariza- 
tion into account. Its basic result, a flattening of the 


* Sponsored by the Office of Naval Research, the Army Signal 
Corps, and the Air Force; based on a thesis submitted in partial 
fulfillment of the requirements for the degree of Doctor of Philos- 
ophy in Physics at the Massachusetts Institute of Technology. 

{ Present address: University of California, Physics Depart- 
ment, La Jolla, California. 

1 For a review of the polaron problem see H. Fréhlich, Advances 
in Physics, edited by N. F. Mott (Taylor and Francis, Ltd., 
London, 1954), Vol. 3, p. 325. For references to very recent work, 
see T. D. Schultz, Phys. Rev. 116, 526 (1959). A fuller review by 
Schultz will be found in Technical Report No. 9, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
1956 (unpublished). 

2G. L. Sewell, Phil. Mag. 3, 1361 (1958). 

8’ T. Holstein, Ann. Phys. 8, 325 (1959). 

4G. F. Koster, Department of Physics, Massachusetts Institute 
of Technology (private communication). 

5. P. Howland, Phys. Rev. 109, 1927 (1958). 


energy bands brought on by the crystal polarization, 
has been anticipated by their calculations, with which 
it shares a number of features. 

The valence band in potassium chloride has been 
selected for study because it is better suited for a tight 
binding treatment than, say, a conduction electron, 
and because many requisite data are available from 
Howland’s calculation. Also, this investigation is related 
to two interesting observations: the study by Parratt 
and Jossem® of the x-ray emission spectrum in KCl 
which accompanies electronic transitions from the 
valence to the K band, and the study by Castner and 
Kinzig’ and others of electron-spin resonance spectra 
in a number of alkali halides, including KCl, that can 
be associated with self-trapped holes. 

The main subject of this paper will be the modifica- 
tions undergone by the band structure as a result of the 
crystal polarizations. Two calculations are carried out: 
In the first a wave function which takes account of only 
the ionic polarizability is considered. This portion of 
the work can be carried out with relative precision, and 
thus forms a reliable basis for the second calculation, 
where the modifications to the problem introduced by 
the addition of the electronic polarizability are treated 
in a rough way. A brief attempt is then made to explain 
the experimental findings of Castner and Kinzig within 
the framework of the investigation. The relation of the 
present study to the x-ray emission spectra observed 
by Parratt and Jossem will be taken up in a subsequent 
paper. 

In the present treatment the ground state of the 
crystal with the hole is sought by variational means. 
The only @ priori assumptions are those made when 


6° L. G. Parratt and E. L. Jossem, Phys. Rev. 97, 916 (1955). 
7T. G. Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
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constructing the trial functions.* These are allowed to 
depend on the coordinates of the nuclei, treated as 
regular coordinates rather than as parameters, and on 
the coordinates of the valence electrons. The expectation 
value of the Hamiltonian is then found by integrating 
over both sets of coordinates. The energy is minimized 
with respect to a single parameter built into the crystal 
trial function as a measure of the hole-lattice coupling. 
The optimum crystal functions and energies are 
dependent on the propagation vector k, so that the 
calculation must be repeated at representative points 
throughout the Brillouin zone. 

In terms of a simplified system of a single electron 
and 2N ion cores the tight-binding Ansatz basic to 
this paper can be written as: 


W= ¥ [e®-Row, (r)x,(X)], (1-1) 


u 


where w,(r) is a free-ion orbital on the ion g, which is 
located in the lattice at R,, k the Bloch propagation 
vector, and x,(X) a function of the nuclear coordinates 
only, which in some way takes cognizance of the 
location of the electron at the ion g. The nature of the 
electron-lattice correlation contained in Eq. (1-1) can 
be understood by imagining the electron to be in the 
immediate vicinity of, say, the ion 4. Then, because of 
the localized nature of the orbitals w, x, will be multi- 
plied by a coefficient far in excess of that of any of the 
other x’s. The point of the Ansatz (1-1) is that it 
manages to display an electron-lattice correlation 
without sacrificing necessary Bloch symmetry. 


2. IONIC POLARIZATION 


(a) Wave Function 


The trial functions for the crystal with a hole are 
to be based on a description of perfect ionic crystals 
studied by Léwdin’ and on Howland’s related calcula- 
tion.® The crystal is considered to consist of the valence 
electrons, and of potassium and chlorine ion cores 
carrying charges of plus seven and nine, respectively, 
i.e., the nuclei and their ten inner electrons are treated 
as single point charges in accordance with the well- 
founded approximations made by Howland. When the 
crystal does not contain the hole, its charge is balanced ; 
thus, if there are NV ion cores of each type and a total of 
2M valence electrons, 16N=2M. The function con- 
structed by Léwdin, which will be denoted as ®, 
represented the perfect potassium chloride crystal as an 
array of K* and Cl- ions. The crystal wave functions 
were built from real free-ion orbitals, which for KCl 

8 However, the analytic treatment of certain quantities char 
acteristic of a hole-free lattice has had to be somewhat rough, 
and an appeal is here made to physical intuition for additional 
justification 

*P. O. Léwdin, thesis, Uppsala, 1948 (unpublished) ; Advances 
in Physics, edited by N. F. Mott (Taylor and Francis, Ltd., 
London, 1956), Vol. 5, p. 
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are available from the calculations of Hartree and 
Hartree.” To build up the ions, eight orbitals, three 3p 
and one 3s orbital of each spin, must be associated 
with each of the crystal ion cores. It is convenient to 
number these orbitals w), we, ---, wey, or to distinguish 
them by capital italic subscripts, G, H---. The corre- 
sponding small letters will denote the relevant crystal 
ions. It is assumed that the orbitals w also contain 
the spin dependence. Following Léwdin, the hole-free 
electronic function ® will be chosen as a single Slater 
determinant of all the 2M free-ion orbitals w. 

In this study it will be necessary to extend ® to 
describe the crystal when the ion cores assume arbitrary 
configurations. Let X stand for an arbitrary assignment 
of values to the Cartesian coordinates of all the ion 
cores making up the crystal, and X= Xo mean that the 
crystal occupies its usual periodic configuration. It 
will always be assumed that X does not depart too 
radically from Xo. In this section one postulates that 
all the free-ion orbitals follow the motion of their ion 
cores without deformation ; that is, if x, is the arbitrary 
location of the ion g, 


wa(r,X)=we(r—X,). (2-1) 


This simplification means that no explicit account is 
being taken of the electronic polarizability. ® for 
arbitrary X is formed from (Xo) by giving all the 
component free-ion orbitals the X 
(2-1). Accordingly, 


®(X)=[(2M) !| A(X) 


dependence of 


2M, (2-2) 


where |A(X)| in the normalizing factor is the deter- 
minant of the overlap matrix. 

To arrive at a complete wave function for the hole- 
free crystal, ®(X) must be multiplied by an appropriate 
function of the nuclear coordinates. One begins by 
defining a potential energy for the entire crystal, U(X), 


as 


U(X) - facom, (X)@(X)dri, +++, 


Hv is the “static Hamiltonian” of the crystal; it 
contains the Coulomb interactions of all the charges 
making up the crystal as well as the kinetic energy of 
the valence electrons. It does not, however, include the 
kinetic energy of the ion cores. U(X) is to be found by 
integrating over space and spin coordinates of all the 
2M valence electrons in the crystal. 

The next step is to expand U(X) in a Taylor series 
about U (Xo) up to quadratic terms in X. This expansion 
can be reduced to a quadratic form by a linear trans- 
formation from nuclear Cartesian coordinates to normal 
coordinates Q,." If the 6N Cartesian coordinates of the 


DPD. R. Hartree and W. Hartree, Proc. Roy. Sox 


A156, 45 (1936) for Cl-; A166, 450 (1938) for K* 
11M. Born and K. Huang, Dynamical Theory of Cr 
(Clarendon Press, Oxford, 1954), Chap. IV. 


(London) 
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ion cores are written as x,;, where k denotes an ion, i 
the direction of the coordinate, and Rj, its equilibrium 
value, the transformation can be written as: 


3 


2N 
Zz. e(o| h,i) (xn: = Ri), 
h=1 


o=1 DP see 6N, 


J 


(2-4) 


where the e’s are the coefficients that effect the trans- 
formation. Finally one defines a nuclear function xo(X) 
as the ground-state solution to the well-known harmon- 
ic-oscillator equation” : 


[Trt U(X) }xo(X)= ¥ 
¢= 
M 
5 00 fal) = Sxo(X), (2-5) 
7 


where Ty is the nuclear kinetic-energy operator, the 
w,’s are the natural frequencies, M is the reduced 
core mass, and & the eigenvalue. The complete function 
for the hole-free crystal is just ®(X)xo(X). 

The nuclear trial functions for the crystal with a 
hole will be restricted to their ground state (absolute 
zero of temperature). Elevated temperatures have, 
however, been studied by Sewell and by Holstein. 
The normal modes for a real alkali halide crystal with a 
single vacant Bloch orbital are difficult to find," so that 
it will be desirable to base the nuclear functions on the 
normal modes of the hole-free crystal as just defined. 

The trial function for the crystal with a valence-band 
hole adopted by Howland, to be denoted as Vy(Xo), 
may be obtained by first converting the determinantal 
function ®(Xo) into an equivalent determinant of 
Bloch orbitals," and then deleting the row correspond- 
ing to the vacant Bloch orbital and the column corre- 
sponding to the missing electron. With the help of 
Eq. (2-1), Va(Xo) can be extended to arbitrary con- 
figurations X. Wyz(X) can then be made to satisfy an 
equation of the form 


2N 
Wx(X)= ¥ ett -Fow,'(1, 2, ---, 2M—1, X), 


=] 


(2-6) 


where w,’(1,2,---,2M—1,X), a function of the co- 
ordinates of the (2M@—1) valence electrons remaining 
in the crystal and of X, describes an electronic configura- 
tion in which the hole is localized on the ion g. The 
precise definition of the “hole orbitals” w,’ will be 
given shortly. 

The trial function for a crystal with a hole to be 

2L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, New York, 1949), Chap. IV. 

13 E, W. Montroll and R. B. Potts, Phys. Rev. 102, 72 (1956). 

4 F, Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940). 
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(1.2,+++,2M—1,X)*%(X)], (2-7) 
where the hole orbitals w,’ are the same as in Eq. (2-6). 
As in Eq. (1-1), the nuclear functions x, take cognizance 
of the location of the hole on the ion g. Accordingly, 
Eq. (2-7) differs from Eq. (1-1) only in the replacement 
of the electron orbitals w,(r) by the hole orbitals w,’, 
and, consequently, displays a hole-lattice correlation. 
To arrive at a definition of the nuclear trial functions 
x,(X), one must first associate with each ion g of the 
crystal a separate, displaced, ion-core configuration, to 
be denoted as Y,. Roughly speaking, X, is the configura- 
tion which the hole-free crystal will assume under the 
action of an extraneous, positive, point charge |e| 
fixed in the crystal at R,, i.e., added to the charge of 
the ion-core g; (e is the electronic charge). A more 
precise definition of X, will be given later. The con- 
figuration X, can be specified in terms of appropriate 
values, S(¢,g), of the 6N normal coordinates Q,. Let 
xn (g) be the value assumed by the nuclear Cartesian 
coordinate x,; when X= X,. Then, from Eq. (2-4) 


oA 
V 


e(| h,i)[xn.’(g) —R) 


l 


— 
h 


S(i¢og=> >& 
-,6N. (2-8) 
In the present study the hole-lattice correlation is to 
be determined by variational means. Consequently, a 
more general configuration, to be denoted as T'X,, will 
be introduced, in individual Cartesian 
displacements of the ions that make up the configuration 
X, are all taken proportional to a single parameter I. 
Equation (2-8) shows that the normal amplitudes 
S(¢,g) must also be multiplied by I. The nuclear 
functions x, are to differ from the harmonic oscillator 
function xo defined by Eq. (2-5) only in that they 
describe oscillations about the displaced configurations 
I'X,, rather than about Xo. One has the definition 


6N /2Mas\? 
x(X)= II ( | ) 
o=l h 


Xexp{ — (Mr/h)ws[0,—T'S(¢,g) P}. 


which the 


(2-9) 


It is to be noted that the functions x, for all ions g in 
the crystal depend on the same variable I’, which is to 
be a variational parameter of the over-all calculation. 
An important property of the crystal function W is that 
W—WVH(X)xo(X) as T- (2-10) 

Remaining to be treated is the definition of the hole 
orbitals w,’. It was found more convenient to work 
directly with the nonorthogonal ionic orbitals, rather 
than first combining the ionic orbitals into Bloch 
functions. In consequence of Eq. (2-6) the definition 
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of w,’ in terms of free-ion orbitals is 


1 


wy (1, 2, ---, 2M@—1, X) ' . 
[(2M—1)!|A] J}. 
2M 
XDD (-1)*AecArow(T|2M). (2-11) 
G I=! 


w(I|2M) is obtained from the Determinant (2-2) by 
removing the normalizing constant in front of the 
determinant and deleting the 7th row and 2Mth 
column. Arg the overlap element w;(r1—x;) 
Xwe(ti—x,)dr:. Since the integration is to imply a 
summation over spins as well, Ayg vanishes unless J 
and G correspond to the same spin. |A| is again the 
determinant of the overlap matrix. }>¢+smeans a 
summation over the eight orbitals belonging to the ion 
g. The variational problem eventually reduces:to secular 
equations with 2M eigenfunctions a, there being for a 
given spin and a given vector k eight independent 
solutions. For a particular @ the wave function is 
determined by the eigenvector Aag. There is a separate 
complex coefficient Aag for each of the eight orbitals 
of a given spin in a crystal cell. 

If J and G correspond to orbitals on separate ions, 
Arg is small compared to unity.’ Thus, to first order 
w,’ is, as one might expect, a linear combination of 
determinantal functions w(G’|2M), where G” is one of 
the orbitals on the ion g. Equations (2-7), (2-9), and 
(2-11) define the desired trial function. 


is 


(b) The Integration 


The expectation value of the energy is to be found by 
integrating over the spin and space coordinates of the 
(2M—1) valence electrons as well as over the coor- 
dinates of the 2N ion cores. The integration over 
electronic coordinates requires the calculation of 
matrix elements between determinantal functions of 
nonorthogonal orbitals. Lowdin has given a number of 
relationships for carrying through such calculations.'® 
Since the reductions are straightforward, the final 
results will be given directly. 

First one needs an expression for U (X), the potential 
energy of the hole-free crystal defined by Eq. (2-3). 
Integration over electronic coordinates only yields 


9 


‘ ) 
2riel IKIL 


X (Ayr Ark '—AsxAzr"), 


3 


IKJL 


U(X) =C(X)+ } (A) Agr + 
IJ 


(2-12) 


Sw (1)wz(1)dr1, and 


é © wy (1)w,(2)wsz(1)wz(2) 
( ) =¢ [{ ———————drjdr>. 
Tie! IKJL « Ti2 


A,“ is an element in the inverse overlap matrix A, a 


where (H));7= 


16 P.O. Léwdin, Phys. Rev. 97, 1474 (1955). 
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matrix defined by the relation 
Aa'=1, 


(2-13) 


where A is the overlap matrix and 1 the unity matrix. 
The Hamiltonian for the crystal, H, is given by 


»M—1 1 2@—1 2M-1 e? 
H=Ty+C(X)+ DH A4+-=xr (2-14) 
I 2 mS 9 Pag 


Here 7'y is again the nuclear kinetic energy operator, 
C(X) the Coulomb energy the 
ion cores, H; a single-electron Hamiltonian consisting 
of a kinetic energy and a Coulomb interaction with the 
ion cores, and 3) ) 5,7" > 522%" (é/r;;) the 
Coulomb interaction between the valence electrons. 

The nuclear kinetic energy is conveniently split into 
two terms: 


f foreman, +++, droy—1dX 
=f frre sma, 2, - 


XT yx,(X)+ 


interaction between 


is 


-, 2M—1, X) 
Ty)p; (2-15) 


this defines a new term (7'y)p. 
is also helpful to define a quantity egy as follows: 
It lso helpful to det juantity foll 


ecu=(Mi)ent+ D Agr 
‘2 


e es 
“ ( ) -¢ ) (2-16) 
T1202" GIHJ Tio IGHJ 


With the help of Eqs. (2-12), (2-14), and (2-15) one 
obtains the final result: 
B(va)= f [ waar, -++) droy—1dX =(Twn)p 


vile -(R, . wi * 
+E eB DOD AncAan* {xx 
gh G H . 


X{AealL U(X) +Ty |- €cu}Xx,dX, (2-17) 
where E(I',q) is the total energy of the crystal. Equation 
(2-17) can be viewed as an extension of Koopman’s 
theorem," the terms }\¢ doy AagAan*€cu being 
analogs of the Fourier coefficients of the Hartree-Fock 
energy parameter. 

The integration over nuclear coordinates indicated 
in Eq. (2-17) may be carried out by expressing the 
integrand in terms of the normal mode amplitudes Q,. 
In view of (2-5) and (2-9) it is only necessary to expand 
€cu in a Taylor series about Xo in the normal coor- 
dinates. The expansion is again terminated at the 
quadratic terms. Agq may be taken independent of 


) 
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X. The result is: 


E(l,a)=U(Xo) +E Phos t(Tv)s 
QD 


+Soeik (Ro ROY, > g) > & h) AacgAen* 
gh G H 


x| sou - lS (,¢)S (6,4) — ion (2-18) 
where égu=[een('X,)+eon(UX,) ]/2 and 
¥ oh - f xonaX 
exp{ —(M/4h)>. wI°LS(¢,g)—S(o,h) P}. (2-19) 
° 


egu(I'X,) is the value which egy(X) assumes in the 
crystal configuration ['X,. The normalizing condition 
becomes 


fwewarax= Re- ROY, 


gh 
xo =. h) AagAan*AGu =]. (2-20) 
G H 
Of the terms appearing on the right of (2-18), 


U'(Xo) will be recognized as the cohesive energy of the 
hole-free undeformed crystal, essentially as calculated 
by Howland, and >°, (#/2)w, as the zero-point vibra- 
tional energy of the lattice. A negligible correction to 
the zero-point vibrational energy stemming from the 
Taylor expansion of egu(X) has been omitted.'® Such a 
term arises because the normal modes were selected so 
as to diagonalize only U(X). 

The term (Ty)» arises from the dependence of the 
electronic parts of the wave function on nuclear 
coordinates. A similar small contribution to the 
nuclear kinetic energy 7’, would be encountered if 
the crystal were described by the simpler adiabatic 
function Vz(X)x0(X)." It is possible to show that the 
difference ((7'v)s—T’) is negligible.'® In other words, 
(T x)p is an additive constant in the energy expectation, 
virtually independent of k and of I’, which a wave 
function derived from the adiabatic approximation is 
bound to introduce. 


(c) Evaluation of Terms 


A large portion of egy, defined in (2-16), is the 
Coulomb | interaction of the charge distribution 
— |e|we(1)wy(1)d7, with all the crystal ions considered 
as single positive and negative point charges. Let 


Ven(X) be the portion of this interaction which is 





16 For more details see Technical Report 146, Laboratory for 
Insulation Research, Massachusetts Institute of Technology 
(unpublished). The writer’s thesis filed with the Library at M.1.T. 
contains a complete account of the work. 
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sensitive to the crystal deformation (X¥—Xo). If a 
displaced crystal ion is thought of as an electric dipole 
superimposed on the undisplaced ion, then V gy(X) can 
be envisaged as an interaction of the charge distribution 
with the electric field of those crystal dipoles that are 
implied by the configuration X. It is convenient to 
split Vow off from egy, leaving a remainder hey. One 
has: 


ecu (X)= V gn (X)+hen(X). (2-21) 


Equation (2-21) is helpful because Vgy contains the 
greater part of the XY dependence of egy. It will be 
noticed that hey still contains the Madelung energy.” 

‘he easiest terms in the fourth term on the right-hand 
side of Eq. (2-18) to understand intuitively are those 
for which g and h correspond to the same ion. From 
(2-19) one sees that if g=h, Y,, is unity. As a con- 
sequence of the symmetry of the free ion orbitals and 
of the fact that the configurations will be chosen 
spherically symmetric, the matrix elements Aga (TX,), 
V cu, Aen vanish for g=h, unless also G=H. Further- 
more, the symmetry of the ionic orbitals leads to the 
result that Vge(C.X,), to be abbreviated as V(T'X,), is 
just equal to the interaction of a negative point charge 
e located at R, with the crystal polarization. That is, 


1 1 
V(rX,) Ee(-)4 - en | (2-22) 
j R,—x,;/(g)| | R,—R; 


where «;'(g) is the location of the ion 7 when X¥=LX,, 
the even indices 7 belong to the negative ions, and the 
prime indicates that the term j=g has been omitted 
from the summation. Since it turns out that the matrix 
elements gg are essentially independent of (X¥—X¢o) 
for all G, one sees that the energy difference [3M >-, I? 
Xw,?S?(¢,g) -—V (C'X,) ] virtually contains the X de- 
pendence of the diagonal terms. This observation 
leads one to define the displaced equilibrium configura- 
tion associated with the ion g for T equal to unity, 
(Y=X,), as that configuration for which 


[AM Dy w25*(¢,g)—V(X,)] 


assumes its minimum value. 
The Expansion (2-3) for U(X) shows 


[3M dog w7S?(¢,g) ] 


to be the stored elastic energy [U (X,)—U (Xo) ]. The 
minus sign that accompanies V (X,) occurs because one 
is dealing with a hole as opposed to an electron. Thus, 
the exact definition of X, is compatible with the 
previous less formal statement that X, is the configura- 
tion assumed by the crystal under the action of a 
positive point charge |e| fixed at R,. It will be seen that 
in essence one first solves the problem of a self-trapped 
charge as posed in classical physics. This solution 
corresponds to a value of unity for T; T is then adjusted 


17 C, Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, New York, 1956), 2nd ed. 
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so as to compensate for whatever additional effects 
are introduced by the quantum-mechanical formulation. 

To determine the configuration X, one must know 
how to evaluate U(X) for arbitrary configurations X. 
Because direct substitution into the analytic Eq. 
(2-12) is very involved, one constructs a mode of the 
hole-free crystal that has an internal energy which 
coincides sufficiently well with U(X) for all X. It 
turns out that the final conclusions of the calculation 
of the band-structure remain unaffected by changes of 
the order of 25% in the quantities to be calculated on 
the basis of the crystal model, so that some latitude 
is permitted in its construction. 

If (X) is a good description of the hole-free crystal, 
then it appears that U(X), the associated energy 
expectation, will be rendered sufficiently faithfully by 
a model such as was postulated in the rather successful 
classical treatments of the alkali halides.’ In the 
model to be used here the ions are replaced by point 
charges with consequent long-range Coulomb interac- 
tions. In addition, each ion is considered to be under 
the action of the central, independent (two-body) forces 
of its six nearest neighbors. Repulsive forces of more 
distant ions are omitted. If the crystal is assumed 
elastic, then a knowledge of the compressibility and 
lattice constant is sufficient to determine the repulsive 
forces.'? Such a model has, for example, been used by 
Kellermann'® to study the vibrational spectrum of 
sodium chloride. It will be noticed that, in harmony 
with the crystal function ®(X), the model takes no 
account of the electronic polarizability. Use of the model 
can be justified further by showing that it leads to 
results that agree asymptotically with the analytic 
Eq. (2-21), providing that theoretical values are used 
for the lattice constant and compressibility.'® That is, 
for a given crystal configuration the model yields 
approximately the same result as (2-18) for the elastic 
energy stored in that part of the crystal, not in the 
immediate vicinity of the deforming charge, where a 
slowly varying polar deformation can be assumed. 

In view of Eq. (2-22) for V(T'X,), the configurations 
X, are just the equilibrium configurations of the 
model under the action of a virtual charge |e|. Two 
distinct configurations are needed, corresponding to 
the location of the charge at positive and negative ions, 
respectively. One begins by assuming that ions outside 
of the central four shells have radial displacements 
satisfying the appropriate asymptotic inverse-square 
Jaw.’® Individual equilibrium conditions in the form of 
four simultaneous equations are then set up for the 
displacements of the inner shells. The electrostatic 
forces on the inner ions are obtained from a calculation 
by Mott and Littleton,” who found for an alkali 
halide crystal, likewise polarized by a point charge, the 


18 E,. W. Kellermann, Phil. Trans. Roy. Soc. (London) A238, 
513 (1940). 

19 N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
(1938). 
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dipole forces exerted on any one ion in the first four 
shells by the first twenty-three shells of the crystal. 
The largest of the displacements obtained in this way 
amount to about 20% of the equilibrium interionic 
distance. 

Once the equilibrium configurations are determined, 
the potentials V(['X,), the matrix elements Vg, and 
the stored energy 3M >°, w,?S?(¢,g) are easily approxi- 
mated. In accordance with the treatment of Howland,® 
the only two center matrix elements that are retained 
are those between all nearest neighbors, and those 
between next nearest halogen ions, Consequently, only 
two energies 3M >°4 w,?S(¢,g)S(¢,h), where g and h 
correspond to different ions, are required. They are 
are found by first determining energies 


4M >- 4 w.7[.5(¢,2) —S(¢,A) P, 


which, since the transformation from normal to 
Cartesian coordinates is linear, are just the energies 
stored in the crystal when XY=X,—X,, and then 
substituting the known values of the diagonal terms, 
i.e., of 4M >-4 we2S?(o,K*), etc. 

The two required overlap integrals Y,,, defined in 
(2-19), are replaced by approximate overlap integrals, 

M 

Yo.’ =exp— {I 7 > w,? 


— 


yA ro 


XLS(¢,g) —S(o,h) ?/homax (2-23) 


Here wmax is the largest vibrational frequency of the 
crystal, estimated by Iona” to be 4.7310" sec~!. 
The validity of these replacements will be explained 
when the results are discussed. Their point is that the 
Y,,. can be determined without carrying through 
explicit normal mode analysis of the configurations X,, 
since the numerator in the exponent of (2-23) is one of 
the energies stored in the configurations (Y,—YX,). 
Results for the various quantities calculated with the 
help of the crystal model are listed in Table I. The 
matrix elements gy,” detined by (2-21), are deduced 
from Howland’s calculation.® Scrutiny of his results 
shows that if H and G correspond to different ions, 
about 95% of each matrix element /tgz(Xo) stems from 
contributions involving only orbitals centered on the 
ions g and hk. hgy(X) is, accordingly, taken to depend 
only on the displacement of the ion g relative to h. 
In this way Agw(TX,) can be found as a function of T 
from Howland’s analytic expressions for the variation 
of the elements Agy with the lattice constant. It turns 
out to be a good approximation to take the diagonal 
elements Aeq for all G independent of X. Thus all 
the terms on the right of Eq. (2-18) can be found 
without undue difficulty. 


2M. Iona, Phys. Rev. 60, 822 (1941). 
*1 The elements Agu (Xo) are identical with elements designated 
by Howland as H(mR|n). 
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TABLE I. Quantities calculated using the crystal model 


Vl 
LY —wg?l"2S?(¢,Cl-) 2.831 ev 
o: 2 

M 
L —w,212S?(6,K*) 5.361? ev 
¢ 9 

M 
D —w2T*S (6,K*)S (6,Cl-) 2.00? ev 
2 

M 
LD —w2I?(o,Cl-) 2S (6,Cl-)» 1.401? ev 
° ? 


(d) The Secular Equations and Their Solutions 


It is necessary to consider the determination of 
eigenvectors Aagg that make the contribution to the 
crystal energy given by the fourth term of (2-18) a 
minimum. The nondiagonal terms in (2-18) depend only 
on the relative positions of the ions in the lattice, so 
that the identicated summation over all ions g and 
h can be readily carried out.® It will be recalled that 
only matrix elements between nearest neighbors and 
between next-nearest Cl- neighbors are to be retained. 
Since there is no mixing between ionic orbitals of 
opposite spin, one is left with a quadratic form in eight 
coefficients Agq, there being one coefficient for each 
orbital of a given spin in the crystal cell. Minimization 
with respect to these coefficients, subject to the normal- 
izing Eq. (2-20), gives rise to a secular equation. The 
resulting eigenvalues, /:’(I',a), of which there are eight 
for fixed values of k and I are the desired energies. 

Secular equations were set up and solved at represen- 
tative points within the central Brillouin zone. For 
ready comparison these points were chosen to coincide 
with the first twenty-two points indicated in Howland’s 
calculation. The energy eigenvalues were obtained as 
functions of I by setting up at each of the points in 
the Brillouin zone secular equations for a series of 
sixteen values of I chosen to span the range '=0 to 
r=1.1. An electronic computer was used to solve the 
resulting 352 secular equations. At ['=0 the results 
coincided with the eigenvalues determined by Howland. 

The results of the calculation can best be understood 
by defining energies Fce(T,a) and he(T,a) by the 
relations: 


M 
EL | Aaal'| = Z wsT*S*(68)— VEX) ] 


2M 
=E¢(l,a) > 





Aae|?, (2-24A) 
G=1 
2M 

+2 } # ad | Aag|*hag(TX,) = hry (Tx) > | Aag 2. (2-24B) 
g G G=1 


When the energies Ee and se are subtracted out from 
the second line of the energy Eq. (2-18), one is left, 


Ver ('Xer) 5.831" ev 


V xt (TX x* 7.591 +1.23T? ev 


Yorxt’ exp (—67T?) 


Yorc”’ exp (—46I”) 


in view of the normalizing Relation (2-20), with only 
off-diagonal terms, g#h, which are very sensitive to [ 
by virtue of the factors Y,,. It is these remnant terms 
that are responsible for the band structure. ie, which it 
will be recalled contains the Madelung energy, is 
relatively insensitive to I’. In view of its definition, Ec 
can be thought of as the “classical energy” involved in 
the hole-crystal interaction. 

Ec, which roughly equals (3r—6I) ev (see Table I), 
reaches its minimum value in the vicinity of T=1, 
as expected. However, for some values of k, the band- 
structure terms lower the total energy. Their sum, 
though, decays rapidly as I is zero in 
There is, thus, 
a conflict between two mechanisms for lowering the 
energy: a polarization of the crystal about the hole, and 
a spreading of the hole charge in the crystal. The 
resulting variation of the total energy for the highest- 
lying 3p Cl eigenvalue at the point k,=k,=k,=/2a 
is illustrated in Fig. 1. This curve is typical for 3p Cl- 
eigenvalues that lie near the top of the band. Lower- 
lying 3p Cl eigenvalues and the eigenvalues making up 
all the other bands decrease monotonically as [ is 


raised from 


conjunction with the behavior of Ya. 


raised from zero to unity. All the energy minima thus 
occur in the vicinity of unity. 

The dependence on I’ of the over-all bandwidths, 
except that of the K* 3s band, is illustrated in Fig. 2, 
where the maximum and minimum energies of each band 
at the specified value of I are plotted. At [=1 the 
overlaps V4, are, respectively, less than e~*® and e-*, 
The off-diagonal terms, therefore, essentially vanish, 
the secular determinants factor, and the energy bands 
are flat, as can be seen from Fig. 2. It is now evident 
that the replacement of the true overlaps Y,, by their 
upper limits Y,,’ was permissible. The studies of Sewell* 
and Holstein® suggest that the overlaps Y,, decrease as 
the temperature is raised, so that similar results can be 
expected even at elevated temperatures. 

In general, for a given value of I the effective mass 
will be a very involved function of k. Nevertheless, 
since the k-dependent portion of the energy is propor- 
tional to the overlaps V,,, the effective mass, h?/ 
(d’°k:/dk,’), say, will be roughly proportional to Y,,~", 
so that it will have a I dependence of the form exp(nI”), 
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Fic. 1. 1 dependence of highest 3pCI- eigenvalue 
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where »~60. The physical meaning of the narrow 
bands will be touched on again later. 


3. ELECTRONIC AND IONIC POLARIZATION 


The hole-crystal interaction described in the previous 
section must be regarded as suggestive rather than 
conclusive, since no account is taken of the electronic 
polarizability. Modifications introduced by the elec- 
tronic polarizability will now be explored by retracing 
the earlier calculation with a refined trial wave function 
that allows for both polarizabilities. Since the calcula- 
tion involves polarized ionic orbitals, it is not feasible 
to match the accuracy of the previous section. Only a 
rough treatment drawing on the experimental dielectric 
constants and the known behavior of the free-ion 
orbitals will be undertaken. As the work is in parallel 
with the first calculation, it will be presented in less 
detail.'® 

The modified trial function for the crystal with a 
hole continues to satisfy Eq. (2-7). However, the hole 
orbitals w,’ are now built from polarized ionic orbitals 
wy(r,X), in essentially the same way as they were 
previously built from free-ion orbitals w;(r—x,). 
wy(r,X )g, [=1, 2, «++, 2M, is defined as the free-ion 
eigenfunction w;(r—x;,;) modified to take into account a 
perturbation of its free-ion Hartree-Fock potential by 
the electric field of a positive point charge |e| located 
at the ion g, ie., at R,. The orbitals w;(r,X), are 
understood to depend on the crystal configuration X, in 
that the perturbing field is as given by classical electro- 
statics when due account is taken of the crystal polariza- 
tion set up by the deformation (X¥—Xo) of the polar 
crystal. This definition is sufficientiy complete for the 
present treatment of the problem. The result is that, 
instead of dealing with a single family of free-ion 
orbitals w;(r—x;), one must work with an entire set 
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of families of polarized orbitals, there being a separate 
2M-fold family of polarized orbitals w;(r,X), for every 
ion g in the crystal. With the new crystal function one 
finds that if the hole is localized at a particular ion, 
each of the surrounding ions will not only shift its 
equilibrium position but will acquire an appropriate 
electronic dipole moment as well. 

The integration over electronic and nuclear coor- 
dinates that yields the expectation value of the Hamil- 
tonian proceeds in much the same way as in the previous 
section. The result is an expression for the energy which 
is indeed similar to Eq. (2-18), but which does differ 
from the earlier expression in a number of interesting 
respects. 

As a result of the interaction of different families of 
polarized orbitals, the matrix elements egy and Agy 
are replaced when (and only when) G and H correspond 
to different ions by relatively complicated combinations 
of elements €g 7" and Ag’, respectively, G’, H’=1, 2, 
-++, 2M. The combination coefficients depend on 
increments in overlap elements between ionic orbitals 
arising from polarization of the orbitals, for example on 


feo rX,)sou(PX,)adr, 
~ 
- f wos (r 0 X,)acou(r Xpedrs 


To calculate these increments one replaces the polarized 
ionic orbitals by unpolarized free-ion orbitals shifted 
without deformation through appropriate displace- 
ments. The displacements of the orbitals w;(r), on an 
ion 7 are those which, if undergone by all the valence 
electrons on the ion, would give rise to an electronic 
dipole moment prescribed by experiment for the ion i 
when under the action of a charge |e| at R,. Data given 
by Howland on the variation of electronic matrix 
elements with lattice constant then allow one to find 
the increments. In this way it is possible to estimate 
upper limits on the modifications of the elements egy 
and Agy arising from the electronic polarization. One 
finds that in themselves these modifications are capable 
of at most doubling the 3p Cl- bandwidth as obtained 
when all polarization effects are omitted, and are 
capable of broadening the other bandwidths by at 
most half their original widths. 

Of greater significance is that in the energy Expression 
(2-18) the nuclear overlap integrals Y,, are everywhere 
multiplied by many-electron overlap integrals Z,,, 
between functions describing the hole-free crystal 
polarized by virtual charges at different locations. 
That is, if &, and #, are determinantal wave functions 
of order 2M constructed from polarized orbitals w;(r), 
and w;(r),, respectively, in the same manner as ® was 
constructed from the free-ion orbitals w;(r), then Z,, 
is defined as §©,%,d7}, +, droy. The factors Za, 
which are taken to be independent of X, are estimated 
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by again representing the polarized orbitals as free-ion 
orbitals appropriately shifted relative to their ionic 
cores. It is then necessary to transform the ionic orbitals 
into sets of localized orthogonal orbitals of the type 
suggested by Landshoff.* In the end one finds that 
Z,»~0.1 when g and # are nearest neighbors, and Z 
~ 0.06 when g and # are next-nearest Cl~ neighbors. 

The behavior of the energy bands when only the 
electronic polarizability is active, i.e., when '=0, is 
of special interest. For this case an indication of the 
bandwidths can be obtained from the experimental 
emission spectra that accompany electronic transitions 
from the 3p bands to the 1s state.* The experimental 
bands are found to be much narrower than those 
predicted by Howland’s calculation, where the elec- 
tronic polarizability is not considered.® Since the factors 
Zn have the effect of drastically reducing bandwidths, 
they may be expected to shed some light on the dis- 
crepancy between theory and experiment. This matter 
is still undergoing study. 

One would again like to know the behavior of the 
total energy as [ is raised from zero to unity. The 
shielding action of the electronic polarization scales 
down the ionic displacements characteristic of the 
configurations X,. This has the effect of raising the 
nuclear overlap integrals Y,,. By drawing on the 
dielectric constants one can estimate that Vei-ci~’ is 
increased from exp(—46I*) to exp(—12I’), and 
Yoi-x*’ is increased from exp(—67I?) to exp(—18T*). 
The numerical values of the exponents for the true 
nuclear overlaps, Yg,, will again be appreciably larger. 

The last important modification introduced by the 
electronic polarizability concerns the new classical 
energy Ec’, which can again be separated out. The 
approximate behavior of Ec’ can be inferred by identify- 
ing it with the classical electrostatic volume integral 
—4i fP-Ddv, where P is the polarization and D the 
displacement induced by a point charge |e| in the 
crystal, considered as a continuum. This allows one to 
estimate the values assumed by Ec’ at I equal to zero 
and unity, respectively, in terms of Ec(['=1), the 
classical energy calculated in the previous section to be 
roughly 3 ev, as follows: 


gh 


E,'(t=0 


(1—e")(1—ey") "Ec (T=1) 

=-—2.lev, (3-1) 
Fo (T= 1) 

= —3.1 ev. 


Eo’ (T=1)—(1—es N(l—ey 


(3-2) 


Here ¢ and es are the experimental optical and static 
dielectric constants of a KCl crystal. ey, (=4.16), is 
the effective dielectric constant for the crystal model of 
Sec. 2. 

It will be seen that as I is raised from zero to unity, 
E¢' decreases by an increment of only 1 ev as compared 
to the corresponding decrease of 3 ev in Ee observed in 
the earlier treatment. Nevertheless, estimates indicate 
that, because the band-dependent terms are so greatly 
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Fic. 2. Destruction of energy bands by ionic polarization. 


reduced by the overlaps Z,,, the total energy minima 
will again coincide with the minima of the classical 
energy everywhere in the Brillouin zone; i.e., the 
minima will lie in the vicinity of ['=1, where the V4, 
are so small as to lead to essentially flat bands, or 
very large effective masses. 


4. EXPERIMENTAL MODEL FOR TRAPPED HOLE 


Castner and Kanzig, in their study of a number of 
the alkali halides including KCl, obtained electron-spin 
resonance data which they were able to associate with 
self-trapped holes.’ The experiments of Delbecgq, 
Smaller, and Yuster” further confirm that the trapped 
holes are not associated with either ion vacancies or 
impurities. The last two sections help to understand 
how valence-band holes in the alkali-halides come to be 
“self-trapped.” A hole localized at a particular ion can 
be described by a wave packet of crystal functions W (k) 
corresponding to all the vectors k in the first Brillouin 
zone. Since the valence bands are so narrow, the 
difference in the energies associated with a localized 
hole and a Bloch state W(k), respectively, will be 
minute (~10-" ev). Consequently, any small non- 
periodic electric fields in the crystal, such as those 
associated with even distant crystal imperfections, will 


2 C.J. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 111, 
1235 (1958). 
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cause the holes to become localized at optimum lattice 
sites. 

A second point is that Castner and Kanzig’s data 
show the hole to be localized on two adjacent halogen 
ions rather than on a single ion, as has been assumed. 
An attempt has been made to evaluate, within the 
framework of the previous calculation, the energy 
associated with this mode of trapping. Since the hole 
is to be localized on two adjacent ions, a transformation 
is carried out which converts the determinant of free-ion 
orbitals (2-2) into an equivalent determinant in which 
the ionic orbitals on halogen ions are replaced by 
molecular orbitals. The hole orbitals, w,’, are con- 
structed in the same way as before from determinantal 
functions which, however, are missing one molecular 
rather than one atomic orbital. In addition, with a 
vacant molecular orbital one associates a displaced 
crystal configuration that is allowed to depart from 
spherical symmetry. The previous restriction of crystal 
deformations to spherical symmetry led to a threefold 
degeneracy among the states corresponding to a vacant 
2p orbital localized on a given ion. Since according to a 
theorem proved by Jahn and Teller® the ground state 
of a molecular system does not have an orbital electronic 
degeneracy, the earlier crystal functions suffered from 
a lack of generality, a lack which is now removed in part. 

It has already been established that the lowest energy 
state of a KCl crystal with a hole is one in which the 
crystal polarizations induced by the hole assume their 
full classical value. Consequently, the assumption is 
here made from the beginning that in the crystal 
function the parameter I’, which was a measure of the 
ionic polarization, can be set equal to unity. Since this 
has the result that terms in the wave function corre- 
sponding to separate trapping configurations have 
negligible interactions, it becomes permissible to 
construct a function in which the hole is confined to a 
particular region of the crystal. 

Accordingly, the crystal wave function is written: 


2M 


W=(2M—1)!|A|—x, © (—1)'Arew(1|2M). (4-1) 
[=] 


The meaning of the symbols is the same as in Sec. 2. 
However, the component orbitals are now polarized 
molecular orbitals rather than free-ion orbitals. The 
“vacant” orbital wg is taken to be the odd molecular 
orbital wiz-+wez, where wiz and wWez are polarized 
ionic orbitals centered, respectively, on the two trapping 
centers, ions (1) and (2), and directed along the line 
joining the centers. In accordance with the earlier 
treatment, the single displaced equilibrium configura- 
tion X,, associated with the orbital we, is taken to be 
the configuration assumed by the crystal under the 
action of two-point virtual charges |e|/2, located, 


%H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 
220 (1937). 
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respectively, on the ions (1) and (2). The component 
molecular orbitals are similarly assumed to be polarized 
by these virtual charges. 

While the first three terms of the Expression for the 
energy, (2-18), remain unchanged, the fourth term 
now becomes more simply: 

E’=U(X,)—U(X0)—V(X,)—hkoe. (4-2) 
The meaning of the symbols again corresponds to 
that of Sec. 2. 


The stored energy [U(X,)—U (Xo) ] and V(X,) are 


first found by the methods of Sec. 2; the electronic 
polarization is then allowed for by corrections of the 
same sort as those shown in Eqs. (3-1) and (3-2). One 
finds for the “classical energy,” Ec¢’’, that 


Ec" =U(X,)—U(X0)—V(X,)=—2.0 ev. (43) 
This result is to be compared with a corresponding 
value of —3.1 ev for a one-center Cl- trap. The differ- 
ence between these results can be understood by again 
identifying Ec” with —}/P-Ddv, where P and D are 
fields induced in the crystal imagined as a continuum. 
This integral will be numerically smaller when the fields 
are induced by two charges |e|/2 spread apart some- 
what (it will be just half when they are infinitely far 
apart) than when the fields are induced by a single 
point charge |e|. To find the hole interaction hee 
one again approximates polarized orbitals by free-ion 
orbitals appropriately shifted without deformation. The 
odd molecular orbitals turn out to be somewhat more 
stable than a 3p Cl free-ion oribtal (#¢q@ is numerically 
smaller), leading to an energy for the two-center trap 
0.7 ev higher than that associated with a single-center 
trap. 

It is thought that this contradiction between theory 
and experiment may well originate with the arbitrariness 
of the trial function. The experiments furnish an 
indication of the electronic configuration of the hole. 
If, in accordance with Castner and Kinzig, one assumes 
that the orbital corresponding in essence to the unpaired 
electron is a 3p odd molecular orbital mixed with a 4s 
orbital, the magnitude of the 4s admixture can be 
inferred from the resonance frequencies. This admixture 
is found to be many times greater than that assumed 
in the present trial function, where, as in Sec. 3, the 
free-ion orbitals are being polarized by the virtual 
charges to an extent compatible with the experimental 
electronic polarizabilities. 

The trial functions were chosen on the basis of the 
expected behavior of a hole-free crystal under the 
action of virtual charges that simulate the charge 
distribution of the hole. It was this arbitrariness in the 
function that allowed one to evaluate the energy of the 
crystal in a relatively simple way. For the present 
aspect of the problem, however, the strength of the 
quasi-molecular bond between two trapping centers, 
measured by the element Age, assumes considerable 
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importance, as has been suggested by Castner and 
Kinzig, and ought to influence the construction of the 
trial function, especially the nature of all the polarized 
orbitals in the vicinity of the hole. The proper way of 
dealing with the problem is presumably to set up a 
quite general wave function in which both the positions 
of the ions that determine the displaced equilibrium 
configuration and the linear combinations of ground 
and excited free-ion functions that determine the 
polarized orbitals are left free to be determined by an 
over-all variational calculation, instead of being 
specified from the beginning. Such a procedure would 
be very much more difficult since it would no longer be 
possible to isolate terms characteristic of a hole-free 
crystal, whose behavior can be calculated from the 
experimental properties of the macroscopic crystal. 
Furthermore, neither the excited orbitals for the Kt 
and Cl- ions nor multicenter matrix elements involving 
these orbitals are available. It will be seen that such a 
calculation lies outside the scope of the present work. 
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In conclusion, it has been possible to show that one 
can expect a valence-band hole in its ground state to be 
self-trapped; however, the details of the associated 
electronic and ion core configurations cannot be 
predicted without additional calculation. 
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Frequency-Dependent Hall Effect in Normal and Superconducting Metals*tf 
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The Hall current flow occurring in a normal and a superconducting metal when both a static magnetic 
field (Ho) and an electromagnetic wave are applied on the metal is calculated. The entire frequency range 
of the electromagnetic wave is discussed although the emphasis is on the microwave range. The nonlocal, 
transverse Hall current in a normal metal is calculated by solving the Boltzmann equation. It is shown 
that the microwave Kerr rotation in a circular cylindrical cavity provides a good test for the nonlocal Hall 
current in a normal metal. The relation between a longitudinal and a transverse Hall current in a super- 
conductor is briefly discussed. A detailed theory of the transverse Hall current in a superconductor based 
on the Bardeen-Cooper-Schrieffer model and including the effect of collective excitations is presented. The 
field Ho is assumed constant in space and a general result for the Hall current in Q space is derived. When 


the electric field is constant in space (Q 


> 0), it is shown that the Hall current is proportional to the micro- 


scopic analog of the fraction of normal electrons of a two-fluid model. 


I, INTRODUCTION 


HE Hall effect at audio frequencies is a well 
understood phenomenon in both metals and 
semiconductors. The experimental method used at these 
very low frequencies is a simple measurement of the 
Hall emf developed across the sample when a current 
flows in the sample and a static magnetic field is applied 
perpendicular to the current flow. The theory of this 
effect yields the simple and well-known result (we 
neglect any effect of band structure throughout), 

* This paper is based on a thesis submitted to the University 
of Illinois in partial fulfillment of the requirements for the Ph.D. 
degree. ' 

+ This work was supported by a Raytheon Corporation Fellow- 
ship and by the Office of Ordnance Research, U. S. Army. 

t Now at I.B.M. Research Center, Yorktown Heights, New 
York. 


juan= — Roo? EX Ho, 
where 
m, Ry=— (nec), 
and where Hp is the static magnetic field applied and n 
is the number of carriers per unit volume. We use the 
convention that Rp is positive for electrons and negative 
for holes. 

In general a Hall current or a Hall electric field will 
be produced by a microwave or an optical electric field 
with a static magnetic field perpendicular to the applied 
electric field. A simple measurement of a Hall emf is no 
longer feasible at these high frequencies. If a plane 
polarized electromagnetic wave is incident on a sample 
and if there is a static magnetic field present which is 
perpendicular to the incident electric field then both the 
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reflected and the transmitted waves will have their 
planes of polarization rotated from the incident polari- 
zation and will be elliptically polarized. When we discuss 
the reflected wave it is customary to call it a Kerr 
(magneto) rotation whereas the transmitted wave is 
referred to as a‘'Faraday rotation. Both the Kerr and 
the Faraday rotations yield information about Hall 
currents and have been experimentally measured in 
semiconductors, ferromagnetics and to a much smaller 
extent in normal metals. 

In both semiconductors and ferromagnetics a local 
relation between current and electromagnetic fields is 
valid. In this case one may define complex indices of 
refraction for a right-handed polarized wave propagat- 
ing through the sample (.V,) and for a left-handed cir- 
cularly polarized wave (V_). By a simple electromag- 
netic argument one may show that if the incident beam 
is plane polarized the reflected beam becomes elliptically 
polarized with the major axes rotated by the Kerr angle 
x and with ellipticity ex where, 


x= —Im(N,—N_)/(N?—1), (3) 
ex= — Re(N,—N_)/(N?—1). (4) 


The transmitted beam has a Faraday rotation 6p 


and an ellipticity er given by, 


O0p= (wd/2c) Re(N,—N-), 


for wd(N,—N_)/2cK1. (5) 


er= (wd/2c) Im(N—N_), 
for wd(Ni—N_)/2cK1. (6) 


Here d is the thickness of the sample. 

The complex indices of refraction V, and V_ may be 
expressed in terms of the conductivity and polariza- 
bility tensors of the solid.! The conductivity (@#) and 
polarizability (a) tensors are defined by 

10E dE 
J=——+a—+ cE. 
4r Ot ot 
Then if we let Ho be along the z axes, 


ao —a, O 0% —o; O 
@=]a,1 a Of], c=|o1 oa OT}, (8) 


0 0 ao 0 0 oo 
and one finds for V, and NV_ 
N42= (14+-4ra0 +420 0/iw) — 1 (42a +410 1/iw), 
N_2= (1+42ra0+ 410 0/iw) +7 (4201+ 410 1/iw). 
The conductivity and polarizability tensors are to be 
found from a microscopic model of the solid. 

The Faraday rotation in semiconductors at micro- 
wave frequencies has been observed in several experi- 
ments.2* The sample is inserted into a circular wave- 

1 See, for example, Petros N. Argyres, Phys. Rev. 97, 334 (1955). 


?R. R. Rau and M. E. Caspari, Phys. Rev. 100, 632 (1955). 
3H. Suhl and G. L. Pearson, Phys. Rev. 92, 858 (1953). 
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guide which has two degenerate 7E£,, modes. Ho is 
applied along the axis of the waveguide and perpen- 
dicularly to the surface of the semiconductor. Using a 
simple free electron model, Rau and Caspari deduced a 
value for the Hall mobility from the measured rotation 
which was in approximate agreement with other dec 
experiments on the Hall mobility. 

There has been a large amount of experimental work 
on the Faraday and Kerr effects in ferromagnetics, both 
in the microwave and optical frequency range.‘ In 
general these effects are several orders of magnitude 
larger than in normal metals; this is related to the large 
Hall effect in ferromagnetics. Experiments have shown 
that the Faraday, Kerr, and Hall effects are propor- 
tional to the net magnetization of the sample and not 
to the external magnetic field as is the case with the 
nonferromagnetic solids. Argyres has given a micro- 
scopic theory of the Faraday and Kerr effects in ferro- 
magnetics at optical frequencies.' 

The experimental data on normal metals in both the 
microwave and optical region are very meager up to 
the present time, mainly because the Faraday and Kerr 
rotations are several orders of magnitude smaller than 
in ferromagnetic metals. For example the Kerr rotation 
at optical frequencies is about a thousand times smaller 
in Ag than in magnetized iron.5 The Kerr rotation at 
optical frequencies in nonferromagnetic metals 
first observed by Majorana.® He was able to detect 
small rotations of the order of 0.01 minute per kilogauss 
by the use of a sensitive photoelectric detector. In the 
microwave region, the only published experiment at 
present is that of Cooke.* Cooke observed the Kerr 
rotation in a circular cylindrical cavity with two de- 
generate T£,,; modes. The metal sample formed the end 
plate of the cavity and there was a static magnetic 
field perpendicular to the sample surface and along the 
axes of the cavity. Cooke was able to observe a rotation 
in several metals including bismuth, iron, and nickel, 
but no quantitative data on the rotation was given. He 
also observed that the angle of rotation increased with 
Ho. In Sec. III, we shall give a detailed theory of the 
Kerr rotation in a circular cylindrical cavity such as the 
one used by Cooke. 

One can account for Majorana’s results at optical 
frequencies by the following simple theory. At optical 
frequencies for good conductors we have wr>>1. Use the 
result of Sec. II for the Hall current when wr>>1, 


was 


jHall Ry PF EH 5 (wr P. (10) 


Thus the conductivity and polarizability tensors are 


¢i= — Roo °H wt?, ai= VU. (11) 
Let 
V=n-—ik, (1 


‘See, for example, H. Konig Optik 3, 101 (1948); and C 


3 (1953). 


ys 
Hogan, Revs. Modern Phys. 25, 25: 

5Q. Majorana, Nuovo cimento 2, 1 (1944). 
6S. P. Cooke, Phys. Rev. 74, 701 (1948). 
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then from (3) we get 
dr 
ox =— Imo;/{ (n—ik)[ (n—ik)?—1 ]}. 


wW 


(13) 

We may get approximate values for 7 and k at optical 

frequencies by neglecting any polarization current’ 
J=o0k/ (A+iwr)+iwk/4r. (14) 

One then finds, 

(15) 


n?— k?=1—4aoy/u*r, 2nk=4105/w*’. 


Thus from (13) and (15) 


ooRoHo 1 


ox= (16) 


wr (41a0/w?r—1)! 


The theory of Eq. (16) has been compared to the data 
of Majorana in Table I. A positive rotation x means a 
rotation from the x to the y axes with the reflected beam 
traveling along the —z axis (wyz is a right-handed triad). 
We see that the simple theory is able to account for both 
the sign and the order of magnitude of the observed 
rotation and hence conclude that the Kerr rotation 
observed by Majorana at optical frequencies may be 
accounted for by a Hall current given by Eq. (11). A 
Kerr rotation at optical frequencies in normal metals 
has also been observed recently by Stern and Myers.* 

We define a “transverse” Hall current to be a current 
whose divergence is zero and hence there is no associated 
charge density. For example a transverse Hall current 
flows in the experiment of Cooke. If the divergence of 
the Hall current is nonzero we shall call it a longitudinal 
Hall current and it will have an associated charge 
density. An example is the experiment of Spiewak at 
microwave frequenc ies where Ho is parallel to the 
surface of the sample and the Hall current flows per- 
pendicularly to the surface of the sample and has a 
nonzero divergence.’ 

An attempt to observe the Hall effect in supercon- 
ductors at audio frequencies was made by Lewis." The 
sample was a superconducting prolate spheroid with an 
audio frequency magnetic field applied. The emf between 
the equator and the pole was measured. A null result 
was found and Lewis concluded that the Hall coefficient 
R defined by, 

Enau=—R(JXH)), (17) 
was less than one fifth of its value in the normal state. 
We shall show that the result of the microscopic theory 


7See, for example, N. F. Mott and H. Jones, Theory of the 
Properties of Metals and Alloys (Dover Publications Inc., New 
York, 1936). 

8 E. A. Stern and R. D. Myers, Bull. Am. Phys. Soc. 3, 416 
(1958); E. A. Stern, Bull. Am. Phys. Soc. 5, 150 (1960). 

*M. Spiewak, Phys. Rev. 113, 1479 (1959). 

0 H. W. Lewis, Phys. Rev. 92, 1149 (1953); and Phys. Rev. 100, 
641 (1955). 
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TaB_e I. Optical Kerr effect in normal metals; A~5000 A. 


(nec)! X 10% x 

v-cm/amp- (theory) 
oersted min/kilo- 

(calculated) gauss 


x 
(Majorana 
expt) min/ 

kilogauss 


+0.0085 
+0.0095 
+0.0031 
+0.013 

+0.0018 


RyX 10% 


(observed) 


Metal 


Ag 10.4 8.4 
Au 10.5 7.2 
Al a 3.9 
Pt ~2.0 
Bi 4.1 ~ 1000 


0.0040 
+-().0046 





of Sec. IV is in qualitative accord with the null result 
at audio frequencies observed by Lewis. 

No direct experiments have been reported as yet on 
the Hall current in superconductors in the microwave 
or the optical frequency range. However the Hall 
current does play a somewhat indirect role in the 
analysis of certain experiments on superconductors such 
as the magnetic field dependence of the surface im- 
pedance. For example in the experiment of Spiewak at 
microwave frequencies there is a longitudinal Hall 
electric field in the superconductor for that geometry 
where Ho is perpendicular to the microwave electric 
field.’ An analysis of the magnetic field dependence of 
the surface impedance for such an experiment includes 
effects due to a Hall current as well as magnetoresistance 
effects. Soth these effects give a contribution to the 
magnetic field dependence of the surface impedance 
which is quadratic in Ho for small Ho. A more direct 
measure of the Hall current in a superconductor would 
be a measurement of a Faraday or a Kerr rotation. A 
measurement of a microwave Kerr rotation in a circular 
cylindrical cavity with the sample forming the end 
plate of the cavity and Hp along the axis of the cavity 
(this is the geometry of Cooke,® as well as the geometry 
treated in Sec. II) cannot be considered for a bulk super- 
conductor since the magnetic field inside the bulk 
superconductor will not be perpendicular to the surface 
and the sample would go into the intermediate state 
were such a field applied. However, if the sample were 
a thin superconducting film or in general, any small 
superconducting sample, the magnetic field Ho could 
penetrate the sample and also be in the same direction 
as the axis of the cavity. We shall discuss the approxi- 
mate dimensions required for this purpose in Sec. IV. 

In Sec. II, we derive a relation for the nonlocal, 
transverse Hall current in the normal metal by solving 
the Boltzmann equation. In Sec. III, we give a detailed 
analysis of the microwave Kerr rotation in a circular 
cylindrical cavity with the normal metal forming the 
end plate of the cavity. The result for the Kerr rotation 
in the cavity shows that this experiment provides a 
good test for the validity of the nonlocal Hall current 
in normal metals. 

In Sec. IV, we give a qualitative discussion of the 
11 G. Dresselhaus and M. S. Dresselhaus, Phys. Rev. 118, 77 
(1960). 
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relation between a longitudinal and a transverse Hall 
current in a superconductor. We then give a detailed 
microscopic theory of the transverse Hall current in a 
superconductor based on the Bardeen-Cooper-Schrieffer 
model of the superconductor and including the effect 
of collective excitations by means of the generalized 
random phase approximation given by Anderson and 
by Rickayzen.”- The final result for the Hall current 
is expressed in Q space. For small Q this gives the simple 
result that the Hall current is proportional to the 
microscopic analog of the fraction of normal electrons 
of a two-fluid model. 

In Sec. IV, we also show that our result is in quali- 
tative accord with the null result of Lewis at audio 
frequencies. We also discuss the application of our 
result for arbitrary Q to small superconducting samples 
such as thin films. 


Il. HALL CURRENT IN NORMAL METAL FROM 
THE BOLTZMANN EQUATION 


In this section we treat the transverse case where the 
static magnetic field Ho is perpendicular to the semi- 
infinite metal. In general we shall find a nonlocal relation 
between the Hall current and the electric field; this is 
similar to the nonlocal relation between current and 
field in the theory of the anomalous skin effect. The 
discussion of a nonlocal Hall current has already been 
treated by several authors. A quantum theory of the 
nonlocal Hall current (transverse case) was first given 
by Mattis." His result was very similar to the equation 
to be derived in this section, but his derivation was 
somewhat incomplete due to neglect of certain terms 
in the Hamiltonian and the related problem of the 
choice of vector potential for Ho. In Sec. IV we present 
a quantum theory for the Hall current in both normal 
and superconducting metals which includes all the 
terms of the Hamiltonian. The result of Sec. IV for the 
normal metal is identical to the result to be obtained 
in this section by solving the Boltzmann equation. A 
frequency dependent Hall effect has also been discussed 
by Donovan." The Hall current has also been included 
in discussions of the magnetic field dependence of ultra- 
sonic attenuation in metals. For example, Kjeldaas and 
also Cohen, Harrison, and Harrison solved the Boltz- 
mann equation and for the case of the sound wave 
parallel to Ho they find a Hall conductivity,'®"” 
d6 sin*6 


———_——— : (1) 
[1—i(lq cos8—wr) F 


a(q)= IReoittle f 
0 


12 P. W. Anderson, Phys. Rev. 114, 1002 (1959). 

18 G. Rickayzen, Phys. Rev. 115, 795 (1959). 

4 D.C. Mattis, thesis, University of Illinois, 1957 (unpublished). 

165 B. Donovan, Proc. Phys. Soc. (London) A68, 1026 (1955). 

16 T. Kjeldaas, Jr., Phys. Rev. 113, 1473 (1959). 

17M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev. 
117, 937 (1960). 
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To derive (1) one needs te assume 


(2) 


We TS :. 


where w, is the cyclotron frequency eHy/mce. 

The result to be derived in this section is identical to 
(1) although the derivation is carried out in a simple 
manner in real space by means of a general method due 
to Chambers.'* Wtih the assumption that w.r<1, one 
finds for the Hall current in real space 


a Roo" R 
satin J dR 
te P Ri 


<R-[E(2’, t—R/v0) X Ho | exp(—R/)), 


Ju(r,t) = 


(3) 
where 


R=r-r’, 4) 


and v is the Fermi velocity. An experimental test for 
the nonlocal Hall current given by (1) or equivalently 
by (3) is proposed in Sec. III on the microwave Kerr 
rotation. 

Chambers has given a general solution to the Boltz- 
mann equation which is a convenient starting point for 
the derivation of this section.'* Heine has shown ex- 
plicitly that Chambers solution satisfies the Boltzmann 
equation.” 

The Chambers solution gives for the current 


2e” Ofo , 
J(r,t) =-—-— fer v— [ v(r’,i’) 
h' OF « 


. E “$3 bé 


The independent variables are r, /, p, and /’. The de- 
pendent variable r’ is the position along its trajectory 
that an electron which has final momentum p at (r,/) 
finds itself at time ¢’. Clearly the equation relating r’ 
to the independent variables is determined by the 
equation of motion of the electron in the electric and 
magnetic fields present. The value of c depends on the 
boundary condition at the surface of the metal. For 
specular reflection c= — * whereas for random scatter- 
ing c=— © except when the trajectory cuts the surface 
in which case c is the latest time prior to ¢ that the 
trajectory cuts the surface. The Fermi function is 
denoted by /o. 

Consider a constant magnetic field Ho perpendicular 
to the metal surface and an electric field /(r,/) parallel 
to the surface. We keep terms in the current linear in 
E and in the product EX Ho. The equation of motion 
of the electron gives 


v(r',’) = p/m-+ (e/c)vX Ho, (6) 
where 

v= p/m, (7) 
and p designates the momentum of the electron at (r,t). 


18 R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952). 
1 V. Heine, Phys. Rev. 107, 431 (1957). 
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Irom (5) and (6), 


_ ~ 2e? t Pp e€ 
-f pan, 6 a = f = + yx Ht) | 
h 39y2 c m mc 


-E(r’,t’)e—-*/*dt’, (8) 


J(r,t) = 


where 
p= pp. (9) 


The integration over p is carried out to give 


3ne*v9 : 
J(r,t) =——_ * f pas, f |é+ ~pxH('—")] 
4am mc 


-E(r’,t’e— dt’. (10) 


All momenta appearing implicitly in (10) through the 
coordinate r’ are to be evaluated at the Fermi surface. 
We now express the integration over momentum solid 
angle dA, in terms of the R solid angle dA. Since 


evo 

R=np(t—t’)+ (bXHp) (t-1')’, (11) 
2mc 

that 


we have to first order in Ho 


1 
: (12) 


RxHo} 


vli—t! 2me 


It is clear that (11) and hence (12) is valid only if the 


first term on the right-hand side of (11) is much larger 


than the second term. Since the important times in the 
integral are (—t/~7 then w,.rK1. Thus 
limitation on the validity of our derivation of the Hall 
current in the normal metal. 

From (11), neglecting terms of order H,’, 


R| = R=2(t—0’) 


—3a9 R é€ 
is. fu 2 tem) 
Anlv¢? i—t!/ 2mc 
0 R e 
xf ar(- + RxM, )-E(r) 
! t—t' 2me 


c 


Thus, 


J(r,t) 


A,p=dA+~wa,rdA, 


Jen=— |e ff inaR~ _—— Ee, t’) 
4nlo,?| 
evo 
= ff - —R-[E(r'’)XHoJe-®/'dRdA 
~ Dene 


Peni. 
“ff dRdA— Ee) 
— 


-(RXHp)e~* 


AND 


(2) is a basic 
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Define the z axis as along Ho. Denote x: 3 ae angles 

of R by (6,¢) and of v(t—t')p by (0,,¢,). Then from 
(11) 

ps (17) 


(18) 


¢g Pp—weR 209. 


The first term of (16) may be written in terms of 6, ¢ as 
R/2 


° pis—weR/2ve ' RR 
0° f d@ sind | dof dR——-E(r’,t’)e-®!". 
eo R ) R R 


3 Dey : (19) 
Make the change of variable in (19) 


/ 


¢’=¢t+wR 


(20) 


and use that 


R(8, g’- wr 20, R) 


R(6, g 'R I~ We R( ‘Hy R)/ 2v0H o. (21) 


Then the total current in (16) reduces to 


3o0 
ee 
Anl R3 
3Roo 0? 6 R 
L [f dAdR—R 
4nl? J Jy R 


-[E(r’, (—R/v) XHoJe-®!! 


J(r,t) ‘vo)e~®/'d3R 


where c’ is the value of R corresponding to c. 

The first term gives the well-known Chambers 
formula for the anomalous skin effect ; the second term 
gives the nonlocal transverse Hall current in a normal 
metal. 


III. MICROWAVE KERR ROTATION IN CIRCULAR 
CYLINDRICAL CAVITY 


In this section we give a detailed theory for the 
microwave Kerr rotation in a circular cylindrical cavity 
which has two degenerate modes, such as the cavity 
used by Cooke.® The Kerr rotation is expressed in terms 

| the microscopic, wave number dependent conduc- 
tivity tensor of the sample by the use of an electro- 
dynamic perturbation theorem derived by Redfield.” 
The result is explicitly applied to the case of a normal 
metal whose conductivity tensor has been derived in 
Sec. II. It is shown that a measurement of the micro- 
wave Kerr rotation in the cavity as a function of the 
mean free path gives a good experimental test for the 
nonlocal Hall current in a way which is very similar to 
the verification of the anomalous skin effect by measure- 
ments on surface impedance as a function of mean free 
path. Although the cavity geometry described in this 
section cannot be used to measure a transverse Hall 
current in a bulk superconductor it seems that it could 
be used to measure a transverse Hall current in small 
superconducting samples such as very thin films. 


2” A. G. Redfield, J. Appl. Phys. 25, 1021 (1954). 
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Fic. 1. The two degenerate TF, modes in a cylindrical cavity 
of circular cross section. 


The cavity is a cylindrical one of circular cross 
section which has two degenerate 7 /,,; modes. The two 
degenerate modes are sketched in Fig. 1. The sample 
forms the end plate of the cavity and a static magnetic 
field Ho is applied along the cavity axis and _ per- 
pendicular to the metal surface. Clearly this geometry 
causes a transverse Hall current flow in the sample. 
The Kerr and Faraday rotations in a generalized micro- 
wave gyrator have been discussed by Redfield.”? The 
circular cylindrical cavity described in this section is a 
special type of microwave gyrator. We define mode 1 as 
the mode excited by a coupling loop (A) entering the 
cavity when H»o=0. Another coupling loop (B) enters 
the cavity and can be rotated by 90° around the 
cavity axis so that it is coupled with either mode 1 or 
mode 2. Let Js; denote the current in the coupling loop 
B when it is in position 1 and coupled completely with 
mode 1 and let J,2 denote the current in loop B when 
it is in position 2 and completely coupled with mode 2. 
Ty is zero unless the dc magnetic field couples the two 
modes and its magnitude is proportional to the rotation 
of the microwaves in the cavity. If the gyrator is a 
cavity near resonance so that most of the loss occurs 
inside the cavity then by use of reasonable assumptions 


20 


about the cavity coupling Redfield shows that? 
To2 

ov =—= 

1 WE 


—Q 

: J G0°B.— ional eH), (1) 
where Q is the Q of the cavity, ¢€ is the energy stored in 
the cavity for fields E,, H; in the cavity, E, and H, 
are the unperturbed (H o=0) fields in the cavity at 
resonance, and E, and H; differ from E,; and H, by a 90° 
rotation. Also o* is the antisymmetric part of the con- 
ductivity tensor and x* the antisymmetric part of the 
magnetic susceptibility tensor. Local conductivity and 
susceptibility tensors have been assumed in (1). Also 
(1) is valid only for small rotations 0<1. 

Since we wish to consider nonlocal conductivity 
tensors we give a slight generalization of Eq. (1). We 
start with the electrodynamic perturbation theorem 
derived by Redfield” 


@,j—4;;=— f B,20*E as, 
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where a; is the 77 component of the admittance matrix 
of the microwave gyrator and E; is the field in the 
gyrator when V;=1 and V;=0 whereas E, is the field 
in the gyrator when V;=1, V;=0. For our purpose 7 
and j refer to the coupling loops A and B. We follow 
the conventions of Montgomery e/ a/.”' in the definition 
of the admittance Using the 

Redfield, one may generalize (2) to give 


Ajj;— Qj; =~ fEs(a)or(@E (q)dq, 


where o*(q) denotes the q Fourier component of the 
antisymmetric part of the conductivity tensor defined as 


matrix. derivation of 


i(q)=o(q)E(q). (4) 


Using (3) one may show the generalization of (1) is 
—0 
Qe=— fE@o WE (q)dq, (5) 
We 
where for our purpose we have put x*(g)=0. 
We apply (5) to the TE,, mode of the cavity. Let the 


cavity axis and Hy be along the = axis, then 
separate out the z dependence in the electric fields 


we may 


Eyz=Ex2(x,y)E(s), FEo2=E:; 


Ey=Ey(x,y)E(z), Eay= Eoy' 


Also o*(g) will be a function of g, only so that 
reduces to 


QO 
= - fe) Po*(q.)dq: 
we 


xf f dxdyC es. v,y)Ey(—x, —y) 
—f 


foe(x,y) Fy,(—x, —y 


where o*(g:) now denotes a number and not a tensor; 


that is 
Q —] 
a*(q) ( ora. 
1 


We assume the boundary condition of specular re- 
flection at the surface of the metal. Then the semi 
infinite metal slab may be replaced by an infinite metal 
medium if we take” 


E(s)=E(—s), E(q.)=E (8) 
Also if the magnetic field is perpendicular to the metal 
surface it must satisfy 


H,(z)=Ho(- (9) 

21 C.G. Montgomery, R. H. Dicke, and E. M. Purcell, Principles 

of Microwave Circuits (McGraw-Hill Book Company, Inc., New 
York, 1948). 

2D. C. Mattis and G. Dresselhaus, 


, 


Phys. Rev. 111, 403 (1957) 
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The metal surface is at z=0. If the magnetic field is 
parallel to the metal surface one must take 

Ho(z)= — Ho(—2). (10) 


Then using a method outlined by Serber and also used 
by Mattis and Dresselhaus* one may add a current 
sheet at z=0 in Maxwell’s equations and show that 


2\! E'(0) 
ae 
m/ q?+K(q:) 


where £’(0) denotes dE /dz at s=0 and K (q,) is defined 
by 


(11) 


9 


i(ae)=——K (gE). 


Thy) 


(12) 


If we place our coordinate system at the center ofthe 
cavity then for the 7/,;; mode we have 
Ey, («,y) = Ey(—*x,—y), 


Ea, (x,y) = Ex (—x,—y), (13) 


so that, 


40(E’(0)P ¢* 
p-——_— fa 
0 


WET 


o*(qz) 


qe 


[o2+K (q.)} 


x ff acdsee) Peay) 


— E2,(x,y) E1,(x,y) }. 


For the 7 £11, mode, 
E,,(r,0) = cos’0J ;(k,r)/kir+sin’6J 1’ (Rr), 
Ey, (7,0) =sin@ cos6J (kur) /kyr—sin@ coséJ 1’ (kyr), 
and for mode 2, 
Ez, (7,0) = cos sinéJ (kyr) /kir—cosé sindJ ;' (kyr), 
Ey (7,0) = sin’6J ; (Rir)/kir+cos’6J 1’ (kyr), 


(16) 


where J;(x) is the Bessel function of first order and 
J;'(x) is the first derivative, and 

E(s)= — (w/ky)e~* sinkgz, (17) 
Also 


where we have introduced polar coordinates (7,9). 


ki=1.841/a, k3=2/C, (18) 


where a is the radius and C the length of the cavity. 
The electric field lines for the two degenerate modes are 
shown in Fig. 1. The eigenfrequency w is given by 

wr c= ki? +k. (19) 
To evaluate (14) we use 
E\2(1,0) Ex (7,0) — Eqy (7,0) E22 (1,0) 

J i (Rir)J 1" (Rar) / kyr. 

The energy density of one mode in the cavity is, 


TH. 


e=— f rdr{ {Ji (Rir) P4+Ji(Rir)/ (Rir)?}. 
16k;°k3 Fo 


AND 
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Define 


1.841 
J dx x[ (J1'(x))P?+J 2 (x)/x7], 
0 
so that 


e= ru"M /16k;'R3. 


1.841 
v=[ dx J\(x)J;'(x), 


then (14) becomes 


8N\ TO kee 
(ye 
M r oF | 


16u* 7” o*(qz) kc 
cy ge 
a vy [q2+K(q.) PIL w 


and for a TE,,; mode V=0.14 and M=0.45. The result 
(25) may readily be interpreted in terms of a simple 
physical picture. The Kerr rotation after one reflection 
from the sample for a plane wave of infinite extent in 
the «y plane may be shown to be equal to the third 
factor in Eq. (25). The mean time of damping of the 
electric field of the wave is 20/w. If 2, is the group 
velocity of the wave in the z direction the wave makes 


Also define 


(26) 
reflections before being damped out. Also 
(27) 


Thus the second factor in (25) corresponds to the mean 
number of reflections made by the wave in the cavity 
before it is damped out. 

The last factor k3c/w arises because the value of E’ (0) 
at the metal surface is smaller by this factor in a 
waveguide than for a plane wave of infinite extent in 
the xy plane, for a given electric field strength far away 
from the metal surface. Since the primary current is 
proportional to £’(0), the Kerr rotation in a single re- 
flection is reduced in the guide from its value for a plane 
wave of infinite extent in the xy plane by the factor 
kyc/w. The first factor is a number of order unity which 
depends on the mode under consideration and hence 
may be referred to as a structure factor. The result of 
(25) may readily be generalized to a TE,;, mode. 

The preceding discussion makes clear an important 
advantage of any experiment on the Kerr rotation in a 
microwave resonant cavity, namely that the observed 
rotation © is of the order of Q times the Kerr rotation 
for a single reflection. Since we shall show that the 
rotation for a single reflection is very smail and since 
Q values of order 10‘ are available this is an important 
advantage of this type of experiment. 

The real part of © corresponds to the angle of rotation 
whereas the imaginary part of © corresponds to the 
ellipticity of the elliptically polarized wave. 

We now apply (25) to the nonlocal current in a 
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normal metal. The main features of the result are most 
clearly brought out by considering two limiting cases. 
(a) The microwave region at room temperature has 
wri and /<<) where J is the penetration depth (or skin 
depth). Local relations for both the Ohmic current and 
the Hall current are valid. Using the result of Sec. II 
for small g gives for the Hall conductivity, 
oHali (gz) =0°(g:) = Roor’'Ho, (28) 

and 
K (q) = 41riwa o/c. (29) 

Then (25) gives 


8N Okie — dw ( i+ i)ooH Ro R3c 
oY) os 
M wo" 2c w 


where 6 is the classical skin depth 


é=¢ (31) 


( 2rwoy)?. 


The order of magnitude of the rotation is one minute 
per kilogauss for a Q of 10*. 
(6) The extreme anomalous limit is valid when 


qvo/mw>>1 and I>. 


Then from Sec. II the Hall current for large g is 


3o% Rooo Hy 
oHai(gz) =0°(q2) Pees, 
l L a? 
and also 
4rriw 319 


K(q:)=- 


—, (34) 
c 4g. 

Both (33) and (34) are independent of mean free path. 
From (25) 


8N\ /Okve\ (1280 
e.-(—)(— \(- =? R,Ho(v34+7) 
M mo 9v3 ¢ 
TyVoA ia (( )) 4voX L (0) j kc 
Scone 
Pe OTW wW 


Like the surface impedance in the extreme anomalous 
limit the Kerr rotation 9,, is independent of mean free 
path. Here \;7(0) is defined by 

\17(0) = mc? /ne*4r. (36) 
It is convenient to examine the Kerr rotation as a 
function of the parameter a defined as 


a= 3P/28. (37) 
Then if we plot the ratio ©/0,, as a function of a'’® it 
will approach unity for a large compared to one whereas 
for small a the rotation increases linearly with a'/® as 
given by Eq. (30). Denoting the real part of 0 by 0” 
and the imaginary part by 0’, we have 


PIOTR 8. 


ER 


O& 


©," 64 


0! 
—=v39"/@," 
@,,/ 


for a'/6&< 1, 


Both 0*/0,," and 0//0,,/ are plotted versus a'/® in 
Fig. 2. The dotted parts of Fig. 2 have been inter- 
polated. For comparison we show in Fig. 3 a plot of the 
inverse of the surface resistance and the surface reac- 
tance in the microwave region as derived by Reuter 
and Sondheimer, plotted as a function of a'/® along the 
abscissa. The constant A is independent of a, 


A=63(aw/ec?))(mr/3n)!. (40) 


Also specular reflection has been assumed. The similar 
behavior of the Kerr rotation and of the surface im- 
pedance are evident from a comparison of Figs. 2 and 3. 
It is clear that the saturation of the Kerr rotation and 
of the surface impedance for large a'/® is simply due to 
the currents being limited by the skin depth rather than 
the mean free path. 


IV. THEORY OF HALL CURRENT IN 
SUPERCONDUCTORS 


There are several important differences between a 
transverse and a longitudinal Hall current in a super- 
conductor. In the longitudinal case Ho is applied parallel 
to the surface of the superconductor so that a bulk 
sample can be used. In this geometry the 0 wavevector 
of the incident microwave field is parallel to the Hall 
current. In the transverse case when Ho is applied per- 
pendicular to the surface of the superconductor a bulk 
specimen cannot be used. This is because in any 
specimen whose thickness is large compared to the 
penetration depth the magnetic field lines will be very 


@/8, or @782 
1 10, 


1G. 2. The rotation ratios @”/0,,” and @//@.,! are plotted versus 
the parameter a!/® (a=3/?/28?). 


%G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A195, 336 (1948). 
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Fic. 3. Surface impedance in the microwave region 
versus the parameter a/®, 


nearly parallel to the surface. Consider for example a 
thin superconducting disk of radius ro and thickness d, 
with an applied field H» normal to the plane of the disk. 
If one assumes the current in the disk is given by the 
London equation, 

j= (-1 cAr)A (1) 


where V-A=0 and A, to surface=0, then one may 
readily show that the magnetic field inside the disk 
will be approximately in the z direction (direction of 
H>) and approximately equal to the applied field Hp if 


dro/\7?(T) SA, (2) 


where A;(7) is the London penetration depth. Since 
typical values of A,(7) are of order 10-5 cm and if 
d=10~7 cm as in the thin films of Ginsburg and 
Tinkham* then the maximum value of 79 is r9>= 10-3 cm. 
Such small superconducting disks have been used in 
experiments of Androes and Knight on the Knight 
shift.2° For thin films with d=10~7 cm the important 
values of wave vector g are g~d™ or g&o~£o/d>>1. In 
this region a nonlocal theory is known to be valid and 
the London equation (1) gives a current which is much 
too large. A more accurate criterion than (2) would 
allow the radius ro to be much larger, of the order of 
ryo~ 10 cm. 

Another important difference between the transverse 
and longitudinal Hall current is the charge density 
associated with the longitudinal current. Let Ho be 
along the z axis and define a wave-number-dependent 
conductivity tensor by 


ju(Q)=oy2(Q)E2(Q)+oy,(Q)E,(Q). (3) 


Let the incident microwave electric field be along x, 
then for the transverse case as in the experiment of 


* D. M. Ginsburg and M. Tinkham, Phys. Rev. 118, 990 (1960). 
26 G. M. Androes and W. D. Knight, Phys. Rev. Letters 2, 386 
(1959). 
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Cooke we may take £,(Q)=0. For the longitudinal case 
we get from the continuity equation for current and 
V-E=4p 

E,(Q)= —42j, (Q) /iw. (4) 


in general one would expect that the driving term 
would be similar in both the transverse and longitudinal 
current except for effects arising when diffusion takes 
place in the longitudinal case. The detailed microscopic 
theory of this section will be carried out explicitly only 
for the transverse current; however since we qualita- 
tively expect the driving term a,-(() in the longitudinal 
case to be the same as in the transverse case we may 
then apply the results of the microscopic theory in a 
qualitative manner to the Lewis experiment and also 
compare this theory with a two fluid model theory 
postulated by Dresselhaus and Dresselhaus for the 
longitudinal case." 

The detailed microscopic theory for the transverse 
case makes the following basic assumptions. We let Ho 
be along z and the incident microwave field along x so 
that the Hall current will be along y only and it will be 
transverse, 

07,/dy=0. (5) 


Further it is assumed that Ho is uniform throughout 
the sample; such an assumption would be valid for small 
superconducting specimens as discussed earlier. A per- 
turbation theory is used to include the effect of Ho and 
the microwave field so that the Hall current will be 
proportional to Ho. Clearly such an assumption fails in 
large magnetic fields; when applied to smail samples 
perturbation theory will be valid when 


wl v1, (6) 


where d is the small dimension of the sample and «, is 
the cyclotron frequency eH o/ mc. 

We assume the BCS model*® for the superconductor 
and also include the effects of collective excitations by 
the generalized random phase approximation given by 
Anderson and by Rickayzen.”:® We shall show ex- 
plicitly that the collective coordinates are zero in the 
transverse Hall current for an appropriate choice of 
gauge if the two-body interaction V (k,k’) is independent 
of the angle between k and k’. This shows that in the 
transverse case, for the appropriate choice of gauge, 
the inclusion of collective coordinates is not mandatory ; 
one can obtain the same result by the use of perturbation 
theory assuming the BCS ground state (without col- 
lective effects being included) to be the eigenstate when 
the electromagnetic fields are zero. The formalism used 
in this section includes the collective excitations ex- 
plicitly and hence could be used to treat the longitudinal 
Hall current. 

The notation used in this section corresponds closely 
to that of reference 13 and is briefly summarized here. 

26 J. Bardeen, L. N. Cooper, and J. R. 
108, 1175 (1957); hereafter called BCS. 


Schrieffer, Phys. Rev. 
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l'1c. 4. Geometry for transverse Hall current in superconductor. 
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The potential V(k,k’) denotes the interaction respon- 
sible for the superconducting transition. The operator 
which creates an electron in the state of momentum k 
and spin ¢ is denoted as c;,,.*. It is more convenient to 
use the quasi-particle operators introduced by Bogo- 
liubov and by Valatin, 

Yko= UnCut —VeC—Ka*, Yer = Ucn +0.cu*, (7) 
where, 


w2=h(i+e/E.), v2=3(1—ex/Ex). (8) 


The energy of an electron in the normal state is e 
measured from the Fermi surface. The energy gap is /, 
and 

Ex= (e?+T] 72). (9) 
The collective variables in the superconductor are 
defined as 


p(Q) a a m(R,Q) (yes Qo": “+y; + Q1Y«o) 


+n(k,Q) (vier*verertyereo’vno), (10) 
By(Q) =D V(K,R)Ln(2,Q) (ver qo*ver* +Ve+@rVe0) 

—m(k,QO) (yve+e0°veob Ye" vi+@1) |; (11) 
A,(Q)= dx V(K,R)UR,Q) (vier c0*ver* — Vererveo) 

+ (RQ) (vi+qo*vio—Ver*ve+e1)], (12) 
where, 
1(R,Q) = Uxttrrqtrerizg, m(k,Q)=uirigqtrvittere, (13) 


n(R,Q) = uitherq—Viderq, p(R,Q)=undire—Vitlnre- 


The microwave electromagnetic field is described 
by the vector potential A(r,/) and 


A(r,)=>-. eto ist (4), (14) 
Here s~ will be identified with the phenomenological 
relaxation time as in the work of Mattis and Dressel- 


29 


haus.” We further express A,(r) as 


A..(r)=Xiq a.(—Q’) exp(—iQ’-r). (15) 


MILLER 


Since the microwave electric field is in the x direction, 
a.(—Q’) is along x and for the transverse case Q’ is 
along the z axis. A diagram of the geometry is shown in 
Fig. 4. Clearly it suffices to consider one value of Q’ 
in (15) so that we drop the sum over Q”. Also for this 
gauge, 


V-A(r,t)=0. (16) 


The static field Ho will be represented by the vector 
potential 
Axno(r) =ay (—Q) exp(— iQ- r) 

+an.(Q) exp(iQ-r), 


where we arbitrarily choose ay,(—Q) to be in the y 
direction and Q to be along x. We then take the limit 
that Q— 0 in the final result since H» is assumed not 
to vary along the x direction. Since HW, is real, 


(17) 


ano" (Q) ayo (—Y). (18) 


This choice of magnetic field representation has several 
important advantages. We shall show explicitly that for 
this choice all collective coordinates 
result would not be valid in a more general choice. For 
example with the choice of magnetic field 


are zero: such a 


Ano(r)=an.(Q,) exp(iQ,y)é+c.c., (19) 


neither the charge density nor the other collective 
coordinates would be zero and thus would greatly com- 
plicate the formalism. (For example, the charge density 
would go to zero only in the limit Q,— 0. Another 
advantage of (17) is that a current proportional to 
ao(—O’)an.(—O)e . 
For the choice of magnetic field (19) there would be an 
added current flow in the z direction which is propor- 
tional to a.(—Q’)ay.(—O)e and arises 
from the Lorentz force exerted by the microwave mag- 
netic field on the static London current 
along the direction of a;;,(—Q). However, for a small 
superconducting sample (i.e., d small Fig. 4) any 
Hall current flow in the z direction would not be im- 
portant physically due to the presence of the boundary 
and hence can be neglected. 
For our choice of gauge, 


Q-az.(—Q)=Q’-a..(—Q’) =0, 


*)* flows in the y direction only. 


which 
which flows 


in 


(20) 
Q’- ano(—Q) =an.(—Q)-a.(—Q’) =0, 
and 
Q-a,.(—Q’)=0a.(—0") £0. (21) 
Also define 
Q”=0+ 0’. (22) 
The field free Hamiltonian of the system is" 
Ho=>d €ilie*Ckeeo+ S> Vo(k,k’) 
ke kk’qao’ 
XCke’*C k’+-q0 °C—k+-qoChe’ (23) 


where V p(k,k’) includes the unscreened Coulomb and 


electron phonon interactions. For our choice of gauge 
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x (y; Qoy “—Y¥; _g’1yxo0) | +H. o9 (26) [H Vk -Qr1vKo | 


; —vi(O”" vererrvve0o— (1— fi— frre 
and a=eh/2mc. For our choice of gauge the term ME DY e-Q"1) (1 Ja Seva) 
ay.(—Q)-a.(—Q’) is zero. Also the paramagnetic X {Vv(Q”")m(k,0"")p(0”) 

current operator is 


ju(Q”) = (eh/2m)>.(2k+Q”)[1(k,0”) [Ho,vi+e'0* x0 | 
X (ye-@70y20—Ye1* 744.071) — p(k,” 


; R E.(Q” )vevqro*y: + (ferar — fr) 
XK (ve+e0" Ve" — i +e@rrvno0) |+H.c. (27) 


X {—Vv(2")p(O”)n(k,0””) 


similar to a method used by Rickayzen in his treatment . ’ 
; : lt 1 »V : kay en in | gp x{-] p(Q”")p(0”)n(k, 0” ) 

of the dielectric constant of a superconductor."* The 

tions of motion for the yy operators and including the 

effect of the driving terms #7, in the Hamiltonian. Only 


; ; : ; : when 7=0." In this notation, 
terms which will give a contribution to the current 


need only consider equations of motion for y products of motion are 





CH vireo yia* |= ve(O” )verqro*ver* t+ (1— fi— fever) {Vv(O")m(k,0”)p(0”") +43n(k,0”) B.(0") 
— $i k,O")A x(Q”)} —adyo(—Q){2k 1 (R+0", Q)ye+e0° Ver + 2h (RO) ye+e1* 7 %+04+¢9'0" 
— 2k p(k+Q’, Q) yr ever t 2kyp(k,Q)y: +Q’+ Qo" Vk+Q0} —a exp(ia@/)a.(—Q’) 
> 4 { ( 2k.+ 20)1(k+Q, O')y; } Qo*vK1* + 2k k,O")ye+re1*y: +Q4 Qo" 


— (2kz +20) p(R+0, O')vesorvir*+2hip(h,O’)ve+0+0'0Vk+9'0)- 


CA yyivervvi0o l= —v(O” vere rveo— (1— fe— fire) {Vv(O")m(k,0"")p(0") +4n(k,0”) Bi (0”) 
+31(k,0"")Ax(Q")} —aano(—Q){ —2kJ(R,O)ve+e+071Ve+Q0— 2k (R+O’, O)vnoveren 
— 2hyp(R,Q)vise+erverer* + 2kyp(R+0’, Q)vi+e'0*vk0} —adu(—Q") exp(ita) 
X {—2kl(R,O’) viv ere1Verqo— (2kzt+20)1(R+O, Oy rove+e1 


| i 


—2kip(h,O’)verorarrvere1* + (2k. +20) p(k+Q, QO") vi+e0* vio}. 


[H,7 k+ ro" x0] = E.(Q")y: Le 'YKo+ (fi +Qr— ff —Vp (0"")p(Q”)n(k,0”) tam (k,0”) B, (Q”) 
+3p(k,0")A x(Q")} —aano(—Q) {2k (k+0’, QO) ver er0*vio— 2h (k,O) ¥e+074+00°YK+00 
—2kyp(k+0’, O)veservyco— 2hyp(h,O) vi+0'+00°ve+.01*} —adu(—O’) exp (ita) 
X {(2k2+20)1(R+0, Ov +00 vK0— 2hal (R,O")vi+0'400°7k+0'0 


27 T. Tsuneto, Phys. Rev. 121, 402 (1960). 








n(k,O”’) B.(Q")+31(k,0”")A.(O”)}. 


It is proved in Appendix A that the diamagnetic part +3m(k,O”)B.(O")+3p(k,0")A.(Q”)}. 
of the Hall current is zero for our gauge so that Eq. ‘a 
(27) gives the total Hall current. [Ho,ye*ye+e"1] 

The method we use to evaluate the Hall current is — F.(O" \yer*ve+e1— (fare — fe) 


° : ° ° 11 LO'\ R ” la(h pi ” 
random phase approximation is used to derive equa- +3m(k,O")Br(Q")—2p(k,0")Ar(Q")}. 


= (2k, +20) p( k+Q, QO’ )yererveo— 2kp(k,O’) yi +Q4+Q/0 'Yk+Q"1"}- 
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(28) 


the perturbation 7, is of the form 
H,=Hawiy)+H ag, (24) Yerqro'yer®, YerarrVeo, Yergro’veo, Yer*Verqra 
where The equations of motion with no driving forces are 
“s given in the random phase approximati at 

Ban ~tengl~ th otek ai dom phase approximation by 

XK (vy: Q0°'Y Ko— Ye" Vk Qi) (Ho,ve+qr0*ver* | 

— p(k, —Q) (ve-qo*ver* —Yx-@r¥x0) J+H.c., (25) vi(O" ynsqro*ver* + (1— fe— fire’) 
Ha. = —2aa.(—O’)ei* ” oy, k[U(k —0’) X {Vv(O"’)m(k,0"’)p(0"") 
X (ve-er0*Vio— Yer *Ve-@'1) — p(k, —Q’) +3n(k,0"")B,.(0") —31(k,0")A(O")}. 


(29) 


(30) 


(31) 


(32) 


These reduce to the equations given by Rickayzen 


linear in the product ay.(—Q)a.(—Q’) are retained. v.(O")=Ext+Encer, Ex(O")=Exier—Ex, (33) 
Since we assume only the Fourier components Q and —— 

P ‘5 F f= SUE). (34) 
Q’ are present [namely ay.(—Q) and a,(—Q") ] then 
the only component of current proportional to the where f/f is the Fermi function. 
product ayo(—Q)a.(—Q") excited is 3(Q”). Thus we When we include the driving terms 7; the equations 


(35) 


(36) 


(37) 
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[ A yyia*veve] EO’ Vy ear*yescei— Sever fd f—Vo(0') (0 )n(k, 0") +3. m(k,0") Bi (0”) 
—}p(k,O”)A(O”)} —aadno(—Q){ — kyl (RO) vever* vere 1 t2kd(R+0’, O)yes*y 
+2kyp(k+Q’, Q)vir*vevqro* +2hyp(k,O)ve+Q0vk+@+@"1} —adu(—Q’) exp(ita) 

X {— 2k (RO vesqr* vera it (2ket+2Q)UR+Q, QO’ ver*ve+01 
+ (2ke+20)p(R+Q, O')ver*verqo* +2kyp(h,O’)vererovererer}, (38) 


+Q'1 


where @=w—is. 
The Eqs. (35) through (38) are equations involving operators. If we let V be the wave functional of the system 
in the presence of H, and Vo be the wave functional when H,=0, then we need to find the expectation value 


(| j.(Q”) |W). (39) 


Thus we form expectation values in Eqs. (35)—(38) with the wave functional VY. The equations from now on will 
always refer to such expectation values and not to operators. 
We also use the simple theorem 


(Y| A yvevqo*yer*®|V)= OY | veroro*ver*|V), (40) 


which is valid as long as H may be written as the sum of a static and time dependent Hamiltonian and if W is only 
needed to first order perturbation theory with the time dependent part of the Hamiltonian being the perturbation. 
The result (40) is clearly applicable to our case since the only time dependent part of H is Haq. 

In Eqs. (35)-(40), we need expectation values of products which differ by momentum (Q (i.e., yie0"ye*) to 
first order in ay.(—Q) and expectation values of products which differ by momentum (’ (i.e., yi4.@0*y«1") to first 
order in a.(—Q). The total equation of motion for y.;gy« quantities to first order in ayo is 
O= ve(Q)ynrqo*vis*+(1— fu—fere){ V0(Q)m(b,0)0(0) +4(k,0) Bi (Q)—H(R,0)Ax(Q)} 

+adno(—Q)2k, (i- f.—f +q)p(k,Q), 
O= — ve (O)ve+erveo— (1— fc— fire) { Vv(Q)m(k,0)p(0)+4n(k,O)Bi(O)+41(k,O) A, (O)} 
+adno( —(Q)2k, ( 1— fi— fs Q )p(k,?), 
O= Ex.(O)ve+e0%vK0+ (fero—Se){ —Vo(Q)n(k,P)p(Q)+3m(k,Q) Bi. (Q)+3.p(k,0)Ax(Q)} 
— Ado \ —(Q)2k, ( ] 
0=— Ex(Q)ym*y: +qim— (fereo— fe){ —Vv(Q)n(k,Q)p(Q) +3m(k,Q)B, (Q)- 2p(k,Q)A ‘(Q)} 


—adzo(—Q)2k, ( f.— fi gl k,Q). 


(41) 


‘n+ Ql(k,Q), 


The commutator of y pairs with H has been set equal to zero since ay7.(—(Q) is static. When V (K,k) is independent 
of angle a self-consistent solution of (41) is 


p(Q)= B,(Q)=A,(Q)=0, (42) 
and 
Yi +Q0°Y KR" = —2adyo(—Q)ky 1 — fe— fire) p(k,Q) vx 1(Q), 
Vk+Q1YkK0 >= 2adno(—Q)k, (1 —fi — fiero) p(R,Q)ve 1(( )), 
k+Q0°YK0= 2Zadno(—QO)ky(fi— frre)! (k,O)Ex(O)-, 
Yiar*ye+@1= — 2aano(—O)ky(fi— ferq)l(k,O)Ex(O)-. 


In the same manner one finds the expectation values of y products which differ by 0’ to be 


p(Q’)= Ar(Q’) = Bi (Q’) =0, (44) 


and, 
VR+Q/0°YE* = 2k2a4(—Q") exp(ita)p(k,0’) (1— fi— fever) LO— v2 (0’) J 
Vk+Q'1VK0= 2k2du(—Q") exp(ita)p(k,O’) (1— fi— frre) Lo+r:(0’) 
vi+Q'0"YK0= — 2kedu(—Q’) exp (ite)1(k,O’) (fr— ferq) [@—-E.(0’") 
Via vi+g1= —2ka4(—Q’) exp(ita)1(k,0’) (fr— frre) [@+E.(0’) 


To derive (45) we have replaced the commutator by @yy because there is an exp(i/a) time dependence in Hay. 
The final equations of motion are derived from (35)—(38) using the expectation values given by (43) and (45). 
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We also use (40) to replace the commutators in (35)-(38) by ayy. Thus one finds 


Oy n+Qr0°ver* = ve(O” vero" vert + (1— fir— fever) { Vv(O")m(k,0"")p(0") +4n(k,0”)B.(0")—4U(k,0”)A .(0”)} 
—40?an0(—Q)au(—Q’) exp(ite)k,{1(R+0’, O)k2p(k,0") (1— fi— frre) [a— (0) 
—1(R,Q) (ka t+Q) p(R+Q, Q')(1—firo— fire) LO— vi+e(Q") 7 — kip (k+0’, Q)1(k,Q’) 

X (fi— fire) LO+Ex(Q’) J — (he t+O) p(k, QUR+O, 0) (fero— Sere Lo—Frrg(Q) 1" 
— (ket+Q)1(k+0, QO’) p(R,Q)(1— fe— fire) ve (OQ) +h (k,0") p(R+0’, 0) (1— fare: — Serer) 
X ves. q7 (QO) — (ke +O) p(R+O, OURO) (fe frre) Er(Q)- 
+k.p(k,O')U(R+0’, QO) (fare — Sere) Exe (Q)}. (46) 


Oye 1vi0= —¥u(Q” vere vveo— (A1— fi— fever) {V v(0")m(k,0”)p(0") +3 n(k,0"") B.(Q”) 
+41(k,0")A .(Q”)} —40?aH0(—Q)aa(—Q") exp (ita) k,{ —1(k,O) (kz +0) p(R+0, 0’) 
X (1— fiero fire) LG+vere(Q0’) 7+ R+0’, O)Rep(k,0") (1 — fic— frre )Lo+(Q’) 
— p(k,0) (ke +O)(R+O, 0’) (fire fire) LO+ Erse(O’) F'— p(R+0’, O)RA(R,O") (fe— fare) 
x [o— F..(0’) J — kl(k,O") p(R+0’, O)(1— fire Serer) vere (Q) 
+ (kz +Q)I(R+0, QO") p(k,Q) (1 — fi— fire)ve (QO) — kip (k,OU(R+0’, Q) 
X (fever — frre) Ene: (O)"+ (ka +O) p(R+0, O')1(R,O)(fe— frre) Ex(Q)-}. (47) 


ayn.’ 0*yno= Ex (O” Vy esqro*veot (fever — fed { — Vv(0"")p(0”)n(k,0”) + 3m (k,0”) Bi (0) +3 p(k,0') ¥-(0")} 
—4e%an.(—QO)a.(—0’) exp(ita)k,{ —1(k+0", O)RA(R,O’) (fi — frre) [a—FEx(Q’) 
+1(k,O)I(R+0, O’) (fire Sere) (ke +O) LO -F .e(Q’) | '— p(kR+0’, QC) p(k, OR — fie— fare’) 
X [o+.(Q0’) '— p(k,Q) (kz +0) p(R+0, 0’) (1— fiero fire) LO—vere(Q’) 
+ (ket Q)M(R+Q, OURO) (Sa fire) Ex (Q)— Uk, hal(k+0', Q) (fara — fiero) Exra(Q) 
— (kz +Q) p(k+Q, 0’) p(k,O) (1— fi— fere)ve (O)+ p(k, 0) Rip (R+0’, Q) 
X (1— fire —Sere)verer(Q)}. (48) 


ry er*yeq71= — Ex(Q”)ver*vevei— (fave — fed) {— V0(0"")p (On (Rk, 0”) +30(k,0") B(0”) 
—}$p(k,0")Ai.(Q")} —4e?an0(—Q)au(—Q") exp (iat) ky {1(k,Q) (Re + Q)UR+Q, O') (fiero fiero) 
< [6+ Ei,e(0’) F'—UR+O0", O) RA (R,O") (fe— fere) [@+ E.(0") J" — p(R+0’, 0) p(k,0’) 
X (1— fi— fever )ReAL@— ve (Q’) J — p(k,Q) (Ra +0) p(R+0, 0") (1— fire— fire) 
xX [o+r.(Q’) +A (RO UR+O’, O) (fever — fever) Exe 1(Q)— (ke +O)U(R+Q, O')1(k,Q) 
X (fe— fire) Ex(Q)7+ (ke +0) p(R+0, 0) (8,0) (1— fi Sere) ve (Q) 
— p(k,0’)p(kR+0’, O)ke(1— fire —firo)vere (Q)}. (49) 


Equations (46)—(49) are the basic equations of motion for the Hall current with driving terms proportional to 
ay (—Q)au(—Q). 


A self-consistent solution of (46)-(49) together with the equations defining the collective variables is gotten 
simply for the case that V (k,k’) is independent of angle which we assume throughout. 
px(O”’) = B.(0”) = A, (0") =0. (50) 
The solution (50) is easily seen to be self-consistent since the driving terms in the equations of the collective 
variables are proportional to an odd function of k, and hence yield zero upon symmation over k. 
Using (46)-(50), the current may be simplified to give 


jw(Q") i.(O").=0, (51) 


jo(Q")y= —8a2(eh/m)ano(—Q)a.(—Q’) exp(ial) oa kyPkeM (€x,€e4@°,€4+Q")- (52) 
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where 


M (€x,€44.9’,€4+9"") 


PIOTR 8B. 


— P(OUR+O, QPCR O)(1— fa fare) , PLO PCEHO, OURO) (fe 
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— frrq’) 





[a—(Q”) |[a—»(Q’) J 
»(k,O"")U(k RO’) P(R+0’, Q) (1— frre — fare 7) 





[a—»,.(Q’ a (Q) 


1(k,O")(k,Q') Wk+O’, neil ems 0") p(R+0’, QO) p(k,0’) (1— fe— fee”) 


[o+£.(0’) a—»(0”)] 
P(R,0") p(k,O") 


(k+0'; Ze (feror— Sera”) 





[a—n(Q’ \Ex.0(Q) 





[at£, 2”) [o+£.(0" )] 
HRM R OM R+O’, Q) Sera fara”) 
[o+F.(0”) E.¢(Q) 


Also, 
M (€x,€+0’,€:+Q"") = M (ex, €e9", 6+’). (54) 
The case of physical interest is the limit Q — 0 since 
this gives a magnetic field which is uniform in the x 
direction. Thus using a series expansion in powers of Q, 
we find 


M (€4,€%4.0°,€4+0"") = M (€,€4+.9°,€4+0") 





h? OM 


m 


—(€4,€%4 one0")| +-*-. (55) 
Q=0 


O€r+.Q” 


The first term in (55) 
over k. Using (54), 


aM 
|— —( €4,€4 


O€K4 Q’’ 


gives zero upon summation 
one can show that 


1 aM 
Q’,€+9"") ae a (€4,€:+9",€e4.9")- 
Q=0 2 Jer" a 
(56) 


The partial derivative on the right of (56) means «, 
is to be kept constant. Thus the current is 





h 
ju(Q’) = —40°-—Q0ano(—V)au(—Q’) exp(iat) 
m* 
ee. OM 
xd k2k, “ (€4,€47,€+Q’)5 (57) 
k O€-4.Q" 
where 
M (€x,€:4.97,€+9") 
PRO) fa fer q’) P*(h,0’) Of(E’) 
[o—n (OF o—n(0’) dE’ 
*(k,O") (fe fas Q’ ) P(k,0’) af(E’) 
(otk, (Q’ \} &+E,(0’) dF’ 
—(@——@). (58) 


Since iQay.(—Q)=—Ho, the current is proportional 
to Hy. The current may be put into a more convenient 


[o+£.(0”) La—n(0")] 
1(k,0" PbO) P(+0’, Q)(1— ferar— fare 


[o+£.(0”) +0) 


(@— —@). (53) 





form by an integration by parts over the polar angle @ 
between k and Q’. This gives 


OM 
(HQ /2m)>_ ke ak —— (&,€; +Q’y €+.Q’) 
O€+Q’ 


=0/20' du hy?heM (€,€44.9,€44.9’), (59) 


so that, 
he 
jy(Q’) = —4a°>—1Hoa..(—0’) exp(iat)[Q’} 
m 
Xd ky7keM (€x,€44.9',€4.9'). (60) 


As a special case of (60) we first consider the normal 
state and prove that the quantum theory for the 
transverse Hall current given by (60) is identical to the 
result from the Boltzmann equation given in Sec. II. 
The matrix element for the normal state is 





HOS | le) 1 
M (e,e’,e’) = —— 
(@+e—e’)? Oe @te—e’ 
—(@—-—o), (61) 
where 
e=E,, € €k+Q’- (62) 
Thus, 


[O’}" Si kkM (ce,€’,€’) 


0 


T Tr 
=— Om) f dé sin*6 cost f dk k*{ f(e’)— f(e) | 
Q’ 2r 3 0 


0 


1 1 
ered? (a—e+e)? 
T rT 
+ —_— f d6 sin®@ cos 
QO’ (2r)* 0 


2 


Of (e’) 1 l 
x f dk ki —— + (63) 
0 Oe Late—e’ G—et+e’ 
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The integration yields 


[O’}" Sx kh PkeM (e,¢'’,€’) 


1 me 7 sin*6d@ 
tl en 
(2x)? h? 0 [a+hrQ’ cosd ? 
so that 
; 
7y,(O")= Root ~ a4(—Q") exp(ia)a] 
P 
r dé sin®@ 
Jo [1—i(1Q’ cosé—wr)'? 


where we have taken the phenomenological relaxation 
time s~! to be equal to r. Since 
i 
. / , *- ~ 
E(—Q’) = —-a..(—Q’) exp(iat)a, 
. 


(66) 


the result (66) gives the same Hall conductivity as 
derived by the Boltzmann equation treatment of Sec. 
IT. When expressed in real space (65) gives the same 
result as Eq. (3) of Sec. IT. 

We now return to the case of the superconductor 
given by (60). The general result may be written as a 
double integral over energy ¢ and over angle @ as 


ave 
jy(Q’)=-- iHya..(—Q") exp(iat) 
2r?hQ’ 
xf d6 sin*6 « oso f de k®M(e,e',€’), (67) 
0 x 
where in general, 
e= hk? /2m, e' = hh? (k?+2k0’ cosd+Q”)/2m. (68) 


An important special case of (67) is for small Q”, 
namely 


hyO'<l, (69) 
and either 
w0’<Kw or wO'Kr. (70) 
Then we may expand in a power series in Q’: 
h? € 
kk’ = E+—k0’ cos6 +~QO”?+>>-, (71) 
m E 


and 


OM 
M (e,e’,e’) = M(oo+| (oee)| 
OF’ _ 


xX (F’— E)+-~0?+---. (72) 
The first term does not contribute to the current since 


> « hy?k.M (€,¢,€)=0. (73) 


AND 
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Using 
oP ol? 
| - «| 2 «,0)| =0, (74) 
OF’ a OF’ | 
OM 2 @f(E£) 
~ (oe) = —, (75) 
OF’ v= wis dE 
One finds that the current is 
aeh®iHy P 
jp(Q)=-— i) sin*@ cos*6d0 
rm? (w—is) Jo 
: e d*f{(E) 
xf k®°dk ————.._ (76) 
0 E dE 
Use 
k®=ky®(1+36/Ep), (77) 
then 
‘ e @i(E) m fr” e @f(E) 
f k°dk — —— f de kp>— ——— 
0 Ede f#d_, E dE 
m\? » ¢&@f*) 
+5( ) a f de————,,_ (78) 
h? <a 2 a 
and integrating by parts 
‘ e df(E£) m\* | * df(E) 
f dk k® -5( ) kp} —2 [ acl 
| E dE h? | J, dE 
5(m/h?)*kp*{1—A/Ar}, (79) 


where (1—A/Ar) corresponds to the microscopic analog 
of the fraction of norm i electrons p,/p of a two fluid 


model.2® Thus, 


Roo’ Ho pif —1 


i) . 
(1+iwr)? plc 


(w—ir)a,(—Q’) exp(iai) | 
(80) 


where we have again identified the phenomenological” 
relaxation time s~! with 7. Since the last factor is 
E(—Q’), the Hall conductivity for long wavelengths 
(small Q’) is the first factor of Eq. (80). 

At T=T-., this gives the usual Hall conductivity for 
the normal state in the long-wavelength limit. The 
result (80) may be interpreted in a qualitative manner 
from a two-fluid model viewpoint. The normal com- 
ponent of the primary current flow is proportional to 
p»/p in a two-fluid model [primary current denotes the 
current proportional to E(—(Q’) ]. If we make the addi- 
tional assumption that only the normal component and 


*8 |. Bardeen, Phys. Rev. Letters 1, 399 (1958). 

*? The identification of s~! with 7 may not be completely valid 
in the superconducting case since the relaxation time of quasi 
particles depends on their excitation energy. However no such 
question arises in the important special case of l— ~. 
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not the supercurrent is acted on by the magnetic field, 
then we expect a Hall conductivity proportional to p,/p. 
We note that in order to get the constant of propor- 
tionality in (80) from a two-fluid model, we must make 
a specific assumption about the conductivity of the 
normal electrons in the two-fluid model; in the absence 
of a detailed theory such an assumption is little more 
than guesswork.” To get the same constant of propor- 
tionality as in (80), one must take for the conductivity 
of the normal electrons, 


7, og) Pn : 
ju=—— —E. 
l+wr p 


(81) 


An important application of the general result (67) 
is to small superconducting specimens such as thin 
films. Let d be the thickness of the film or more generally 
d is the small dimension of the superconducting speci- 
men. Then for very thin films such as those used by 
Ginsberg and Tinkham, we have that™ 


>d, d/ix< 1, dux<Xv9. (82) 


The electric field is uniform inside such a film and Hy 
normal to the film surface will also be uniform inside 
the film under the appropriate conditions on the sample 
dimensions discussed earlier. We assume that random 
scattering takes place at the surface of the specimen; 
then the important Q’ in the film are of order d— so that 
Q’t)>>1 and one needs to evaluate the integral of Eq. 
(67) in the extreme anomalous limit. 

Since both the Lewis experiment and the Spiewak 
experiment give longitudinal Hall currents, we may only 
make a qualitative comparison with Eq. (80).°" 


APPENDIX A. DIAMAGNETIC HALL CURRENT 
The general diamagnetic current operator is 


— e 


Jp(r)= 





dD Ce @,0°Ck,oe 9 *[ Ano(r) +A, (r) ], (1) 


mc k,4q.0 


where A is the volume. Since 


J(Q)=(2r) if Io exp(iQ- r)d*r, (2) 


A(Q) = (27) If A) exp(—iQ- r)d*r, (3) 


*®D. Shoenberg, Superconductivity 
Press, New York, 1960). 


(Cambridge University 


reOoTa Bb. 
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then, 
—e 
Jv(q’) = z. Ck+q a Ch o 
mc k.aq.e 


X[ano(q—q’)+a.(q—q’)], (4) 
or in terms of quasi-particle operators 


Jp(q’) = — (e?/mcA) > m(k,q) 


k.q 
XK (Vergo Ver + e+ Q1V«0) +n(k,q) 
X (Ver gr Vert Ve+q0°Vk0) 
X[ano(q—q’)+a.(q—q’)]. (5) 
Since we only have ay.(—Q) and a.(—Q’) present 


the only component of current excited in Jp(Q”’) 


a 
Jn(Q”) sr {> [m(k,0’) (7 +Q"0'YE1" 4 


mcA 


Vk+Q'1YK0) 


* ' * 


+n(k,0') (y +Q’l Yki tT Yk+Q’0 Y 0) Ano(—Y) 


+[m(k,O) (ve+e0"7 "a + Ve+Qryi ) 


+n(R,Q) (vere ver tee" vx0) jaw (—Q’)}. 


(6) 


We need the expectation values to first order in 
ay.(—Q) of operators which differ by momentum Q 
(i.e., Yerqo*vei*) and to first order in a.(—Q’) of 
operators which differ by momentum 0) (i.e., Yer@r1* Yi"). 
These results are given in Sec. IV by Eqs. (43) and (45). 
These equations show that ye;0*ve* is proportional 
to an odd power of k, and hence the sum over k in Eq. 
(6) clearly yields zero for our choice of gauge, 


Jn(Q”)=0. (7) 
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The interaction Hamiltonian for the Coulomb exchange effect between conduction electrons and magnetic 
shell electrons in rare-earth metals is derived from first principles. The approximations under which the 
interaction can be represented by the product of electron and ion spin vectors are exhibited. 


INTRODUCTION 


HE exchange interaction between conduction elec- 
trons and magnetic shell electrons plays an im- 
portant role in some of the electric and magnetic 
properties of rare-earth metals. This type of interaction 
was first proposed by Zener' as a part of the mechanism 
of ferromagnetic coupling in the transition elements. 
Kasuya’ suggested that this interaction gives the entire 
coupling between the ions in rare-earth metals, so 
that the crystal can become ferromagnetic or anti- 
ferromagnetic even though for most of the elements 
there apparently is very little overlapping between the 
magnetic 4f shells of neighboring ions. He also made a 
detailed calculation of the exchange interaction in 
gadolinium and put the interaction Hamiltonian in a 
form equivalent to As-S, where s is the spin vector of 
the conduction electron and § is the spin angular mo- 
mentum of the ion. The problem for gadolinium is 
simple because there is no net orbital angular mo- 
mentum and so § is the same as the total angular 
momentum J. For other rare-earth metals de Gennes’ 
proposed that one may replace S by (g—1)J, where g is 
the Landé factor, and obtain the form A(g—1)s- J. 
Using this latter form he arrived at the Néel* formula 
for the paramagnetic Curie temperature of the rare- 
earth metals. Brout and Suhl,® following the suggestion 
of Herring,® proposed the same two forms s-S and 
(g—1)s-J and justified the use of the second form in 
case the multiplet splitting is large. 

The anomalous resistivity in gadolinium and some 
other rare-earth metals has also been attributed to this 
exchange interaction. Kasuya’ and de Gennes and 
Friedel’ obtained theoretically the temperature de- 
pendence of the anomalous part of the resistivity of 


* This research was done in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 
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gadolinium. For other rare-earth metals Brout and 
Suhl® derived a dependence of the saturation value of 
the anomalous resistivity on the number of electrons 
in the 4f shell. The basic interaction Hamiltonian was 
taken as (g—1)s-J. Their result is slightly different 
from the semiempirical dependence found by Anderson 
and Legvold.® However the uncertainty in the numerical 
results of the latter work was large, and so there is no 
decisive disagreement between the theory and the ex- 
periments. At temperatures low compared with the 
Curie or Néel temperature the anomalous resistivity 
has a 7? dependence.” This was explained by Mannari!! 
using a model of conduction electron-spin wave scatter- 
ing through this exchange interaction. 

The same exchange interaction exists between con- 
duction electrons and rare-earth ions when these ions 
are dissolved in lanthanum. The net effect is that these 
dilute rare-earth solutions have lower superconductive 
transition temperatures than pure lanthum. The theo- 
retical work of Suhl and Matthias” gave satisfactory 
explanation to the experimental results. 

The effects of this interaction on other transport 
properties—thermal conductivity and thermoelectric 
were also studied by Kasuya.” 

The present work is an extension of Kasuya’s work 
to other rare-earth metals where the spin-orbit coupling 
in the ion should be taken into account. The basic in- 
teraction between the electrons is assumed to be the 
Coulomb exchange interaction. Under certain approxi- 
mations, it is shown that the spin-dependent part of 
the interaction Hamiltonian is of the form (g—1)s- J. 
Hence this gives a fundamental proof of de Gennes’ 
proposal. 


power 


BASIC MODEL AND WAVE FUNCTIONS 


The model for rare-earth metals one usually employs 
consists of a lattice of trivalent ions in a sea of con- 
duction electrons. Each ion has an unfilled 4f shell 
which is gradually filled up as the atomic number in- 
creases. There are filled 5s and 5 shells outside the 4/ 

9G. S. Anderson and S. Legvold, Phys. Rev. Letters 1, 322 
(1958). 

0 G. K. White and S. B. Woods, Phil. Trans. Roy. Soc. (London) 
A251, 273 (1959). 

11 J, Mannari, Progr. Theoret. Phys. (Kyoto) 22, 335 (1959). 

12H. Suhl and B. T. Matthias, Phys. Rev. 114, 977 (1957). 

8 T, Kasuya, Progr. Theoret. Phys. (Kyoto) 22, 227 (1959). 
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shell. This model describes all members of the group 
except the following: cerium has four conduction elec- 
trons at low temperatures; europium is divalent; and 
ytterbium is divalent and has a filled 4/ shell. The 
element promethium is radioactive, so very little is 
known about its physical properties. The present dis- 
cussion will exclude these exceptional cases. 

The angular momentum and the magnetic moment of 
each ion are due entirely to the unfilled 4f shell since 
all the other shells are filled. Because of the shielding 
effect of the outer shells, the 4f shell has weak inter- 
actions with the surroundings. Also the crystalline field 
splitting is small compared with the multiplet splitting. 
Therefore in a first order theory one usually treats the 
ions as free. The electrons in a 4f/ shell couple their 
angular momenta together according to the Russell- 
Saunders scheme. The total angular momentum J is 
considered a good quantum number just as for a free 
ion. This picture of the magnetic shell structure is 
consistent with the data of paramagnetic susceptibility 
and saturation magnetic moment of these metals. 

There are Coulomb forces between the conduction 
electrons and all the electrons in the ion core. However, 
since filled shells do not contribute any spin-dependent 
effect, it is sufficient to consider only the conduction 
electrons and the 4f-shell electrons. To simplify the 
writing one may start by considering one conduction 
electron interacting with the magnetic electrons of one 
ion. The total interaction can be obtained by summing 
over all the conduction electrons and all the ions. Thus 
the interaction Hamiltonian may be written as 


N e 
Hr;= > ——_, (1 ) 


1 | t5—Ty41| 


where ry4: is the position vector of the conduction 
electron and r; is the position vector of the ith magnetic 
shell electron. The summation is taken over all elec- 
trons in the shell. 
The wave function for the conduction electron is of 
the form 
W(r,s)= u(r) exp(ik-r)x, (2) 


which is the Pauli wave function for a Bloch wave nor- 
malized in a large volume. Here x is the Pauli spinor. 
The wave function for the magnetic shell has a rather 
complicated structure. In the usual approximation in 


the theory of atomic spectra each electron in the 4f 


shell should have a wave function of the form 

Vi(T)x=R(r) V1,(0,0)x. (3) 
The wave function of the whole shell should be con- 
structed from single particle wave functions according 
to the Pauli principle and Hund’s rules as follows: 

(a) When the magnetic shell is half filled or less than 
half filled (V <2/+1), the wave function is of the form 
Wom (1,2,---N)=Som C(LSJ; m, M—m)brm(1,2,---N) 

XWs,m—m(1,2,---N), (4) 


LIU 


where C(LSJ;m, M—m) denotes the vector coupling 
coefficients. The wave function ~;» is constructed from 
single-particle orbital waves functions y,,(r) and is 
completely antisymmetrical with respect to exchange of 
particles. The function ~s,4—-m contains only single- 
particle spin functions and is completely symmetrical. 
(b) When the magnetic shell is more than half filled 
(N>2l+1), the space and spin wave functions have 
more complicated symmetries. It is most convenient to 
express the symmetries by the Young diagrams" 
shown in Fig. 1. One labels the electrons by 1, 2, ---V 
and arranges them in the frames such that the first 
(2/+-1) electrons are in the long column of the space dia- 
gram and the long row of the spin diagram. One first sym- 
metrizes with respect to al] particles in the same row 
and then antisymmetrizes with respect to all particles 
in the same column of the diagrams to obtain the wave 
functions Pym.¢(1,2,---N) and Ws, w—m.t(1,2,---). Here 
¢ denotes the complementary tableaux obtained by this 
arrangement of the particles in the frames. Similar 
terms can be obtained by arranging the particles in 
different ways in the same frames. The completely anti- 
symmetric eigenfunction of L’, L., S*, S, 
expressed by a sum of the form 


ae ae ee) ee eee, 


can then be 


where the summation is taken over all possible tableaux 
with the same frame. One should note that 
terms in the above sum are not linearly independent, 
the coefficients A»; are not uniquely defined even though 
the sum is. Therefore the required wave function of 
the shell is 


since the 


vou=>, C(LSJ;m, M—m)Amim.Ws.m—mt (5) 
m,t 























Fic. 1. The Young dia 
grams for space and spin 
symmetries of a more than 
half filled 4f shell 


L___J 


SPACE DIAGRAM 





[| | J 




















SPIN DIAGRAM 
4L. D. Landau and E. M. Lifshitz, Quantum Mechanics 
(Addison-Wesley Publishing Company, Inc., Reading, Massachu- 
setts, 1956), pp. 210-214. 





EXCHANGE INTERACTION 


MATRIX ELEMENTS OF THE COULOMB 
EXCHANGE INTERACTION 


In this section the exchange part of the matrix ele- 
ments of the interaction Hamiltonian (1) will be calcu- 
lated using a wave function constructed from (2) and 
(4) or (5). The wave function of the system of one 
conduction electron and one magnetic shell is, with no 
| 


regard to symmetry, 


W=yYsm(1,2,: --\ W(N+1), 


where ¥(V+1) denotes ¥(ry41,5141) of the conduction 
electron. This wave function should be antisymmetrized 
with respect to all the (V+1) particles, the result is 


(6) 


1 
v [Ws (1,2,---V)y(V+1) 
(V+1)! 
N 
—> vou(1,---i-1, N+1, i+1, ---N)y(i)]. 


Now the particles are considered as completely indis- 
tinguishable, so the Hamiltonian (1) must also be 
symmetrized, 


where 1<7, 7£ N+1 and i#/j. Consider the following 


(unsymmetrized) initial and final states 


V,=Pym(1,2,-- 
W =o ( 1,2,-° 


-N)y(N+1), 
-N)y/(N+1), 


where 
¥y(V+1) 
VW’ (N+1)= ue (rv4 


Ux (Ty41) exp(ik- ry41)x, 
1) exp(7k’+ ry4i)x’. 


The matrix element (V;,H,¥;) of the Hamiltonian (7 
contains the following groups of terms: (a) direct 
interaction between shell electrons, (b) exchange inter- 
action between shell electrons, (c) direct interaction 
between the conduction electron and the shell elec- 
trons, and (d) exchange interaction between the con- 
duction electron and the shell electrons. One is interested 
only in the last group of terms. If the totality of these 
terms is denoted by M,x, it can be easily found that 


Mex=—-L [ven *(1,2,---d,-->N)y'*(N+1) 


wou (1,2, ->+>-N+1, ---N) 


XwW(i)dridr.-+-dry,;. (10) 
This will be calculated separately for N <2/+1 and 
N>2/+1. 

In the case of N < 2/+1, one substitutes Eq. (4) in 
Eq. (10), this gives 


IN RARE-EARTH METALS 453 


—-> + C(LSJ;m, M—m)C(LSJ ; m’, M’—m’) 


2 mm 
/ 4 


7 5 V Ws, M’—m’ 


XwW(i)dridry: --dryy1. 


(11) 


For gadolinium the above expression is particularly 
simple because L=0 and S=J. Hence one finds 


M ox =| feora.2. 


Xexp(—ik’- tv41) 


+, ++ N)uye* (141) 


F;— fn+1 


XWoo(1,2, --- -N)ux(1,) exp(ik- r;) 


dry devs [Psa *(L2y- iN) 


Xx'*(N+1)x(ivsa(1,2, «> N41, ---N)]. 
Due to the complete antisymmetry of the orbital wave 
function, the integral over the coordinate space is inde- 
pendent of 7. One may denote it by /’(k,k’). In the 
product of spin functions one may replace x’*(N+1) X 
Wsm(1,2,---N+1,---N) by x’*(d)Wsa(1,2,---7,---N) 
because the product contains only the spin functions 
of the remaining (V—1) particles. Hence the product 
can be written as 


SM" |x (1)x’* (4) | SM). 


The following four cases will be examined: 


a) x=x’=a. It can be easily shown that 


Lf ita,(i tts (i). 


x (i)x”™ 


x=x’=8. In this case 


this case 
re : 
x(t)x *(2) = 54(2), 


where s(i) is the spin vector of the ith shell electron 
and s,(i)=s,(t)+is,(1). 
bined into one expression, 


All these cases can be com- 


SM"|x(i)x’*(i)| SM 
SM’ x'|4+2s-s(i)|SMx), (12) 


where s is the spin vector of the conduction electron. 
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Therefore 


Mw=—d i I'(k,K’)(SM’x'| $4+-28-8(i)| SMx 


= I'(k,k’)(SM’x’|3N+2s-S|SMx), 


where S=)°,s(i). Hence the spin-dependent part of 
the exchange interaction Hamiltonian may be taken as 


H = —2I'(k,k’)s-S= —2/’(k,k’)s- J. (13) 


This result was first derived by Kasuya? and is generally 
valid for any initial and final states of the conduction 
electron. 

For other rare earths with N<2/+1, the Hamil- 
tonian can be reduced to a form similar to Eq. (13) 
only under some restricted conditions. Each term in 
(11) contains an integral over the coordinate space of 
all the particles, 


T(k,k’,m,m’) 


= f Yim *(1,2, - 


Xexp(—ik’: ry41) 


i++ +N) uye* (1041) 
ye 
ri;—fy+1| 
XWim(1,2, ---N+1, «+ -N)ux(1;) exp(ik-r;) 
Xdr,:- 


-dtn+1, 

and a product of spin functions, 

bs.mr—m’*(1,2,° + +4,-++N)x’*(N+1) 
Xx(t)Ws.a—m(1,2,---N+1,---N). (15) 

The latter can be reduced by a similar calculation to 

4-+-2s-s(i)|S, M—m, x). 


(S, M’—m’,x’ (16) 


In the space integral (14), one may expand 
Wim’ (1,---i,--+N) 
l 


=> 4,'(1, ---i-1, i4+1, ---N)vp(r0), 


v=—I 
and 


Vim(1, -- -N+1, rE -N) 


®,(1, he *t— 1, ‘+1, ix ‘Niu (tw+1), 


where 
,= f Yin(1,2, *s¢N+1, +++ N)by* (twyiddty yi, 
etc. Then one obtains 


1(k,k’,m,m’) => (#,’,®,) 
“ue 


e 


> 4 f vat rdu*(en, 1) exp(—ik’- In 1) — 


| n 
| Fy—Tv+1 


XWin (tv41)¢x(r;) exp(ik-rdrdry,;. (17) 
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This last integral requires careful study. The conduction 
electrons are 6s? and 5 electrons. If one considers that 
both the initial and the final states are in the s band, 
the functions u(r) and “,-(r) are isotropic and can all 
be approximated by wo(r) for k=0. The phase factor 
exp(ik-r,;) can be expanded as 


D l 
exp(ik-r)=4¢ 5 DY i'j:( bri) V m* (RV m(¥3), 


l=0 m= ! 


where & denotes the unit vector k/k. If the radius of 
the 4f shell is small compared with the wavelength of 
the conduction electron, only the leading term will be 
of significance. If one is concerned only with the effect 
of the leading term, the integral can be evaluated by 
standard techniques to obtain 


1(k,k’,m,m’)=>_ (,' ©, )7 (Rk, R’)5,, 


uy 


=I(k,k’)(Lm’| Lm). 
where 


Are” 
be) =—— f RR 1)Mo* (rn4.1)Uo(1;) 
21+1 


(r<)! 
X jo(R’rn41)7 (kr;)—— r2rnsPdrdrn +i. 


(r,) 
Substituting (16) and (18) into (11), one obtains 


M.x.=—>d ¥ C(LSJ;m, M—m)C(LSJ ; m’, M’—m’) 


i mm’ 


X1(k,R’){ Lm’ | Lm 
X(S, M’—m’, x’ | 4+2s-s(i)|S, M—m, x 


=—I](k,k’)(J M'x'|4N+2s-S|JMx). (19) 
Within the manifold of ground-state J value, S may be 
replaced by its projection along J, namely (g—1)J 
where g is the Landé factor. Therefore the spin-de- 
pendent part of the Coulomb exchange interaction 
Hamiltonian is 

H=—21(k,k’)(g—1)s- J, (20) 
which is the de Gennes Hamiltonian. If either the initial 
or the final state or both of the conduction electron is a 
5d state, the integral J(k,k’,m,m’) cannot in general 
be put into the simple form in Eq. (18). Then the 
Coulomb exchange interaction can no longer be ex- 
pressed by a simple product of spin vectors. 

In the case of N>2/+-1, one uses the wave function 
in Eq. (5). A similar calculation can be made for the 
matrix elements of the interaction between any two of 
the terms in Eq. (5), so that only functions corre- 
sponding to an arbitrary pair of tableaux at a time 
need be considered. The result is that the Hamiltonian 
(20) also applies. 
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DISCUSSION 


It has been shown that the Coulomb exchange inter- 
action between conduction electrons and 4/-shell elec- 
trons in rare earths can be represented by a Hamiltonian 
—2I(k,k’)(g—1)s-J if the following approximations 
are made: 


1. The conduction electrons are the s electrons so 
their wave functions have spherical symmetry. 

2. The wavelength of the conduction electron is large 
compared with the size of the 4f shell so the phase 
factor exp(ik-r) can be approximated by the leading 
term of its multipole expansion. Hence a simple spin 
product Hamiltonian follows only if one neglects the 
dependence of the conduction electron wave functions 
on the direction in space. 


The first approximation is rather difficult to justify 
because of the lack of knowledge about the various wave 
functions. Since most of these wave functions are 
oscillatory in space, so it is very important to know 
their space dependences to some detail. This is a task 
which is beyond the scope of this discussion. 

By the method of screening constant of Pauling,'® 
the size of the 4f shell is estimated to be about 0.4 A. 
Using a free-electron model one estimates the wave 
number at the Fermi energy to be R&=1.5X10° cm“. 
Hence k-r<0.6<1. Therefore the second approxima- 
tion should be fair. 

The exchange integral /(k,k’) should be the same for 
all rare earths. Hence according to de Gennes’ the Curie 
(or Néel) temperature of rare metals should be propor- 
tional to (g—1)*J(J+1). For the elements between 
Gd and Lu this reduces to 


Tc (or Ty) «S?(J+ 1), fp 


which is the Néel formula‘ and is verified experimentally 
except for Yb.'® For the elements from La to Sm the 


16. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 
16 FH. Spedding, S. Legvold, A. H. Daane, and L. D. Jennings, 
in Progress in Low-Temperature Physics, edited by C. J. Gorter 
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relationship reduces to 
Tc (or Ty) «& S*J/(J+1). 


This however is not in agreement with the experiments. 
The saturation value of the anomalous resistivity in 
rare earths should be proportional to (g—1)7J(J+1) 
according to Brout and Suhl.® This relationship is also 
verified experimentally in the elements Gd-Lu but not 
in La-Sm. Hence one may conclude that in the trivalent 
metals praseodymium, neodymium, and samarium the 
simple theories do not apply. 

These three metals have other peculiar properties as 
well. It is known that they have strange crystal struc- 
tures instead of the hexagonal closed-packed structure 
of gadolinium, etc.'® They also have different conduction 
band structures as exhibited by their Hall constants. 
Pr and Nd have positive Hall constants,!’ indicating 
hole conduction, and the Hall constant of Sm has a 
strange dependence on temperature and magnetic 
field.'* These peculiar properties may have close con- 
nections with the failure of the simple theories. 

On the other hand, when these elements are dissolved 
in lanthanum the expected result of the exchange inter- 
action is observable.” Therefore, when the ions of these 
elements are put in proper surroundings the interaction 
Hamiltonian (20) does apply. 
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Band Structure of Noble Metal Alloys: Optical Absorption in Cu-Ge Alloys at 4.2°K 
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Calorimetric optical absorption measurements at 4.2°K have been made on a representative series of 
copper-germanium alloys, over the wavelength range 0.23 to 4 microns, using electropolished bulk specimens 
The variation of the infrared absorptivity with residual resistance for the dilute alloys confirms that the 
impurity relaxation time for copper is anisotropic. Changes in the absorption spectrum below 6000 A are 
inconsistent with the rigid band model, but may be reconciled with the theory of Cohen and Heine. The 
shift in the main absorption edge is analyzed to give information about the screening of the solute atoms in 


these alloys. 





I. INTRODUCTION 
A? a result of recent work! on the a phase of the 


copper-zinc system, it was considered of interest 
to extend optical absorption measurements to related 
alloy systems. According to the theory of Cohen and 
Heine? the band gap in the (111) directions for such 
alloys depends on the nature of the solute as well as 
the electron concentration. This behavior is to be con- 
trasted with that of the rigid band model, which sup- 
poses the energy gap to remain fixed upon alloying. 
The rigid band model would thus predict that the 
absorption structure of all a-phase alloys involving 
copper as solvent should be essentially identical for the 
same value of electron concentration. In the Cohen and 
Heine model, on the other hand, the optical properties 
would depend markedly on the nature of the solute. 
Again, measurements of the shift of the main ab- 
sorption edge as a function of solute concentration for 
various alloying elements should give valuable in- 
formation about the solute screening in such systems. 
If the d band, being relatively low lying, is supposed to 
be unaffected by the alloying process, then the shift in 
the main absorption edge should give the associated 
shift in the Fermi level. Assuming the Friedel theory’ of 
screening to be correct, at least in its qualitative as- 
pects, then the displacement of the Fermi level and 
hence of the absorption edge should be a function only 
of the electron concentration. It was to check this 
conclusion, as well as to obtain a crucial test of the 
rigid band model of alloy behavior, that a study of the 
optical properties of the a phase 
manium system was initiated. 


of the copper-ger- 


II. EXPERIMENTAL DETAILS 


Measurements were made at liquid helium tempera- 
tures using the calorimetric technique described in the 
previous paper.! Both the optical and residual resistance 
specimens were prepared, in the same manner as before, 


1M. A. Biondi and J. A. Rayne, Phys. Rev. 115, 1522 (1959). 
2M. H. Cohen and V. Heine, Advances in Physics, edited by 


N. F. 

p. 395 
3J. Friedel, in Advances in Physics, edited by N. F. 

(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 461. 


Mott (Taylor and Francis, Ltd., London, 1954), Vol. 7, 


Mott 


from ingots formed by the induction melting of high- 
purity copper and germanium. The optical specimens 
were electropolished in an 80% orthophosphoric acid 
solution. This bath proved to be somewhat erratic in 
its behavior for the more concentrated alloys, but by 
suitably adjusting the current and voltage on the cell, 
good surfaces were obtained up to a germanium con- 
centration of seven percent. Beyond this value, no 
satisfactory electropolishing bath could be found and 
hence the experiments do not extend to the limits of 
the a phase. After polishing, the optical specimens were 
washed and mounted in the usual manner. 


III. RESULTS 


Absorptivity data for the various alloys in the visible 
and ultraviolet regions of the spectrum are given in 
Fig. 1. The main absorption edges are shown in more 
detail in Fig. 2. 
concentrations less than one percent, the infrared data 
are shown in Fig. 3. It should be noted that this figure 
is drawn on a much enlarged scale compared with Figs. 
1 and 2. As in the case of the Cu-Zn alloys, the infrared 
absorptivity in the region 1.75-4.0 microns is substan- 
tially constant, but rises quite sharply in the vicinity 


For the dilute alloys, with germanium 


of 1 micron. It is of interest that the residual resistivities 


(%) 


Absorptivity 


Fic. 1. Absorption spectra for copper-germanium alloys 


in visible and ultraviolet 
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of the dilute alloys agree well with the data of Linde,' 
thus giving a measure of confidence in the metallurgical 
procedures used in preparing the samples. 


IV. DISCUSSION 
A. Absorptivity in the Visible and Ultraviolet 


Reference to Fig. 2 shows that alloying with ger- 
manium moves the main absorption edge to shorter 
wavelengths. Owing to the high resistivity of the speci- 
mens, the residual absorption on the long wavelength 
side of the edge is quite high. Consequently an accurate 
determination of A», the wavelength corresponding to 
the onset of interband transitions, is not possible. If, 
however, we adopt a procedure similar to that used for 
the copper-zinc system, approximate values of Ao for 
the copper-germanium alloys may be found. These 
values are given in Table I, from which the full curve 
of Fig. 4 is obtained. Comparing the behavior of the 
copper-germanium system with that of the copper-zinc 





4ol- 


Cc 


Fic. 2. Details of main absorption edge for 
copper-germanium alloys. 


system, given by the dashed curve in Fig. 4, it is seen 
that in both cases the initial displacement of the edge 
for small solute concentrations is essentially zero. This 
result is in definite contradiction to the original theory 
of Mott and confirms Friedel’s hypothesis’ that there 
must be a substantial effect on the displacement of the 
Fermi level, due to screening of the solute atoms by the 
conduction electrons. Now according to Friedel, the 
displacement of the Fermi level 6£, for a concentration 
c of solute having a valence Z relative to the solvent, 
is given by equation 
Zq 

$E=—— _—_—., (1) 

gR coshgR—sinhgR 


In this equation the screening parameter gq is related 
to the density of states, V(£o) by the relation 


g=4rN (Eo). (2) 


4J. O. Linde, Ann. Physik 10, 52 (1931). 
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Fic. 3. Absorption spectra for dilute copper-germanium 
alloys in infrared. 


The screening radius R is given by the equation 
1/R°=c/r,', (3) 


r, being the radius of the atomic sphere for the solvent. 
From Eq. (1) it is readily seen that 


6/2: f(gR), (4) 


where the right hand is a function only of the solute 
concentration R and of the properties of the solvent. 
Now it was demonstrated previously! that the Thomas- 
Fermi model, on which Eq. (1) was derived, does not 
adequately describe the solute screening for Cu-Zn 
alloys. It does not seem unreasonable, however, to 
suppose that the relation (4) still holds and that 6E/Z 
plotted against solute concentration gives a universal 
function. If this is so, the close agreement between the 
two curves in Fig. 4 suggests quite definitely that the 
behavior of germanium in these alloys is not consistent 
with the idea that it is quadruply ionized. Rather, the 
present results strongly suggest that only one additional 
electron is contributed to the alloy by each germanium 
atom. In view of the large ionization energies that corre- 
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‘Ic. 4, Shift in main absorption edge for copper-germanium alloys 
as a function of solute concentration. 
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TABLE I. Values of Ao, the wavelength corresponding to the 
onset of the main absorption edge, for Cu-Ge alloys. 








Solute 
concentration No 
(at. %) (A) 


5790 
5790 
5780 
5760 
5730 
5700 


Eo bE 
(ev) (ev) 
2.150 0 
2.150 0 
2.153 0.003 
2.161 0.011 
2.173 0.023 
2.184 0.034 
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spond to the quadruply ionized states of Ge, this con- 
clusion is perhaps not so unusual as might at first seem. 

The behavior of the absorption curves for the Cu-Ge 
alloys in the visible and ultraviolet regions of the spec- 
trum is quite different from the corresponding curves 
for the Cu-Zn system. In the latter case, the absorption 
peak corresponding to transitions from the valence 
band into the next zone, moves to longer wavelengths 
with increasing zinc concentration. For the Cu-Ge 
system, however, there is definite evidence, as may be 
seen from the doubly humped curves D, £, that this 
same peak moves towards shorter wavelengths with 
increasing germanium concentration. Such behavior is 
not at all consistent with the rigid band model, which 
would predict that the absorption structure would be 
essentially only a function of the electron concentra- 
tion. On the other hand, the model of Cohen and Heine 
may be reconciled with the behavior of both alloy 
systems. 

As noted in the previous paper, the onset of absorp- 
tion into the next zone corresponds to a photon energy 
equal to the energy gap in the (111) directions. Accord- 
ing to Cohen and Heine, the change in the gap upon 
alloying is given approximately by the formula 


(e/a)—1 1 
(Agp) solvent => a (14 -) 
e/a Ps 


xX{ (Azp)solute— (Agp)solvent), (5) 


Asp- 


where A,, corresponds to the mean gap for the alloy, 
(Asp)sotute ANd (Azy)soivent Correspond to the gaps for 
the solute and solvent, respectively, and e/a is the 
electron/atom ratio for the alloy. Now from the Cu-Zn 
absorption data, -,—E, for c=0.3 is approximately 
2.6 ev. From the soft ray absorption spectrum of copper,® 
it is known that E,—£, is approximately 3.5 ev. Hence 
experimentally, for c=0.3 in the copper-zinc system, 
we have® 


Asp— (Asp) solvent = 3.5— 2.6=0.9 ev. (6) 


Using the theoretical values of s-p splittings given by 


5 Y. Cauchois, Phil. Mag. 44, 173 (1953). 

® The Cohen and Heine theory gives the approximate relation 
E,— Ep= —Asp—} (BC) s+(5/4)kr*. In the present work we 
assume that the last two terms are unchanged on alloying, so 
that Z,—Ey~—Agp. 
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Cohen and Heine, we find from (5) 
Asp— (Asp) solvent = 0.9 ev, (7) 


in exact agreement with experiment. In the case of 
germanium as a solute, however, the theoretical s-p 
splittings predict a similar shift of the absorption curve 
towards larger wavelengths. This disagreement is, 
nevertheless, not too significant since an accurate 
estimate of A,, for germanium is difficult to obtain on 
theoretical grounds. If, in fact, A,, for germanium is 
less than that for copper or is negative, then the Cohen 
and Heine model would be consistent with experiment, 
since A,p— (Asp)solvent Would then be negative. At the 
moment, there does not appear to be any way of giving 
any theoretical justification to such a hypothesis. It is 
possible, however, that the abnormal value of A,, for 
germanium is connected with the fact that it is not 
quadruply ionized in such alloys. 

If the present interpretation of the absorption struc- 
ture on copper-germanium alloys is correct, then it 
must be concluded that the band gap in the (111) 
directions increases slightly with increasing germanium 
concentration, i.e., the Fermi surface becomes slightly 
more distorted on alloying. Since it is now known quite 
definitely’ that the Fermi surface in copper touches the 
zone boundary along the (111) directions, one would 
thus expect that the density of states in the copper- 
germanium system would decrease with increasing 
solute concentration. Low-temperature heat capacity 
studies on Cu-Ge alloys* have shown, however, that 
this is not true. A possible explanation of this dis- 
crepancy is to ascribe it to a neglect of the contribution 
to the density of states curve from regions of the Fermi 
surface remote from the {111} faces. This contribution 
is a monotonically increasing function of energy and it 
may offset the effects of the overlap across the {111} 
faces. A detailed explanation of the shape of the density 
of states curve for the Cu-Ge system, based on such a 
hypothesis, is not possible in view of our rather sparse 
knowledge concerning the band shape of copper. Fur- 
ther experiments on other alloys systems are clearly 
needed to determine whether, in fact, the Cohen and 
Heine model is adequate to give a complete description 
of the a-phase alloys of the noble metals. 


B. Absorptivity in the Infrared 


As may be seen from Fig. 3, the absorption data 
beyond the main edge exhibit considerable tailing out 
to approximately 1.75 microns. It is now believed that 
this tailing does in fact result from indirect transitions 
between the d band and the Fermi surface, as was orig- 
inally suggested by Biondi.' In order for such transi- 
tions to extend over such a wide range of energy, how- 
ever, there must be considerable warping of the d 


7J. D. Gavenda and R. W. Morse, Bull. Am 
463 (1959). 
8 J. A. Rayne, Phys. Rev. 108, 649 (1958). 
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band. This feature of the d band has not been revealed 
by any band calculation? but in view of the rather 
primitive state of such computations, the absence of 
warping is perhaps not significant. In this connection, 
it should be mentioned that the effects of s-d hybridiza- 
tion mentioned by Cohen and Heine may be responsible 
for the unusual character of the d band. 

Beyond 1.75 micron, the absorptivity is essentially 
constant with increasing wavelength, to within experi- 
mental error, for the dilute alloys studied here. As dis- 
cussed in the previous paper,' the absorptivity can be 
expressed as the sum of three contributions 


A volumet Aimpurity ° 


The first term results from the scattering of electrons 
by the surface of the metal, while the second term arises 
from the interaction of the electrons with the zero point 
motion of the lattice. An expression for the impurity 
absorptivity, Aimpurity, WaS previously derived by solv- 
ing the Boltzmann equation without taking into account 
the spacial variation of the electromagnetic field within 
the metal. A more rigorous treatment, following the 
work of Kaganov and Slezov," is given in the Appendix, 
where it is shown explicitly that it is precisely the 
effects of this field variation which result in the surface 
absorption. For wr>>1, w6/y>1 the more exact treat- 
ment yields an identical expression for A impurity as that 
obtained previously, viz., 


A=A + 


surface | 


(8) 


Ain purity > \T (1/7) (Ne 7m) pimpurity- (9) 


In this equation m is the usual average inverse effective 
mass, NV the density of conduction electrons and pimpurits 
the resistivity due to the presence of impurities. The 
quantities (r) and (1/r) are averages of the impurity 
relaxation time defined by the following integrals: 


1 1 
(r)= f ras / fras: (-) - f-ras / f vas, (10) 
T T 


From the Schwarz inequality it may be shown that 


(r)({1/r)2 1, (11) 


the equality holding only for isotropic impurity scatter- 
ing. Thus (r){1/r) is a measure of the anisotropy of 
impurity scattering. 

In the region of interest, therefore, the absorptivity 
of the alloys may be expressed in the form 


A= A surface t+ Avotus 1e + Bpimpurity ’ (12) 
where 


B=(r)(1/r)(Ne?/xm)!. (13) 


Now for the dilute alloys used in this work, A surface and 
Avolume are essentially constant and hence a plot of 


®See for example D. J. Howarth, Proc. Roy. Soc. (London) 
A220, 513 (1953). 

1M. I. Kaganov and V. Slezov, J. Exptl. Theoret. 
(U.S.S.R.) Soviet Phys.-JETP 5, 1216 (1957). 
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5. Variation of infrared absorptivity as a function of residual 
resistance for dilute copper-germanium alloys. 


absorptivity versus the residual resistivity should yield 
a straight line of slope 8o, the value of 8 for pure copper. 
As shown in Fig. 5, this plot is indeed linear. Using the 
value m= 1.45mp derived by Schulz" from his infrared 
transmission measurements, we find from (13) that the 
anisotropy factor for impurity scattering in pure copper 
is given by 

(r)(1/7)=1.30+0.05. (14) 
This value is in very good agreement with the figure 
obtained from the initial slope of absorptivity versus 
residual resistivity for the copper-zinc alloys. In this 
latter instance, however, there is a greater uncertainty 
in analyzing the data, since the validity of assuming 
that Acaurface ANd Ayolume are only slowly varying func- 
tions of solute concentration is somewhat questionable. 
It is believed that the present estimate is much more 
reliable. 

The result expressed by (14) is of considerable in- 
terest, since most theoretical treatments of impurity 
scattering have assumed it to be isotropic. As demon- 
strated here, this assumption is far from being correct. 
A satisfactory explanation of the reason for this ani- 
sotropy seems hardly possible at the moment. It is 
believed, however, that in some way it must be con- 
nected with the nonspherical nature of the Fermi 
surface in copper. 


V. CONCLUSIONS 


From the results of optical absorption measurements 
on Cu-Ge alloys at 4.2°K, it is concluded that the rigid 
band model is not capable of describing the effect of 
alloying on the band structure of copper. The shift in 
the main absorption edge gives support to the general 
notions concerning the screening of solute atoms in 
such alloys, but does not appear to be consistent with 
the idea that germanium is quadruply ionized. Although 
the Cohen and Heine model can be reconciled with the 
present experiments, there still appears to be some 
doubt that it is capable of providing a unified descrip- 
tion of the a phase of the noble metal alloys. The varia- 


"LL. G. Schulz, J. Opt. Soc. Am. 44, 540 (1954). 
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tion of infrared absorptivity with residual resistivity for 
dilute copper-germanium alloys confirms that impurity 
scattering in copper is anisotropic. 
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APPENDIX 


Following Kaganov and Slezov,"” let us consider a 
plane electromagnetic wave of frequency w incident 
normally upon a cubic single crystal whose surface 
coincides with the plane z=0. 

The relevant Boltzmann equation is 

of , Ofo 
iw f +v,—+-=— 
02 fT OE 


e&-V, (A1) 


where the field € is given by the Maxwell equations 


curlH=42J/c; curl&=— (iw/c)H, (A2) 


and the current density J is related to the distribution 
function f by the relation 


2e 
he f vfdek, 
(27) 


The zeroth order solution of (A1) may be used to 
solve (A2) and (A3) for the electric field. In particular, 
for a plane wave polarized along the x axis, these equa- 
tions yield 


(A3) 


Cc Cc - 5 Cc 
6,= 6,(O)e ‘ ) =() 


y=0, &,=0. (A4) 


The skin depth 6 is given by the relation 


mc \3 i i 
6 -( ) (:- )-a(1- ~), (A5) 
4nrNe? 2wr 2wr 


where m is the usual average inverse effective mass, viz. 


1 1 
a ras, 
m ” 12m3Vh 


If (A4) is then used to obtain a better solution for the 
distribution function, we find from (A1) assuming that 
f=0 at z=0, i.e., diffuse reflection at the boundary, 


(A6) 


Ofo 3 
f=——e&,(0)—— 
OF (ta +1/ ime, 


x | exp( --)- 1 a 


RAYNE 


where 
0 


v,>0. 
Using (A7) and the central symmetry of the Fermi 


surface, Eq. used to obtain the current. 
Thus 


(A3) may be 


x 


r= f J .(z)dz 
2e? ‘| 6 
= 8.00) $ } 
(23)*h liw+1/r 


where the integration is carried out over that part of 
the Fermi surface for which »,>0. Expressing this equa- 
tion in terms of the surface R and surface 
reactance X, we have since wr>>1, wé/v>1, 


resistance 


R-ix 
R?+X? 


2e? fg 
~ (29)? fies? 
-_.§ U; 169W (V2—. (A9) 
(29) fics t 


Thus equating real and imaginary parts, we have since 


RKX 
R 2e* dS 8» 2 
| $ een o += f- is}, 
X° (Qn) ha? 1 
1 2e” f " 


la alice Saat dow 
Hence from (A10) and (A6) we find that the 
tivity A is given by the equation 


(A10) 
X (29r)*hw 


absorp- 


cR 
=—= (A11) 


where @ is an effective velocity given by the expression 


9-16 cs / f vas 


For a spherical energy surface i= vp, the velocity at the 
Fermi surface. The average inverse relaxation time (1/7) 
is given by the equation 


1 
(1/7) -f ods /' f was. 
T 


(A12) 
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If we take into account scattering of the electrons by 
phonons as well as by impurities, we have 


(A14) 


(1 Fh (1, T \phonon“t (1 T himpurity- 


lor spherical energy surfaces and acoustic anisotropy, 
Holstein” has obtained an expression for (1/7) phonon, Viz. 


2601 
(1/7) phonon =—--—-, 
5Tr 


(A15) 
In any case, we can use (A13) and (A11) to write the 
total absorptivity in the form 


m 


} 
(1/7), (A16) 


A = Anstuce+ Avotine + ( 79 


awNe 


where (1/7) is now understood to refer to the impurity 
relaxation time. 


2 'T. Holstein, Phys. Rev. 96, 535 (1954) 
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Cu-Ge 
Now the impurity resistance pimpurity is given by the 
equation 


=m/Ne*{r), 


(r) = f reas / [ vas. 


Using these equations, (A15) may be written in the 
form 


(A17) 


where 


(A18) 


A= A urface tT A volume 
+(r (1/7r)(Ne? 7M) pimpuritys (A19) 


which is the same equation as derived previously. 
From the Schwarz inequality, it may be shown that 


(r)(1 (A20) 


the equality for 


scattering. 


only holding isotropic impurity 
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The transmission (7 


of electrons through thin films of C, AloOs, 


Al, Ni, Ag, and Au, together with their 


distribution in angle and energy, were measured in a spherical retarding-potential analyzer. The distri- 
butions were characterized by average and most probable scattering angle, average and most probable 
fractional energy loss, etc. The dependence of these variables on initial energy (£,), film thickness, and 
material was investigated. For sufficient film thickness, the transmitted energies, the scattering angles and 
nr can be represented as universal functions of the reduced energy, E,/E., where £, is the critical E, for the 
onset of transmission. Direct relations exist between 7, scattering angles, and energy losses for the complete 
range of scattering from small-angle scattering to total diffusion. The dependence of n7 and average frac- 
tional energy loss on Z is consistent with published results on backscattering coefficient and energy loss for 
thick layers. An estimate of the mean free path for inelastic collisions proves to be in good agreement with 


the predictions of the Bohr-Bethe theory. Range-energy relations are almost inc 


range is measured in mass per unit area. 


INTRODUCTION 

U* JN passing through relatively thick layers of 
solid matter, electrons generally undergo a con- 
siderable number of collision processes in which they 
gradually lose their energy and change their direction. 
Although the individual collision processes are rather 
well understood in terms of elastic nuclear scattering, 
inelastic scattering on atomic electrons and collisions 
with the conduction electron plasma, a complete 
theoretical description of the plural and multiple 
scattering process, including elastic and inelastic col- 
lisions, is at present not possible.’ Only for certain 
limiting cases does a successful theoretical treatment 
of the multiple scattering process exist. Moliére® de- 
1See for instance: R. D. Birkhoff, Handbuch der Physik 


(Springer-Verlag, Berlin, 1958), Vol. 34, p. 53. 
2G. Molitre, Z. Naturforsch 3a, 78 (1948). 


lependent of Z when the 


scribed multiple scattering for small individual deflec- 
tions, not including any energy loss. The diffusion of 
high-energy electrons as a result of elastic collisions 
was treated by Bothe,* Bethe, Rose, and Smith‘ and 
more recently by Moliére.® The energy-loss distribution 
of electrons passing through solids due to inelastic 
scattering without appreciable deflection has been 
calculated by Landau, Blunk, and Leisegang, and 
others. The average rate of energy loss of electrons 
along their path is well described by Bethe’s stopping 

3 W. Bothe, Z. Physik 54, 161 (1928). 

4H. A. Bethe, M. E. Rose, and L. P. Smith, Proc. Am. Phil. 
Soc. 78, 573 (1938). 

5G. Moliére, Z. Physik 156, 318 (1959). 

6 L. Landau, J. Phys. U.S.S.R. 8, 201 (1944); I. Blunck and 
S. Leisegang, Ann. Phys. 128, 500 (1950); K. C. Hines, Phys. 
Rev. 97, 1725 (1955); R. M. Sternheimer, Phys. Rev. 103, 511 
(1956). 
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power formula,’ although the mean excitation potential 
of the scattering material must generally be deter- 
mined empirically.’ More recently, Spencer® calculated 
the energy dissipation of electrons in solids for incident 
energies above 50 kev. 

However, for electron energies below 10 kev the 
existing theories of multiple scattering do not apply, 
since, contrary to the assumptions made in the various 
theories, a single inelastic collision can lead to a rela- 
tively large deflection and a relatively high-energy loss. 
Furthermore, the cross section for inelastic collisions in 
this energy range depends critically on the intial energy 
of the incoming electrons because of the changing par- 
ticipation of inner-shell electrons in the scattering 
process. Therefore, experimental investigations in this 
energy range are of interest, since they can serve to 
guide the development of a theory applicable at low 
energies. 

A number of measurements at energies below 10 kev 
have involved a study of the backscattered electrons 
from solids. The variation of the backscattering co- 
efficient with initial electron energy" has been 
studied, as well as its dependence on angle of incidence.” 
Other studies in this energy range include character- 
istic energy losses’ and energy straggling distri- 
butions."-8 

Measurements on the transmission of electrons in 
the energy range below 10 kev were to a large part 
designed to test existing range-energy relations.'®.'® 
The energy distribution of electrons transmitted 
through thin foils of various materials were reported 
by Ruthemann and Lang" at a few kev. However, 
these authors were primarily interested in the fine 
structure due to characteristic energy losses and 
accompanying small angular deflections.'* Only Young” 
reported complete energy spectra obtained for electrons 
that passed through Al,O; films in this energy range. 
No detailed studies on both the energy and angular 


7H. A. Bethe, Ann. Physik 5, 325 (1930). 

8 For a review on stopping power see W. Brandt, Health Phys. 
1, 11 (1958). 

9 L. V. Spencer, Phys. Rev. 98, 1957 (1955). 

10 P, Palluel, Compt. rend. 224, 1492 (1947); T. L. Matskevitch, 
J. Tech. Phys. U.S.S.R. 27, 289 (1957) [translation: Soviet 
Phys.—Tech. Phys. 2, 255 (1957) ]. 

1 E. J. Sternglass, Phys. Rev. 95, 345 (1954). 

12 J. E. Holliday and E. J. Sternglass, J. Appl. Phys. 28, 1189 
(1957). 

18H. Kanter, Ann. Physik 20, 144 (1957). 

4 EF. Rudberg, Proc. Roy. Soc. (London) A127, 111 (1933) and 
Phys. Rev. 50, 138 (1936); R. P. Reichertz and H. E. Farnsworth, 
Phys. Rev. 75, 1902 (1949); C. J. Powell and J. B. Swan, Phys. 
Rev. 115, 869 (1959). 

16C, Feldman, Phys. Rev. 117, 455 (1960); for a review on 
earlier range data see Y. P. Varshni and R. C. Karnatak, Ann. 
Physik 2, 413 (1959). 

16 J. R. Young, J. Appl. Phys. 27, 1 (1956) and Phys. Rev. 103, 
292 (1956). 

17G. Ruthemann, Ann. Physik 2, 113 (1948); W. Lang, Optic 
3, 233 (1948). 

18 For a review on characteristic energy losses see L. Marton, 
Revs. Modern Phys. 28, 172 (1956); D. Pines, Revs. Modern 
Phys. 28, 184 (1956). 

19 J. R. Young, J. Appl. Phys. 28, 524 (1957). 
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distributions covering the whole range of transmitted 
energies and deflection angles for the exit side of thin 
foils have been reported in the literature. 

In recent years the techniques for the preparation of 
very thin, freely supported films of various materials 
have been greatly improved. This opened the possi- 
bility of extending transmission measurements to lower 
energies than previously accessible. The objective of the 
work reported below is to describe the plural and 
multiple scattering process at low energies as com- 
pletely as possible in its dependence on important 
parameters such as initial energy, film thickness, and 
material. Thereby emphasis is placed on the over-all 
characteristics of the scattered electrons, such as the 
fraction of electrons transmitted by a foil, the average 
and most probable angular deflection and the average 
and most probable energy loss. Any “fine structure” 
in the angular or energy distributions due to coherent 
scattering or characteristic energy losses are dis- 
regarded. These effects are better observable at higher 
energies where the collision mean free path is greater 
since the large number of individual collisions under- 
gone by a low-energy electron tends to wash out all 
fine structure. Information of the type reported here 
is not only desirable for a more complete understanding 
of such processes as secondary electron emission, 
bombardment-induced conductivity, and cathodolumi- 
nescence, but it is also of direct interest in various 
physical and radiological applications involving the 
penetration of low-energy electrons into solids. 


APPARATUS AND EXPERIMENTAL TECHNIQUES 


For the purpose of measuring angular and energy 
distributions, a simple retarding technique employing 
a spherical collector was used as shown in Fig. 1. In 
order to measure angular distributions the collector 
was divided into concentric zones. The limit in angular 
resolution of a few degrees which can be obtained in 
such an arrangement seemed to be sufficient, since only 
the over-all scattering behavior was to be investigated, 
disregarding any fine structure. Such an arrangement 
has the advantage that a large fraction of the scattered 
electrons contribute to the zonal collector currents, 
thus allowing relatively simple means for detection. 

Thin film targets were mounted on small tubes which 
could be easily inserted into electrode T. The target 
was positioned in the center of the spherical grids G, 


le Thin Film 
“Target 
‘N 





* . 
Grids ~G, 


Fic. 1. Schematic of electron analyzer. 
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and Ge, which were made of tungsten mesh with four 
meshes per mm and 0.02-mm wire diameter. The sup- 
porting structure of the grids was made of ring-shaped 
strips which separated the zonal angular ranges. The 
electron current passing through the grids was collected 
by five zonal collector electrodes. The grid-supporting 
strips provided a blind angular range of at least 3° 
between each zone, covering the openings between the 
collector electrodes. 

A conventional electron gun supplied an electron 
beam of the order of 10-7 amp with a diameter of about 
1 mm. The beam was centered with the help of aperture 
A (diameter 3 mm). The aperture was held at a negative 
potential with respect to the target to suppress slow 
secondary electrons emitted from the back side of the 
target. The impinging current was measured at the 
target by connecting it to all the surrounding electrodes 
of the analyzer. The error due to backscattered elec- 
trons from the target escaping into the solid angle 
subtended by the aperture could be neglected. 

In order to determine the fraction of electrons 


transmitted by a foil the electron current leaving the 
foil was measured with grid G, as collector. This grid 
was tied electrically to both Gz and the collector elec- 
trodes and was held at a potential of 45 v negative with 
respect to the target, thus repelling secondary electrons 
with energies smaller than 45 ev emitted by the target. 
Grid Gj, like all other electrodes of the analyzer, was 


covered with soot in order to reduce backscattering and 
secondary electron emission. The transmission current 
was corrected for the small secondary electron current 
flowing back from grid G, to the target. This current 
was between 6 and 10% of the collected current, 
depending on the initial electron energy. 

In order to measure the angular and energy distri- 
bution of the transmitted electrons, grid G, was tied 
electrically to the target. An opposing potential was 
applied between grid G; and G2. The collector current 
of each zone was measured as a function of this opposing 
potential. 

Grid G; was necessary to keep the space in front of 
the target field-free, and thus to avoid defocusing of the 
emerging electrons. Without grid G,, nonradial field 
components in front of the target were found to give 
rise to considerable errors in the measured angular and 
energy distributions.”° The lens effect introduced by the 
mesh was calculated with a formula similar to that used 
by Jonker." The angular deviation of an electron 
passing through the grid was smaller than 1.5° and the 
corresponding decrease in energy resolution of the 
analyzer was about 0.8 ev, in agreement with meas- 
urements. 

The collector was held at a potential of 45 v positive 
with respect to grid G,, which served to suppress 
secondaries emitted by the collector electrodes. Only 


2 N. A. Soboleva, Radiotekh. i Elektron. 3, 339 (1958). 
21 J. L. H. Jonker, Philips Research Repts. 6, 372 (1941). 
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backscattered electrons with energies greater than 45 v 
were therefore able to leave the collector. The back- 
scatter coefficient for carbon is about 6% and is 
practically constant with the energy of the impinging 
electrons.”:'! As a resuit, changing the retarding 
potential and thereby altering the average energy of 
the electrons impinging at the collector did not intro- 
duce significant error in determining the true shape 
of the integral energy spectrum. 

The over-all energy resolution of the analyzer was 
about 3 ev. This was estimated from the linewidth of 
elastically scattered electrons in the differential energy 
spectrum. The differential energy spectrum was meas- 
ured by adding an ac voltage to the retarding potential 
and measuring the ac component of the collector current 
in a method quite similar to that described by Leder 
and Simpson.” Since this method is not used in the 
measurements described here, a detailed description 
will be given elsewhere. For sufficiently thin foils the 
peaks due to the principal characteristic energy losses 
were readily observable. 

Angular distributions were generally plotted as the 
relative number of electrons deflected into the unit 
interval of scattering angle @ as a function of 8, inte- 
grated over the azimuth. In order to obtain this 
quantity from the data, the measured zonal collector 
currents had to be divided by the corresponding angular 
ranges. The geometrical angular ranges of the zones 
were determined with an accuracy of better than 3°. 
Zone 1 extended from 0° to 3.6°, zone 2 from 6.9° to 
11.3°, zone 3 from 14.3° to 18.5°, zone 4 from 25° to 
42.5°, and zone 5 from 49.8° to 82.4°. The lens effect 
of grid G, mentioned above, however, tends to decrease 
somewhat the actual angular ranges. Because variations 
of the open areas of grids G, and G: can introduce 
relative errors into the zonal collector currents, the 
open area of these grids was determined by measuring 
the transmission of light through both grids from a 
small source placed in the center of the analyzer. The 
transmission varied from 55% to 62%, introducing a 
relative error in the zonal collector currents of +6%. 

For electron energies larger than 5 kev and very thin 
films (<10 yg/cm?), inelastic scattering on grid G; 
caused an anomalous increase of the zonal collector 
currents at low retarding potentials (see Fig. 6). Such 
an effect was also observed without any foil in the 
analyzer. Any such anomalous increases were therefore 
disregarded. Because the retarding potential curves 
usually had a nearly constant slope over almost half 
the total energy range, the curves were extrapolated 
with a constant slope up to zero potential. The devi- 
ations were never larger than 15% of the collector 
current and the remaining uncertainty is believed not 
to have increased the error in the relative zone currents 
to a total of more than +8%. 

The analyzer was mounted in a magnetically shielded, 


2 L. B. Leder and J. A. Simpson, Rev. Sci. Instr. 29, 571 (1958). 
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Fic. 2. Block diagram of apparatus. 

















bakeable vacuum system. After a foil was inserted in 
the analyzer, the system was baked for about 12 hr at 
250°C to 300°C. With the filament of the electron gun 
in operation, the pressure was generally in the order 
of 10-7’ mm Hg. No appreciable formation of car- 
bonaceous. layers on the target surface due to the pres- 
ence of pump-oil vapors was observed during operation. 
This could be concluded from the fact that the second- 
ary electron yield of a given target, which is known to 
depend sensitively on the amount of carbon on the sur- 
face, did not change in the course of several hours of 
bombardment. The measurements on a given foil were 
usually completed within two hours. 

A block diagram of the circuit used is shown in Fig. 
2. The electron gun, the gun supply, the target (together 
with aperture A of Fig. 1), and the batteries supplying 
the beam voltage were all isolated from ground. In 
order to determine the fraction of electrons that have 
passed through the foil, grids G, and Gz were connected 
with the collector B. The switches S,; and S», were 
closed. Thus the target was at ground potential, while 
the grids and the collector were held at a potential of 
45 v negative with respect to the target. The beam 
energy was changed by opening switch S,. Condenser 
C, was discharged through the voltmeter resistance, 
thus gradually decreasing the beam voltage to the point 
where no electrons were able to pass through the foil. 
An x-y recorder, driven by the meters V and 4, plotted 
the collector current directly as a function of the beam 
energy. 

In order to plot the collector current as a function of 
the retarding potential, grid G; was connected to the 
target T and grid G, was grounded. The collector had 
a potential of +45 v with respect to ground. Switch S; 
remained closed. With S, closed the retarding potential 
between grids G; and G, was zero. Upon opening S» 
the condensers C; and C2 were recharged through the 
voltmeter resistance, thus gradually increasing the 
target potential to the point where no electrons were 


able to pass through grid G, to reach the collector. The 
recorder plotted directly the integral energy spectrum. 


TARGET PREPARATION 


For the range of electron energies and foil thicknesses 
considered here, the surface condition of the film targets 
is of relatively small influence. Therefore the film 
preparation technique described below, which does not 
provide samples free from absorbed gases and oxide, 
appeared to be adequate. 

All metal films were prepared by rapid vacuum 
evaporation onto a supporting nitro-cellulose film, 
stretched across the end of a tube of 6-mm inside and 
8-mm outside diameter. The supporting film was 
removed by baking in air at about 200°C for one hour.” 
Each film was checked for pinholes under the micro- 
scope. Any tears or holes occurring in the film during 
the experiment could be easily found in transmission 
measurements, since in the presence of holes the trans- 
mitted current would not drop completely to zero upon 
decrease of the initial electron energy. During the 
preparation of the film, the metal was simultaneously 
evaporated onto glass slides which (after a subsequent 
silver evaporation) were used to determine the thickness 
by multiple beam interferometry.* The thickness 
measurements by this technique are believed to be 
accurate to within +5% or +25 A, whichever is the 
larger. Using the density of bulk material the film 
thickness was converted to mass per unit area. 

The foil thickness determined in this fashion can be 
expected to represent the actual film thickness only if 
no oxidation or oxygen uptake changes the mass density 
of the film during the bake-out procedure. Furthermore, 
it must also be assumed that the accommodation 
coefficient of the glass slides used does not differ greatly 
from that of the nitro-cellulose film on which the target 
is prepared, and that the bulk density may be used 
even for the thinnest films measured. Because it is 
difficult to be certain of the two latter assumptions, 
the absolute thickness determinations of the foils are 
believed to have an accuracy of only about +10% or 
+2 ug, respectively. 

In the case of aluminum, where the oxidation is 
particularly severe, a correction for the presence of an 
oxide was made as follows. From earlier studies it is 
known that aluminum films of 150 A thickness can be 
completely converted to aluminum oxide during bake- 
out, while 200-A films stay conductive and do not lose 
their metallic appearance.” In order to account for the 
increases in mass due to oxidation, therefore, each 
measured film thickness was increased by 3.5 ug/cm?, 
which corresponds to the weight of oxygen necessary 

%M. Garbuny, T. P. Vogl, and J. R. Hansen, Westinghouse 
Reserach Laboratory Report 71F189-R7-X (unpublished). 

24 See for instance: G. D. Scott, T. A. McLauchlan, and R. S 
Sennet, J. Appl. Phys. 21, 843 (1950). 

25 This is in agreement with measurements of oxidation rates 


of aluminum by E. A. Gulbransen and W. S. Wyson, J. Phys. & 
Colloid Chem. 51, 1087 (1947). 
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to convert 150 A of Al into AleO;. With this correction, 
the practical range-energy relations determined for the 
films (Fig. 5) agreed with the published data by Young'® 
to within the experimental error. 

According to Gulbransen and Andrew”* the reaction 
of nickel surfaces with oxygen for temperatures below 
400°C is negligible, so that no corrections were applied 
for this material. Since surface layers add only very 
little mass per unit area to foils of heavier material, no 
corrections of film thicknesses were made for silver and 
gold films. 

Carbon 


films were prepared by evaporation in 


vacuum from carbon electrodes heated by high cur- 
rents.?”? The carbon was deposited on slides covered with 
a thin layer of KCl, which was subsequently dissolved 
away in water, allowing the carbon film to be picked 
up from the surface with the aid of a small wire frame 
and placed directly on the tubular target holder. 

The the 


measured by interferometry since the measurements 


thickness of carbon films could not be 
resulted in very widely scattered data for the range- 
energy relations, presumably due to wide fluctuations 
in the density of the films. A similar observation was 
reported by Agar,*> who compared interferometric 
thickness measurements with light transmission data. 
He found a similarly large scatter in the transmission- 
thickness relation. To circumvent this difficulty, the 
thickness of one of the carbon films was determined 
by quantitative chemical analysis. The resulting range- 
energy relation agreed very well with the range-energy 
relation for aluminum and aluminum oxide measured 
in mass per unit area. The thicknesses of the remaining 
carbon films could therefore be deduced from the energy 
corresponding to penetration as defined below, using 


the known range-energy relation for aluminum. 
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Fic. 3. Fraction of transmitted electrons as a function of reduced 
initial energy for carbon films of different thickness. No points are 
shown since the curves were originally plotted by an x-y recorder. 


26. A. Gulbransen and K. F. Andrew, J. Electrochem. Sox 
101, 128 (1954). 

27 E. E. Bradley, J. Appl. Phys. 27, 1399 (1946); G. Dearnaley, 
Rev. Sci. Instr. 31, 187 (1960). 

28 A. W. Agar, Brit. J. Appl. Phys. 8, 35 (1957). See also: A. 
Cosslett and V. E. Cosslett, Brit. J. Appl. Phys. 8, 374 (1957). 
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lic. 4. Fraction of transmitted electrons as a function of reduced 


initial energy for materials of different atomic numbers with 
thicknesses > 15 g/cm? 


Aluminum oxide films were prepared by an anodizing 
technique described in detail in the literature.” 
RESULTS 
1. Transmission of Electrons 


Che fraction of transmitted electrons, nr, was meas- 
ured for material as a 
energy, E>, 


initial 
For the 
presentation of the transmission curves, a method was 


the 
on films of various thicknesses. 


each function of 


used which is believed to have first been suggested by 
Wecker.” By extrapolating to the abscissa the steep 
part of the transmission curves as a function of E,, a 
critical energy for the onset of transmission, E,, can 
be defined which is clos« ly related to the film thickness. 
Transmission curves were then plotted as a function 
of the reduced energy E,/£., where the initial energy 
is measured in units of E.. 

lransmission curves plotted in this manner are shown 
in Fig. 3 for carbon films of various thicknesses. As can 
be seen, the transmission curves approach a universal 
transmission curve for carbon in the limit of large film 
thicknesses. The thickness beyond which the universal 
curve begins to be valid is of the order of 1000 A or 20 
ug/cm*. For corresponding curves obtained on alumi- 
num films, the deviation from the universal curve at 
the smallest thickness of 170 A was about half as large 
as that for the thinnest carbon film. For the heavier 
materials, Ni, Ag, and Au, no deviation at all was 
found at any thickness studied. All these films, however, 
were thicker than about 15 ug/cm*. Thus it is possible 
to present the transmission properties of a given 
material by means of a single universal curve appli- 
cable for all thicknesses beyond about 20 ug/cm?. The 
universal transmission curves for all the materials 
investigated are plotted in Fig. 4. The curves obtained 


27 W. Walkenhorst, Naturwissenschaften 34, 3 
Hass, J. Opt. Soc. Am. 39, 532 (1949); L. Harri 
Am. 45, 27 (1955). 


39 I*, Wecker, Ann. Physik 40, 405 (1941). 


73 (1947); G. 
s, J. Opt. Soc. 
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Fic. 5. Practical range-energy relation. 


for Al and Au agree very well with those measured by 
Wecker® at initial energies from 20 to 70 kev. 

The presentation of data as a function of E,/E, 
rather than separately as functions of E, and E, (or 
film thickness D) turned out to be convenient not only 
for the transmission but also for the scattering angle 
and the residual energy of the transmitted electrons. 
For all these quantities universal presentations were 
possible. Therefore, once the critical energy E, for a 
particular film is known, the scattering behavior for 
any initial energy can be obtained from the universal 
curves. 

2. Range-Energy Relations 

The relation between film thickness and critical 
energy, E., commonly referred to as the practical 
range-energy relation, is shown in Fig. 5 for all the 
materials, studied. The range is measured in mass per 
unit area. Range-energy curves for energies below 10 
kev were published by several authors. However, there 
is no unique definition for the range. Therefore, our 
data are only compared with those of Young'® and 
Kanitcheva and Burtsev,*! who studied aluminum oxide, 
aluminum, and gold in the energy range under consider- 
ation here, and who defined the range in the same way 
as in the present work. When the results for aluminum 
are corrected for the formation of an oxide layer during 
the film preparation, the data of these authors agree with 
the present measurements to within the experimental 
error. 

For nickel, silver, and gold, the practical range is 
found to be slightly higher than for aluminum; but 
there is insufficient data to establish any systematic 
trend with the atomic number. The result that the 
range-energy relation is almost independent of Z for 


311. R. Kanicheva and V. A. Burtsev, Fiz. Tverdogo Tela. 1, 
1250 (1949). 


energies below 5 kev agrees with the measurements of 
Holliday and Sternglass™ using a backscattering tech- 
nique. The absence of any strong Z dependence has 
been explained qualitatively as follows®: At energies 
of a few kilovolts the nuclear screening for high-Z 
materials is so effective that the penetration depth of 
the electrons is essentially determined by inelastic 
scattering processes involving the excitation and ioni- 
zation of the atomic electrons. Thus the range is 
approximately inversely proportional to the rate of 
energy loss, which varies essentially as the number of 
electrons per atom or the atomic number Z. Since the 
atomic mass also increases nearly linearly with Z, the 
range-energy relation should be independent of Z when 
measured in mass per unit area, as indicated by the data. 


3. Energy Distributions 


Since in the present study the scattering behavior of 
electrons as a functions of initial energy, film thickness, 
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Fic. 6. Typical retarding potential curves (520-A aluminum, 
E,=3900 ev). Note the increase of the collector current of zone 1 
near U. 


and material were investigated for a large number of 
cases, it is not feasible to reproduce all measured energy 
and angular distribution curves separately. The dis- 
tributions were instead characterized by certain quan- 
tities which allow one to combine the results in a more 
general and compact form. 

One may characterize the principal features of the 
energy distribution by two quantities: the average 
energy E, and the most probable energy E,. These 
quantities were determined by graphical integration 
and differentiation of the integral energy spectra. The 
integral spectra were obtained from the zonal collector 
currents as functions of the retarding potential, applied 
between grids G, and G2. They were measured for films 
of different thicknesses and for different initial energies. 
A typical example is shown in Fig. 6. The straight part 


# J. E. Holliday and E. J. Sternglass, J. Appl. Phys. 30, 1428 
(1959). 
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of the retarding curves, which usually extended from 
about half the beam potential to less than —90 v, was 
extrapolated to zero potential. Thus the increase in 
collector current corresponding to the collection of 
secondary electrons from the target could be separated 
out. At the same time, the deviations due to inelastic 
scattering on grid G,; mentioned before were excluded 
by this procedure. 

The average and the most probable energy values 
for electrons scattered into a given zonal angular range 
were used to calculate the average and most probable 
energy of all the electrons wnich have passed through 
the foil. This was accomplished by an averaging pro- 
cedure using the solid angles subtended by the collector 
zones as weight factors. The average fractional energy 
of all the transmitted electrons, Ea/E,, as function of 
the reduced initial energy, E,/£., for carbon films of 
different thicknesses is shown in Fig. 7. Again a small 
dependence on film thickness can be observed when 
plotted in this manner. For the corresponding curves 
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>. 7. Fractional average energy as a function of reduced initial 
energy for carbon films of different thicknesses. 


of aluminum, however, no change with film thickness 
was found to within the experimental accuracy. 

The universal curves of the fractional average energy, 
plotted as a function of £,/£., coincide for all materials 
investigated as shown in Fig. 8. The consequences of 
this fact will be discussed below. Figure 9 shows the 
dependence of the fractional most probable energy, 
E,,/E,», as a function of £,/E, for various materials. 


4. Angular Distributions 
The 


polating the integral energy spectra to zero retarding 


zonal collector currents, obtained by extra- 
potential, were used to determine the angular distri- 
butions. The angular distributions represent the relative 
current per unit interval of the scattering angle @, 
integrated over the azimuth, as a function of the scat- 
tering angle @. The curves were drawn in such a manner 
that the ratio of the areas under the curves per zone 
interval equals the measured ratio of the zonal currents. 
The angular distributions were characterized by the 
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lic. 8. Fractional average energy of transmitted electrons as a 
function of reduced initial energy for materials of different atomic 
numbers with thicknesses > 15 yug/cm? 


average scattering angle 6, and by the most probable 
scattering angle 6,,. 

The average scattering angle, 6,, as a function of 
E,/E., is independent of the film thickness for all 
materials investigated. The universal curves of 6, are 
shown in Fig. 10. Contrary to the average scattering 
angle, the most probable scattering angle 6,, observed 
on C and Al asa function of E,/E, (not shown) depends 
slightly on film thickness. For film thicknesses smaller 
than 15 pg/cm?, @,, is somewhat smaller than the values 
given by the universal curve. This deviation from the 
universal curve was observed only for very thin films 
and low-Z materials such as carbon and to a lesser 
degree for aluminum. The universal curves of 6, are 
shown in Fig. 11. 

At very thin foil thicknesses and low Z, deviations 
from a universal curve therefore occur for the trans- 
mission’ (Fig. 3), the fractional average energy (Fig. 7) 
and the most probable scattering angle. This fact might 





° 





Most Proboble Energy, Ew/E, 








Fractional 





2 3 4 5 
Reduced initicl Energy, "oe. 


Fic. 9. Fractional most probable energy of transmitted electrons 
as a function of reduced initial energy for materials of different 
atomic numbers with thicknesses >15 ug/cm?. 


% Angular distributions of 5-30-kev electrons having traversed 
thin films of aluminum, covered with MgO, have been reported 
by B. G. Butkevich and M. M. Butslov, Radiotekh. i Elektron. 
3, 355 (1958). 
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Fic. 10. Average scattering angle as a function of reduced initial 
energy for materials of different atomic number with thicknesses 
> 15 ug/cm?. 


be explained by the preponderance of plural scattering 
under these conditions, in contrast to multiple scattering 
for the thicker foils. It should be recalled that £, is 
defined in terms of the onset of transmission. When 
scattering results from only a few small-angle collisions, 
transmission sets in relatively earlier than when the 
electrons are strongly scattered. Therefore, curves 
plotted on an E,/E, scale for very thin films of low-Z 
material are displaced to larger E,/E,. values with 
respect to the universal curves valid for the thicker 
films, as can be seen in Figs. 3 and 7. 

The possibility of presenting the scattering data in 
the form of universal curves as a function of E,/E, is 
not only of practical value but it also allows one to 
draw certain physical conclusions as will be discussed 
in the next section. 


DISCUSSION 


The following discussion is restricted to results 
obtained for films sufficiently thick so that the data can 
be represented by universal curves. Since the universal 
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Fic. 11. Most probable scattering angle as a function of reduced 
initial energy for materials of different atomic number with thick- 
nesses >15 pg/cm?. 


functions all depend on E,/£., direct correlations exist 
between transmission, scattering angle, and fractional 


energy loss as will be discussed in detail below. 


1. Transmission and Scattering Angle 


The variation of the curves for transmission and 
scattering angles with Z suggests a close relation be- 
tween transmission and scattering angle. In fact, a 
plot of transmission as a function of the most probable 
scattering angle 0, (Fig. 12) shows that to within the 
experimental accuracy, this relation is independent of 
Z as long as the transmission is smaller than 0.6. For 
6.~ 10°, the difference between the fraction transmitted 
for carbon and silver is about 10°. Because the rela- 
tion between transmission and scattering angle appears 
not to be appreciably affected by materials of various 
stopping powers, one is led to conclude that the trans- 
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Fic. 12. Fraction of transmitted electrons as a function of the 
most probable scattering angle for materials of different atomic 
numbers. 


mission of electrons through thin films depends pre- 
dominantly on scattering. The influence of actual 
stopping in the foil can only be a second order effect. 
The transmission nr can therefore be used to measure 
the “scattering power” of a material. 

This conclusion is consistent with results by Stern- 
glass," who pointed out that the backscattering co- 
efficient ng for electrons backscattered from metals is 
related to the scattering power of the metal. The close 
correlation between nz and nr is shown in Fig. 13, where 
both quantities are plotted as functions of Z for a film 
of thickness equal to half the range of the electrons. As 
shown by Holliday and Sternglass,” the number of 
electrons backscattered from a film of this thickness 


4 Comparison with the most probable scattering angle was made 
since this angle varies over a relatively wide range. The relation 
between transmission and the average scattering angle is, however, 
very similar. 
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will not increase with further increase of thickness so 
that the backscattering coefficients for the bulk material 
apply. The transmitted electrons, however, have 
traveled only through about half their range, which 
means that the primary energy is roughly twice as 
large as the critical energy £. of this film. Comparison 
therefore made with transmission values for 
E,/E.=2. Upon adding the transmitted and back- 
scattered fraction of electrons, it is seen that for any 
film material of thickness corresponding to half the 
electron range, only 10 to 20% of all electrons are 
actually stopped in the foil. 

The correlation between transmission and the mean 
squared scattering angle was predicted for “total 
diffusion” by elementary diffusion theory.’ Total 
diffusion is defined as that stage in the scattering 


is 


process, where no change in the angular distribution at 
the exit side of the film occurs upon further increase of 
film thickness. The angular distribution for total diffu- 
sion can be approximated by a cosine distribution with 
6,=45°. Referring to Fig. 10, this value of the average 
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13. Relation between transmission and backscattering coeff 
cient of materials as a function of atomic number. 


scattering angle is reached for E,/E<™1. The physical 
meaning of the critical energy £, of a film is therefore 
the initial energy E, below which the electrons at the 
exit side emerge in a state of total diffusion. For 
E,<£., Bothe showed that a direct relation exists 
between a “scattering coefficient” as measured by the 
square root of the mean squared scattering angle, and 
a coefficient of ‘apparent absorption,” which measures 
the transmitted fraction. In the range of total diffusion 
the change of transmission with thickness can be ap- 
proximated by an exponential law.** This transmis- 
sion law is independent of initial energy, atomic 
number, and film thickness. Our experimental data 
reveal that the relation between transmission and 
scattering angle holds not only for the range of ‘‘total 
diffusion” but also for relatively high transmissions or 
correspondingly small scattering angles. 

35 As shown by Bethe, Rose, and Smith‘ the correct treatment 
of the elementary diffusion equation leads to a decrease in trans- 
mission roughly inversely proportional to the film thickness rather 
than to an exponential law. This, however, should not change 
the general conclusion arrived at by Bothe. 
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2. The Dependence of Scattering Angle 


and Energy Loss on Z 


In the following section we will outline qualitatively 
the main features of the observed experimental results 
for the dependence of the average scattering angle and 
the fractional average energy loss on the atomic number 
of the scatterer. Only such effects will be considered 
which in a single collision lead to appreciable scattering 
angles or energy loss. Small contributions due to 
characteristic losses will be neglected (see below). 

\ theoretical relation between the average scattering 
angle and the atomic number in a single inelastic 
collision with a free atom can be obtained using Bethe’s 
approximate formula’ for the average deflection angle 
#) in collisions with electrons bound with energy Jo 


sin*Oo~ Io/E, 


(1) 


where £ is the initial energy of the scattered electron. 
We assume that (1) holds also for the 
average scattering angle on atoms with a large spread 
in binding energies, if the average ionization potential 
is inserted in Eq. (1). The average ionization potential 
in turn is known to be proportional to the average 
excitation potential J. This latter quantity, however, 
increases nearly linearly with Z for the lower atomic 
numbers.** Therefore, the square of the sine of the 
average inelastic scattering should increase 
approximately linearly with Z. Because the number of 
valence electrons represents a relatively small fraction 
of all electrons with which the primary can interact, 
this relation should also apply for atoms closely packed 
in solid matter. 


the relation 


angle 


The final average scattering angle after transmission 
through thin films depends on the mean scattering 
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Fic. 14. Sine squared of the average scattering angle 6, as a 
function of atomic number for -,=8 kev and D=300 A. The 
target materials are C, Al2O;, Al, Ni, and Ag, respectively. 


36’, Bloch, Z. Physik 81, 363 (1933). 
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TABLE I. Comparison of experimentally and theoretically 


estimated number of inelastic collisions in thin films 300 A thick. 
E,=8 kev. 


1 
Element, Z 


C,6 76 
Al, 13 150 
Ni, 28 276 
Ag, 47 418 
Au, 79 680 


angle for single collisions as well as on the scattering 
mean free path. In order to allow an estimate as to the 
Z dependence of the mean free path, sin*@, as measured 
on thin films about 300 A thick has been plotted as a 
function of Z in Fig. 14. The initial energy was E,=8 
kev. For the range of Z shown, sin*@, increases nearly 
linearly with Z. For larger Z, sin*@, increases less rapidly 
and finally levels off at a constant value of 0.5. This 
results from the fact that in high-Z materials even for a 
foil thickness as small as 300 A the electrons emerge in a 
state of total diffusion as manifested by the existence 
of a cosine distribution for which sin’é,=0.5. Because 
of the fact that measured on films of equal 
thickness but different Z varies nearly linearly with Z 
as would be expected for a single collision process, one 
can conclude that the number of collisions, or the mean 
free path for inelastic processes, does not depend 
strongly on Z. 

In order to estimate roughly the number of strong 
inelastic collisions in films 300 A thick, we make use 
of the fact that per primary collision on the average 
an energy equal to the mean excitation potential J is 
transferred to the atomic electrons.*7 The number of 
such collisions can then be calculated from the average 
energy loss AE, experienced by the transmitted 
electrons, divided by J. For I experimental values 
obtained by Bakker and Segré** were used. The results 
are presented in Table I, column 3. In agreement with 
the conclusion drawn from the observations on the 
squared average scattering the number of 
collisions varies by only a factor 2.5 although the atomic 
number increases by a factor of 13. Because of the 
relatively low electron energies employed in our experi- 
ments, the listed values for the mean excitation po- 
tential actually need to be lowered for high-Z materials 
due to binding effects. Therefore, the values in column 


sin’6, 


angle, 


3 tend to come out too small for high-Z materials, thus 
tending to further decrease the variation of the number 
of collisions with Z. 

A comparison of these results with theoretical pre- 
dictions of the mean free path for inelastic collisions is 
of interest. According to the Bohr-Bethe theory, the 
average number of inelastic collisions per unit path 
37 N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 

38 C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1941). 
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lengths can be calculated by*’ 


2zeN Zn;3 QE 
ze (2) 
E 


vai ' Fan 


where JN is the number of atoms per cm’, E the energy 
of the scattered electron, Z,.,; the number of electrons 
in the (,/) shell, and /,,,, the excitation energy, roughly 
equal to their binding energy. Using this formula and 
assuming that E remains essentially unchanged we 
find for the number of inelastic collisions in films 300 A 
thick the values listed in column 4 of Table I. For the 
outermost estimate for the excitation 
energy was taken as twice the work function, while 
for the inner shells the ionization potentials were 
determined from x-ray agreement 
exists with the values calculated from the average 
energy loss AE, and the experimental values of J 
(column 3). 

It is seen that in Al, there occur on the average 6 to 
7 collisions with individual atomic electrons leading 
to a total energy loss of about 1000 ev. In order to 
compare this with the energy loss due to possible 
collective interactions in Al, we may use the experi- 
mental results on the mean free path for these losses 
obtained by Blackstock, Ritchie, and Birkhoff.** These 
authors worked with electrons in the energy range from 
20 to 100 kev. According to their results, the mean free 
path for the characteristic about 
proportionally with energy. Extrapolating to lower 
energies, one finds that at 8 kev an electron suffers no 
more than 2 to 3 characteristic losses in an aluminum 
film 300 A thick. The principal characteristic loss in 
Al is 15 ev. Therefore, the energy dissipation associated 
with the discrete losses due to collective interaction is 
in the order of 50 ev, which can be neglected in com- 
parison with the observed average loss of 1000 ev. The 
fraction due to characteristic losses in high Z material 
will be even smaller. 

According to Fig. 8 the fractional average energy of 
electrons that have passed through thin films shows 
practically no dependence on Z when plotted as a 
function of E,/E.. This means that the average energy 
of electrons that have passed through films of equal 
E., or approximately equal mass per unit area, depends 
only on the initial energy Z, and not on the atomic 
number of the film material. This fact might be ex- 
plained as follows: The thickness of films of equal mass 
per unit area varies inversely with Z, since the mass 
density of the elements increases roughly proportionally 
to Z. Because the mean free path for inelastic collisions 
does not vary appreciably with Z, the number of 
collisions in films of equal mass per unit area also varies 
inversely with Z. On the other hand, for sufficiently 
large energies, the energy loss per collisions is in the 


order of the average excitation potential 7, which 


electrons an 


data. Reasonable 


losses decreases 


% A. W. Blackstock, R. H. Ritchie, and R. D. Birkhoff, Phys. 
Rev. 100, 1078 (1955). 
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increases nearly linearly with Z.°* Therefore, the 
average energy loss in films of equal mass density is 
practically independent of Z, as is indeed observed 
(Fig. 8). 

Turning next to the Z dependence of the average 
scattering angle 8, as a function of E,/E- (Fig. 10), it 
will be recalled that the square of the sine of the 
average scattering angle per collision, 0, is proportional 
to the individual average energy loss. Therefore, sino, 
or roughly 6°, varies linearly with Z. Applying the well 
known additivity of mean squared fluctuations for 
independent events one can set 0,2 567, where s refers 
to the number of collisions. Using the same reasoning 
as in the preceding paragraph, one might expect 6,° 
and thus @, also to be essentially independent of Z. Of 
course, this argument would only be expected to hold 
if the scattering were entirely inelastic. As can be seen 
in Fig. 10, there is in fact a noticeable change of 6, with 
Z, particularly for Z<30. This can apparently be 
attributed to the efiect of elastic scattering for the 
following reasons: The amount of elastic scattering 
increases with the effective nuclear charge. For the 
case of kilovolt electrons, however, the relative effect 
of screening by the more firmly bound electrons on the 
nuclear charge will be different for elements of low and 
high atomic number. Thus, for heavy elements, whose 
inner shells have binding energies in excess of several 
kev, the effective nuclear charge determining the elastic 


as Z in- 


scattering remains approximately constant 
creases while it grows with Z for the lighter elements. 
For the energy range under consideration, one should 
therefore expect a Z dependence only for the lower 


atomic number materials which is indeed observed 
experimentally as shown in Fig. 10. 

The above considerations are, of course, only quali- 
tative in nature. Nevertheless, they tend to confirm 
the conclusions arrived at by Sternglass in back- 
scattering experiments, namely that at energies in the 
kev range, the scattering process is predominantly 
inelastic. The results furthermore indicate that even 
in this low-energy range the Bohr-Bethe theory may 
be applied to electron interaction processes in solids, 
as also concluded by Young'*® on the basis of range 
measurements down to 500 ev. 


SUMMARY AND CONCLUSION 


1. For electrons with energies between 1 and 10 kev 
the dependence of the transmitted fraction, average 
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energy and scattering angle on initial energy, film 
thickness and material has been measured. The results 
can be represented as universal curves in terms of the 
critical energy FE, below which the emerging electrons 
are completely diffused. 

2. In agreement with recent data by Holliday and 
Sternglass® for electron energies below 10 kev, the 
range-energy relation shows no significant dependence 
on Z when the range is measured in mass per unit area. 

3. For sufficient film thickness, a direct relation 
between transmission and scattering angle exists. 
Except for high transmission, the relation between 
transmission and scattering angle is practically inde- 
pendent of the atomic number of the scattering material. 
This reveals the predominant dependence of the trans- 
mission process on scattering, even for these relatively 
low initial energies. For the process of “total diffusion” 
the observed relations were predicted by elementary 
diffusion theory. The dependence of transmission on 
the atomic number Z is consistent with that observed 
for the backscattering coefficient from metals." 

4, The dependence of the average scattering angle 
and the average energy loss on the atomic number of 
the scatterer, confirms the conclusion drawn from 
backscattering measurements'! that at energies below 
10 kev the scattering process is predominantly inelastic. 
An estimate of the mean free path for inelastic col- 
lisions proves to be in good agreement with the pre- 
dictions of the Bohr-Bethe theory. 

The results confirm the need for an adequate theory 
of low-energy electron scattering by solids. In such a 
theory inelastic collisions must determine the ele- 
mentary deflection process. The theory must account 
for the participation of the more firmly bound electrons 
in the scattering process and the fact that this partici- 
pation varies with the energy of the penetrating 
electrons. The scattering process by itself should 
account for the transmission characteristic of the 
material, leaving the accompanying energy loss process 
as a second order correction. 
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Longitudinal Ferrimagnetic Resonance 
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Susceptibility components are calculated for a triangular ferrimagnetic system when the oscillating field 
is parallel to both the constant field and the net magnetization. Two new effects are found which are analo 
gous to that discussed previously. The consist in the production of oscillating magnetization components 
of the same frequency as the external field and which are parallel and perpendicular to the net magnetization 





N a previous paper,' the magnetic resonance proper- 

ties of three-sublattice ferrimagnetic systems were 
briefly discussed and it was shown that a new effect 
should exist for systems with triangular configurations 
and in which the sublattice gyromagnetic ratios were 
all different. For the conventional arrangement of 
external magnetic fields in which the constant field is 
parallel to the net magnetization and a small oscillating 
field is perpendicular to this direction, this effect con- 
sists in the production of an oscillating magnetization 
component which is parallel to the net magnetization 
(and hence perpendicular to the oscillating field). This 
magnetization component has the same frequency as 
the applied field and does not arise from the nonlinear 
terms in the equations of motion. 

A qualitative explanation for the occurrence of this 
effect was given in reference 1 with the aid of Fig. 2 of 
that paper. If one now looks afresh at Fig. 2, one sees 
that the situation depicted there suggests the possi- 
bility of two more new effects associated with triangular 
configurations if the oscillating field is now applied 
parallel to the common direction of the constant field 
and the net magnetization rather than perpendicular 
to it. The first of these effects is, in a sense, the reciprocal 
of that discussed in reference 1 and consists in the 
production of an oscillating magnetization component 
in the transverse x-y plane by the external field in the 
z direction of the net magnetization. The second effect 
involves the simultaneous occurrence of an oscillating 
magnetization component parallel to the z direction. 
Ordinarily in ferrimagnetic resonance, the s component 
of the induced magnetization is assumed to be zero 
because it arises only from second order terms in the 
equations of motion and these are usually neglected. 
In the triangular case, the existence of 
possibly large transverse static sublattice magneti- 
zation components suggests that this z component can 
have a nonzero value even when only linear terms are 
kept. The purpose of this paper is to show that these 
effects do exist in principle and to give the results of a 
calculation of the relevant the 
susceptibility. 

We use exactly the notation and basic sublattice 
equations of motion of reference 1. If we now assume 
in addition a small external field component h,«< e'** 
and proceed as before, we find that the only changes in 


however, 


components of 


* Present Address: Department of 
Arizona, Tucson, Arizona. 


1R. K. Wangsness, Phys. Rev. 119, 1496 (1960). 


Physics, University of 


the final Eqs. (21) are the addition of the following 
terms to the right-hand sides : 
Ui1=M,B(As'—As")h,, 
Us= {—M[(H2/A2)+(E/As3) ]4+M,}h,, 
Us= (Mf (G/A2)+ (A3/As) ]—M,Jh,, 
VUs= —MLL) (As — Ash. (4) 
We note that these terms all vanish when =M,M, 
=(0, i.e., no triangles, so that the existence of the 
triangular configuration is essential in order that h, 
enter into the linearized equations. 
We define additional susceptibility components by 


(1) 


7 


mM Xxrz/t2, 
m xX h,. 

Using the general solutions of Eqs. 
(23)—(29), we find that, to the 
molecular field cocfiicients, 

X22= —1/Ao= —1/dz3, 
NB*(y2—y3)(M2+M PL (e y°)— H* |x 
= wf (M1/¥1) + (Mo/y2) + (M3/73 
+ (1—B)[ (Me/y3s)+(M3/y2) ]} 
—iwM ,{ MH — (e/yyy2y38H 
X[yiM, +B (y2M 2 oz M3) 
where 7; is the effective gyromagnetic ratio 
triangular case given by (42). 

These results show, therefore, that the new effects 
discussed qualitatively in the preceding paragraphs 
should exist for triangular ferrimagnetics. The value 
of the longitudinal susceptibility x., is particularly 
simple (to this order, at least) and this should enable 
the molecular field coefficient A»; to be measured directly 
in this way, rather than by having to try to deduce its 
value more indirectly from static susceptibility and 
magnetization measurements. 

With this background, one can now see qualitatively 
more possibilities of interesting effects which can occur, 
depending on the relative orientations of external fields 
and magnetizations. For example, one could let the 
constant field be perpendicular to the net magneti- 
zation (in the x direction, say), and then apply the 
oscillating field in the 2-y plane or in the z direction. 
One would expect these field configurations to induce 
oscillating magnetizations both along the z direction 
and in the «-y plane. Further quantitative calculations 
would be needed to see if results as simple as (7) can 
be obtained for these cases also. 


21) given by 
highest order of the 


for the 
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Effect of Photoexcitation on the Mobility in Photoconducting Insulators 
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The Hall mobility of carriers in photoconducting insulators can be varied over an appreciable range by 
the effects of photoexcitation. Such a variation can result either (1) from a change in the density of scattering 
centers as the result of a change in the occupation of imperfection centers, or (2) from the initiation of 
two-carrier conductivity. Suitable use of the phenomena involved in the photo-Hall effect can lead not 
only to knowledge about carrier density, carrier sign, and carrier mobility, but also about the charge on 
imperfection centers, and to an independent determination of the cross section of imperfection centers. 
Experiments on CdS and CdSe single crystals with conductivities lying between 10~® and 107! mho/cm 
are described to illustrate the potentialities of the technique. The results emphasize both the importance 
that changes in mobility can play in normal! photoconductive processes, and the importance of hole conduc 


tivity under suitable circumstances. 


INTRODUCTION 


- is a normal assumption in the usual analysis of 
photoconductivity processes in solids that carriers 
of one type are dominant and that the mobility of 
these carriers is independent of light intensity. This is 
especially true of phetoconducting insulators like CdS 
and CdSe, where true hole conductivity has seldom been 
observed except in very highly impure samples. The 
application of the techniques of the photo-Hall effect 
to such materials provides an opportunity of checking 
both of these normal assumptions. The results of this 
paper show that a quantitative re-evaluation of photo- 
conductivity in insulators may be required in many 
instances in which these assumptions are violated. 

The fact that the mobility in an insulator in the 
imperfection-dominated range is inversely proportional 
to the density of charged scattering centers leads to the 
natural expectation that a change in the density of 
such centers will lead to a change in the mobility. One 
method of changing the density of scattering centers is 
to change their effective charge by adding or removing 
an electron from their environment. Photoexcitation, 
with its attendant effects on the Fermi level, is one of 
the means by which such changes in the effective charge 
of centers can be achieved. Experiments revealing such 
a change in mobility with light intensity have been 
confined to date almost exclusively to Ge and Si. Such 
effects have been associated with the presence of 
impurities in the Ge or Si which may exist as either 
double or singly negative centers; such impurities are 
Fe, Co, Ni, Mn, etc. Mobility measurements were 
made on n-type Ge containing one of these impurities, 
both in the dark and for high light intensity.’ An 
increase in mobility for the high-illumination condition 
was detected as doubly negative centers became singly 
negative by capturing photoexcited holes. 

The presence of such impurities in Ge and Si has 


been shown to give rise also to a change in conductivity 


1W. W. Tyler and H. H. 
(1956). 


Woodbury, Phys. Rev. 102, 647 


type with increasing intrinsic excitation.2~‘ Initially 
p-type Ge:Co and Ge:Mn convert to m type with 
increasing light intensity as the impurity centers 
capture photoexcited holes. Similarly n-type Si: Mn 
converts to p type with increasing light intensity as 
the impurity centers capture photoexcited electrons, 
Mn being a donor in Si. When the Hall mobility is 
measured as a function of light intensity for such 
systems, a marked light-dependence of the mobility is 
found, first decreasing to zero and then increasing again 
as the opposite carriers become dominant. 

There are thus two ways in which photoexcitation 
can cause appreciable changes in the Hall mobility: 
(1) by changing the occupancy of charged scattering 
centers, and (2) by making the minority carrier in the 
dark play a more important role in the conductivity 
process. 

In insulators the effect of photoexcitation on the 
motion of the Fermi level can be many times larger 
than in semiconductors such as Ge and Si. As subse- 
quent results show, the Fermi level can be swept 
through as much as 0.4 ev with varying light intensity 
at fixed temperature in such sensitive photoconductors 
as CdS or CdSe. Even without varying temperature, 
therefore, pronounced ‘changes in mobility may be 
expected as photoexcitation changes the occupancy of 
scattering centers in such materials. 

There is also the possibility in these materials of 
observing a change in the Hall mobility as holes play 
a more important role in the conductivity, either as a 
result of thermal or optical quenching of the photo- 
sensitivity. Measurements of the photomagnetoelectric 
(PME) effect® on CdS have indicated roughly com- 
parable electron and hole lifetimes in insensitive 
crystals. The use of the photo-Hall effect in the range 
where a sensitive crystal is becoming an insensitive 

2W. W. Tyler and R. Newman, Phys. Rev. 98, 961 (1955). 

3H. H. Woodbury and W. W. Tyler, Phys. Rev. 100, 659 
(1955). 

4R. O. Carlson, Phys. Rev. 104, 937 (1956). 


5H. S. Sommers, R. E. Berry, and I. Sochard, Phys. Rev. 101, 
987 (1956). 
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crystal as the result of thermal or optical quenching, 
therefore provides an opportunity to directly estimate 
the contribution of holes in a way not previously 
exploited. 

Mobility changes at room temperature by factors as 
large as 6 have been measured for CdS and by factors 
of more than 20 for CdSe. In those cases where the 
change in mobility can be attributed to changes in 
occupancy of scattering centers, the analysis of the 
dependence of these changes in mobility with location 
of the Fermi level permits an independent determination 
of the cross section of the centers involved; the sign of 
the mobility change permits a determination of the 
effective charge of the scattering center. 


THEORY 


Cross Section 


A simple expression for the capture cross section of 
an imperfection center can be derived by equating the 
Coulomb attraction energy to the thermal energy of 
an electron: 

Ze /a=kT, (1) 

Z is the number of electronic charges on the center, 

r is the center radius, and ¢ is the dielectric constant 

of the material. This criterion gives for the cross section 
of the center: 

So=Zre'/EeRT?. (2) 

A somewhat more detailed expression for the cross 
section can be derived from the Conwell-Weisskopf*® 
equation for the mobility resulting from Coulomb 
scattering in a solid: 


2@(kT)} 1 
300r!e?m AN, In[1+ (3ekT/e2N73)?)] 
Here NV; is the density of singly charged imperfection 


centers. An expression for the cross section Sew can 
be derived from (3) by the following process: 


1 1 
Scw=— 


L*N; vrN; 


m,} 1 


(2kT)!Ny 


and 
r= (300m,/e)r, 


L* is the mean-free-path of the electron, v its thermal 
velocity, and 7 the time between scattering events. 
The resulting expression for the scattering cross section 
can be written: 

Scw ="; wo (6) 


for a singly-charged center, where 


3ekT \ 
i+( , ) | 
eN;t 


6 E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950) 
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I Yv=-- In 


H. E. MacDONALD 


As N; varies between 10" and 10'8 cm~*, I'ew varies 
between 1.4 and 0.4, respectively, assuming «= 10 and 
T=300°K. Thus the absolute value of S is varied only 
slightly by the Conwell-Weisskopf 
calculation. 

One other calculation of scattering is that of Brooks- 
Herring,’ which is a quantum-mechanical treatment 
including explicitly a variation of scattering with 
shielding of scattering centers by free carriers. The 
Brooks-Herring equation for the mobility is identical 
with the expression of Eq. (3) except for the second 
multiplying factor. The scattering cross section can be 
expressed therefore: 

Spa=l'suS 


more detailed 


for a singly-charged center, where 
' 


vi 
= In(1+6)— 
16L 1+4 


[su 


where 6 contains the density of free electrons, »: 


6 em. (kT)? 
Sueenes 
nx nhre? 


(10) 


As n varies from 108 to 10'8 cm~*, I'py varies from 2.8 
to 0.3, respectively, assuming «= 10 and T=300°K. 
For all practical purposes, therefore, we may consider 
the cross section to be given within a factor of order 
unity by Eq. (2), which at room temperature gives 


S=10-"/2~10-" 11) 


cm? 


for a singly charged center. 


Two-Carrier Hall Effect 


When both carriers are making appreciable 
contribution to the conductivity, the measured Hall 
constant has the following form: 


an 


o7R,+0,7R> 
=— (12) 


where o, and a, are the conductivities contributed by 
electrons and holes, respectively, and R, and R, are 
the Hall constants for electrons and holes, respectively. 
Assuming a correlation factor of unity between the 
Hall mobility and the true mobility, as we shall do 
throughout this paper in the interest of simplicity, 
Eq. (12) may be rewritten: 


Puy — Men, 


e(tunt pup)” 


R 


The Hall mobility, uz=cR, is therefore given by 

pup — Mu 

ol oo : 

Pupt Nphn 
7H. Brooks and C. Herring, quoted by 

E. M. Conwell, Phys. Rev. 93, 693 (1954) 
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The relative values of » and m for which the Hall 
mobility goes to zero are dependent on the mobility 
ratio. Figure 1 shows the dependence of Hall mobility 
in an #-type material as the density of free holes 
contributing to the conductivity increases. If the elec- 
tron mobility is 10 times the hole mobility, for example, 
the concentration of holes must be 10 times that of 
electrons to reduce the Hall mobility by a factor of 2. 
The Hall mobility goes to zero when pu,?= nuy,. 


Dependence of Scattering on Occupancy 


A number of simple typical cases in which a change 
in mobility is associated with a change in the occupancy 
of an imperfection center are summarized in Fig. 2. 
They result principally from the fact that under 
photoexcitation the steady-state electron Fermi level 
approaches the conduction band and the steady-state 
hole Fermi-level approaches the valence band.*® 

Consider first Fig. 2(a) representing the existence of 
positively charged centers (ionized donors for example) 
lying above the electron Fermi level in the dark. As 
the Fermi level rises with increasing photoexcitation, 
these centers become filled with electrons, their charge 
is removed, and their scattering decreases strongly. 
This process can be expressed as follows: 


1/p=B/rotBvS,(Ni—n,), (15) 
where @ is the proportionality factor between mobility 
and time between scatterings, as given by Eq. (5) and 
equal in magnitude to 5.710-'® in practical units, 
B/ 7 
such as lattice scattering, etc., 
of an electron, S, 
positively charged center, .V, 
fection centers, and 7, 


represents the scattering due to all other processes 
v is the thermal velocity 
is the scattering cross section of the 
is the density of imper- 
is the density of electrons in 
imperfection centers. Now n, is determinable from the 
Fermi distribution function, so that 
N, 
(16) 


1+2 exp[(E,—Eyn)/kT] 
where £, is the energy difference between the bottom 
of the conduction band and the imperfection level, and 
Ey, is the energy difference between the bottom of the 
conduction band and the electron Fermi level, both 
taken as positive quantities. If 1/u is plotted as a 
function of E,;,, a curve of the type (a) shown in Fig. 3 
is obtained. When £,;, is much less than £,, only 
scattering from the term 8/79 remains; when /;,, is 
much greater than /,, all the scattering terms of Eq. 
(15) are effective. The difference between 1/ for small 
E;, and large Ey, gives directly BvS,N,. If Ny is 
known by an independent measurement, as for example 
from thermally stimulated current data, the value of 
the cross section S, may be calculated. Ey,= FE, when 


8 A, Rose, RCA Rev. 12, 362 (1951); Phys. Rev. 97, 322 (1955). 
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A(1/p) = (B80S,N,/ and 


given by: 


the slope at E;s,=E, is 


2BvS,N, 
=——— (17) 
Efn=E4 OkT 
Figure 2(b) presents the case of a center lying above 
the electron Fermi level in the dark which is neutral, 
but which becomes negatively charged under photo- 
excitation. Similar considerations apply, of course, to a 
center which might be singly negative in the dark and 
become doubly negative under photoexcitation. For 
this case 
1/u=B8/tot+BvS_n (18) 
where .S_ is the scattering cross section of a center when 
negatively charged, and n_ is the density of occupied 
centers. A value of n_ is calculable from the Fermi 
distribution : 
N 
(19) 


1+3 exp[(Eyn— E_)/kT]) 


A representative curve is shown as curve (b) in Fig. 3. 
Eysn= E_ when A(1/p) = (280S_N_/3). 

It is clear that the case of Fig. 2(a) is similar to that 
which would be encountered for a negatively charged 
level lying below the hole Fermi level, and that the 
case of Fig. 2(b) is similar to that for a neutral or 
positively charged level lying below the hole Fermi 
level. Figure 2(c) presents a composite case, repre- 
sentable by the following equation: 


7, —mn,)+BvS_n_. 


(20) 


Experimentally, two separate step-wise increases in 
mobility will in general occur [in form like curve (a) of 
Fig. 3], depending on the actual location of the levels 
concerned in the forbidden gap, one corresponding to 
the filling of the positively-charged centers with elec- 
trons and the other corresponding to the emptying of 
from the negatively-charged centers (i.e., 
filling with holes). 


electrons 


Figure 2(d) shows another possible case in which 
negatively charged levels are located between the two 
steady-state Fermi levels in the dark. 


(21) 


Assume first that only free electrons result from photo- 
excitation, the photoexcited holes being captured at 
the negatively charged centers to make them neutral. 
Then n_= (V_—n), and a typical curve of the behavior 
of 1/u is given by curve (d) in Fig. 3. 

Figure 2(e) is an extension of Fig. 2(d), in which the 
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Fic. 1. Theoretical curves for the dependence of Hall mobility, 
plotted as percent of the electron mobility, on hole concentration, 
in a system with two-carrier conductivity. 


photoexcited electrons are mainly captured at positively 
charged centers. 


1 £6 
=—+ BS, (NV 
KB TO 


,—n,)+BvS_(N_—n,). (22) 


Rearrangement of terms yields 


; £ 
=—+0(S,N,+S_N_)—Bon,(S,+5S_). (23) 
Me T9 


All of the variation of scattering with Fermi level 
derives from the m, term, which can be expressed in 
terms of Eq. (19). A single step in 1/y is found, with 
A(1/pn) =8vN,(S,+5S_). The analogous case where the 
level above the Fermi level becomes a scattering center 
when filled is shown in Fig. 2(f). Again a single step in 
1/u is found with A(1/py)=BvN_(Sn_—Sp_), where Sn 
is the scattering cross section of the centers which 
become negative when filled by the photoexcitation, 
and Sp_ is the cross section of the centers which are 
negative in the dark. 

As an example of the type of behavior which might 
be expected in a possible situation analyzed in previous 
publications, consider the phenomenon of thermal 
quenching of photoconductivity which also manifests 
itself as a variation of photocurrent with a higher- 
than-unity power of light intensity at fixed temperature. 
This process involves the changeover of sensitizing 
centers from recombination centers to hole trapping 
centers with either increasing temperature at fixed light 
intensity or with decreasing light intensity at fixed 
temperature.*.® Since sensitizing centers are those which 
are negatively charged in the dark, capture of photo- 
excited holes decreases the density of scattering centers. 
Such capture is effective only as long as the centers are 
acting as recombination centers, i.e., the hole demar- 
cation level is below them. A previous analysis provides 
the data from which to calculate the expected change 
in mobility and its effect on the measured conductivity. 

*R. H. Bube, J. Phys. Chem. Solids 1, 234 (1957); Proc. Inst. 
Radio Engrs. 43, 1836 (1955). 
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TABLE [. Analysis of data of Tyler and Woodbury* on Ge: Mn. 


Sample 77F Sample 73F 


Temperature chosen for calculations, 


20 30 
Electron mobility in the dark, 
cm?/volt sec 104 104 
Electron mobility in the light, 
cm?/volt sec 6X 108 3.3 108 
A(1/p), volt sec/cm? 6.7 10-5 2x10 
Mn concentration, cm 5x10" 8x 10" 


Cross section, S_2, cm*, calculated 
from Eqs. (25) and (26) 

Cross section, S_2, cm*, calculated 
from Eq. (2)° 


3.7X10-» 5.5 10-" 


3.6X 107 1.6X 10-” 


* See reference 1. 

> Calculated assuming that the light was intense enough 
occupancy of all Mn centers. To the extent 
the values of cross section should be larger 
mo. was used. 

¢ For the temperature of the measurement, with Z =2, a 


to change the 
t this was not the case, 
An effective mass, m-*, of 0.12 





nd «=16. 


The scattering equation is 


1 B 
+-ByS_ 2 (24) 


BT 


where n_ is the density of electrons in 
centers, i.e., the density of sensitizing 


sensitizing 
centers which 
have become hole traps. Values of » and of n_ as a 
function of excitation intensity, as given in the previous 
publication,’ are used to give the calculated curves of 
Fig. 4. For the sake of the calculation of this figure, 
B/ro was taken as 10° volt cm?, and S_N_ was 
taken as 9X10° cm”. The corresponding values of 
conductivity, such as would be measured in an experi- 
ment, have been calculated and included in Fig. 4. 
The choice of the constants, and a discussion of their 
interpretation, will be included in a later section in 
comparison with experimental results. 

The experiments involving the change of mobility 
with photoexcitation in Ge: Mn! are expressible in the 
framework of this analysis. In this case: 


SCC 

















1 B 
—+BvS_n_+BvS_on_o, (25) 
BK To 
n_+n_»=N yn. (26) 
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Fic. 2. A number of possible cases in which a change in occu 
pancy of a level as the result of photoexcitation will result in a 
change in mobility. 
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Fic. 3. Theoretical curves for the dependence of 1/u on the 
location of the electron Fermi level for three cases with corre- 
sponding letters in Fig. 2. 


If Eq. (26) is inserted in Eq. (25), it is seen that 
A(1/u) = B0N wn (S_2—S_)=38vNunS_2. The experi- 
mental data of this work are analyzed with the results 
summarized in Table I, to give a feeling for the magni- 
tudes of the quantities previously encountered. The 
cross sections calculated from the experimental data 
using Eqs. (25) and (26) are quite comparable to those 
estimated from Eq. (2). 


EXPERIMENTAL 


\ll measurements were made on single crystals of 
CdS or CdSe with melted indium end contacts and 
melted indium probe and Hall contacts. An electro- 
magnet was used with 1.5-in. pole pieces, capable of 
producing a magnetic field of 3925 oersteds with the 
gap of 1.5 inches used in these measurements. A 
current of 1.5 amp was supplied to the magnet by a 
Lambda regulated power supply. The voltage applied 
to the crystal was supplied by batteries, and the crystal 
current was measured with an RCA ultrasensitive dc 
microammeter. The difference of potential between 
probes on the side of the crystal, and also the Hall 
voltage itself, were measured with a Cary 31-31V 
vibrating-reed electrometer with a 10”-ohm input 
resistor and critical damping. Photoexcitation was with 
a focused No. 1497 microscope lamp operated at 6 
volts; to remove infrared quenching and heating effects, 
the light from the lamp was passed through a 5-cm 
path of a 2% water solution of CuCl: in most measure- 
ments with CdS, and through a 5-cm path of water 
alone for most measurements with CdSe. Where indi- 
cated, Bausch and Lomb interference filters were used 
for monochromatic excitation. Variations in light 
intensity were achieved by interposing calibrated 
neutral filters made from stainless steel mesh, accurate 
over seven orders of light intensity. 
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The spectral response curves of the crystals of CdS 
and CdSe used were sharply peaked at the respective 
absorption edges of 5150A and 7300A. Even when a 
relatively broad-band of excitation radiation is used, 
therefore, over. 90% of the response comes from a 
narrow band within a couple of hundred Angstroms of 
the absorption edge. Since the maximum response 
occurs for that wavelength of light which is just able to 
penetrate the volume of the crystal, use of a broad-band 
excitation, as in these experiments, assures a reasonably 
homogeneous excitation of the crystal, with only minor 
contributions to the measured current from strongly 
absorbed light at the surface. Since higher light in- 
tensities are obtainable with the broad-band excitation, 
considerable use has been made of it. The existence and 
the magnitude of the effects have also been corrobo- 
rated, however, by the use of monochromatic excitation, 
as described in more detail further on in this paper. 
Surface excitation makes an appreciable contribution 
to the total measured photoconductivity only when 
strongly absorbed monochromatic radiation is deliber- 
ately chosen. 

The apparatus was capable of reliably measuring a 
minimum potential difference of 0.1 to 1 millivolt at a 
crystal resistance of 10° ohms. Measurements were 
ordinarily made with fixed voltage drop in the crystal 
as measured by the potential difference between the 
voltage probes. Hall voltages were measured for both 
directions of applied field and for both directions of 
magnetic field; in general only minor differences were 
observed and the average was used in the calculations. 
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Fic. 4. Theoretical curves for the dependence on light intensity 
of conductivity, electron density, and mobility, using the data 
of a previous publication describing the variation of photocurrents 
with a higher-than-unity power of light intensity.® 
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A number of checks were made to determine the 
dependence of Hall voltage on the magnitude of the 
magnetic field; a linear dependence was always found, 
as is illustrated for one particular case later in this 
paper. The Hall voltage varied linearly with electric 
field across the probes from about 1 to 500 volts/cm. 


RESULTS AND DISCUSSION 
High-Conductivity CdS Crystals 


A number of measurements were made on a series of 
high-conductivity CdS:Cl crystals, for which photo- 
excitation made only relatively small changes in 
conductivity. The results for five such crystals are 
shown in Fig. 5. Changes in electron density result from 
photoexcitation. For crystals with electron densities 
below about 3X 10'® cm~, the mobility increases with 
photoexcitation, whereas for those with electron densi- 
ties above about 3X10'® cm~, the mobility decreases 
with photoexcitation. The dashed curve shown in Fig. 
5 is a purely illustrative calculated curve showing how 
such behavior could result from the existence of two 
levels, the deeper of which is charged when the Fermi 
level is below it, and the shallower of which is charged 
when the Fermi level is above it. The data used for 
drawing the dashed curve are: 8/7)>=10™ volt sec/cm?, 
E,=0.20 ev, SiNi=9X10° cm—, E_=0.10 ev, S_N_ 
=1.5X 10° cm“. If the values of the cross sections are 
to be of the order of 10~" cm?, according to Eq. (11), 
N, and N_ must be of the order of 10'§ cm-*. Since 
the value of V in these crystals is more likely to be of 
the order of 10'* cm~, a large cross section of the order 
of 10-" cm? is suggested. 


Photosensitive Insulating CdS Crystals 


The data reported in this section were obtained with 
a typical photosensitive crystal of CdS, sensitized by 


the incorporation of trace proportions of chlorine. The 
conductivity in the dark was 10-§ mho/cm; this 
conductivity could be increased to 6.6 10-* mho/cm 
at the highest light level used (~6X10* ft-c). The 
variation of Hall mobility with electron density, as 
varied by photoexcitation, is shown in Fig. 6 for electron 
densities ranging from 5.3 10° cm~ to 1.410" cm 
The Hall mobility increases from about 110 cm?/volt 
sec in the dark to a value of 295 cm?/volt sec under 
full illumination, in three well-defined steps. 

The same data are replotted in a way more susceptible 
to analysis, in terms of 1/u vs E;,, in Fig. 7. The 
simplest interpretation is to propose the existence of 
three levels, positively charged in the dark, the scat- 
tering effect of each of which is given by Eq. (15): 

1 £B 
-=—+ Br © S;(N;—n,). 
BK To i 


(27) 


When interpreted in this way, the data of Fig. 7 provide 
values for the EZ; and the S;V;. The next natural step 
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Fic. 6. Hall mobility for a crystal of CdS as a function of free 
electron density, as varied by photoexcitation, from the dark to 
excitation with an intensity of about 6000 ft-c. 
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TABLE II. Summary of imperfection parameters. 


Trap depth 


from Trap depth 
Imper- _ therm.- from Density from Scattering 
fection stim. mobility therm.-stim. cross 
No. current, ev effect,ev current, cm section, cm? 
1 0.20 2.2% 105 
2 0.25 9.1 105 0.7 10-" 
0.40 0.35 10'5 4 x<10-" 
4 0.46 0.46 3.0 10'* 1.1% 107" 
5 0.55 0.54 3.3 105 0.8X 10-" 


is to look for independent evidence of the existence of 
such levels, their £; and their V;. This was done through 
the measurement of thermally stimulated current with 
the results shown in Fig. 8. Traps numbered 3, 4, and 
5 in Fig. 8 have trap depths very close to those derived 
from the mobility data of Fig. 7. The thermally stimu- 
lated current data allows in addition the calculation of 
the densities of these various traps. These densities can 
then be combined with the mobility data giving the 
product of density and cross section, to determine 
values for the cross section. A summary of these 
determinations is given in Table I. It is found that all 
scattering cross sections come out of the order of 10~"” 
cm?, or about 10° times larger than expected from the 
previous considerations. A correlation exists in addition 
between the measured scattering cross sections and the 
distance between these imperfections as calculated 
from their measured density (‘Table IT). The comparison 
is summarized in Table ITI. 

A theoretically expected variation of 1/u with Ey, 
was calculated using the values of trap depth, trap 
density, and capture cross section from Table I, 
substituting in Eq. (21), with B/7o=3.35X10™ volt 
sec/cm*. The resultant calculated curve is compared 
with the experimental points in Fig. 9. The fit is 
excellent except for the higher values of E;,; these 
represent the measurements taken in the highest 
resistivity range and have a greater margin of possible 
error. 
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lic. 7. The data of Fig. 6 replotted in terms of 1/u as a function 
of the location of the electron Fermi level to facilitate interpre- 
tation. 
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Fic. 8. Thermally stimulated current for the crystal of Figs. 6 
and 7, showing 5 trap depths. 


In order to extend the information about the effects 
of photoexcitation on the Hall mobility of this crystal 
of CdS still further, the mobility was measured as a 
function of light intensity for various monochromatic 
excitations. (See Fig. 10.) Here the observation is that 
mobility increases with increasing light intensity for 
volume-absorbed light as previously indicated, but 
decreases with increasing light intensity for surface- 
absorbed light. If correction is made for the difference 
in absorption coefficients, however, the data may be 
consistently interpreted. If we assume an absorption 
constant of 10° cm~ for the wavelengths shorter than 
the absorption edge, the fact that the thickness of the 
crystal is 1.25X10-* cm, suggests that the equivalent 
electron density for the surface-absorbed light is about 
10* times that for the volume-absorbed light. If this 
correction to the electron density for surface-absorbed 
light is made, all the data on this crystal can be plotted 
together as in Fig. 11 to give a continuous variation of 
mobility with Fermi level. In addition, Fig. 11 shows a 
calculated theoretical curve, identical with that of 
Fig. 9 above E;s,=0.30 ev, but calculated for smaller 
Ey, assuming that imperfection number 2, with trap 
depth and density determined from thermally stimu- 
lated current data, has a scattering cross section of 
0.7X10-" cm? and is negatively charged when the 
Fermi level lies above it. Most of the experimental data 
can reasonably be fitted, therefore, by a single theo- 
retical curve. Points which fall rather far from the curve 
are those for 6330A excitation, corresponding to direct 
excitation of imperfection centers. This departure may 
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Fic. 9. Comparison between the theoretical curve for scattering 
by traps 3, 4, and 5 of Fig. 8 with the experimental points. 
Parameters in the calculation are given in Table II. 


be interpreted as indicating that such excitation is 
restricted to a smaller portion of the crystal near the 
surface, as has been previously shown to be the case in 
certain CdSe:I:Cu crystals." 

All of the above considerations have been concerned 
with changes in mobility resulting from motion of the 
electron Fermi level with photoexcitation. It is well 
known, however, that there are negatively-charged 
sensitizing centers in CdS, lying about 1.0 ev above the 
top of the valence band, as was mentioned earlier in 
this paper. Under photoexcitation, these centers capture 
photoexcited holes and become neutral. In CdS these 
captured holes are thermally stable at room tempera- 
ture, but they can be removed by optical excitation 
from the valence band, i.e., by initiating infrared 
quenching of photoconductivity. Experiments were 
performed using a primary exciting radiation of 5170A 
(volume-absorbed) and a quenching radiation consisting 
of a microscope lamp passed through a Corning 2540 fil- 
ter, giving all wavelengths beyond about 1 micron. The 
intensity of the quenching radiation was varied to pro- 
duce various degrees of quenching as indicated in Fig. 
12(a). Simultaneously the Hall mobility was measured 
with results shown in Fig. 12(b) ; the mobility varies from 
235 cm?/volt sec in the absence of quenching to 41 cm?/ 
volt sec for 99.8% quenching. In the process of infrared 
quenching, however, the electron Fermi level is also 
lowered, and the change in mobility due to the lowering 


Tas e III. Comparison of measured cross sections with 
distance between imperfections. 


Measured .S, cm? 


Imperfection Sign of as given in x(N,7!)?, 
No. charge Table II cm? 
2 -- 0.7 10-° 0.72 10-" 
3 ao 4 x10-" 3.1 X10- 
4 f 1.1 10- 1.5 «10-1 
5 + 0.8 10° 1.4 x10-% 


 R. H. Bube and L. A. Barton, J. Chem. Phys. 29, 128 (1958). 
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of the electron Fermi level must be distinguished from 
the change in mobility due to optical freeing of holes 
from sensitizing centers. In order to do this, the mobility 
was measured with the quenching radiation turned off, 
equivalent currents being obtained by decreasing the 
intensity of the primary radiation. Figure 12(c) then 
compares the variation of mobility with 1/eR purely 
as the result of the motion of the electron Fermi level, 
with the total variation of mobility resulting from both 
the motion of the electron Fermi level and of optical 
freeing of holes from sensitizing centers. Not only does 
the optical freeing of holes have a definite and distinct 
effect, but its magnitude is even larger than that 
associated with motion of the electron Fermi level. The 
ratio of the mobilities is plotted in Fig. 12(d). The 
magnitude of the change in mobility with optical 
freeing of holes is such that S_N_ would have to be of 
the order of 4X10° or larger if the mobility change 
were to be due to a change in scattering resulting from 
the freeing of holes with the accompanying creation of 
scattering centers. Even with S_=10~" cm*, a value of 
N_=4X10'* cm“ or larger would be required. On the 
other hand, the observed decrease in Hall mobility 
might be attributed to an increased participation of 
holes in the conductivity process, as a result of being 
optically freed from sensitizing centers. Assuming an 
electron mobility about 10 times the hole mobility, 
this means that at the lowest value of n=1/eR shown 
in Fig. 12(d), where the mobility has been decreased by 
a factor of 5 by optical freeing of holes, the actual 
density of holes (see Fig. 1) must be about 30 times 
the density of electrons. 

The linearity of the Hall voltage with magnetic field 
intensity under a condition of 92% quenching of the 
primary excitation, as described above, is shown in 
Fig. 13. This condition was chosen as a fairly compli- 
cated situation where nonlinearities would be most 
likely to become evident. 


Photosensitive Insulating CdSe Crystals 


Photosensitive insulating CdSe crystals were obtained 
by vacuum annealing of insulating crystals as previ- 
ously reported.!° Because the sensitizing centers in 
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Fic. 10. Hall mobility as a function of light intensity for vol 
ume-absorbed excitation (5170 and 5420A), and 
sorbed excitation (4390 and 4650A). 
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CdSe lie only 0.6 ev above the top of the valence band, 
whether they act as recombination centers (and retain 
photoexcited holes) or as trapping centers (and remain 
negatively charged) depends on the light intensity at 
room temperature. We have examined a theoretical 
example of such a process with the results shown in 
Fig. 4. Actual experimental data on a crystal of CdSe 
are shown in Fig. 14. Except for the structure in the 
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lic. 12. Infrared quenching data on the CdS crystal. (a) 


Percent of the original photocurrent excited by 5170A light as a 
function of the intensity of the infrared quenching radiation. 
(b) Measured Hall mobility under infrared quenching, ywe;z1, as a 
function of the percent of the original photocurrent. (c) Measured 
Hall mobility with decreasing 5170A light intensity in the absence 
of infrared quenching, wz, compared with the measured Hall 
mobility with constant 5170A excitation and increasing infrared 
intensity, as a function of n=(eR), (d) The ratio of the two 
mobilities plotted in (c). 
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mobility curve, the results are quite similar to those 
indicated in Fig. 4. The mobility decreases from 792 
cm?/volt sec at high light intensity to 50 cm*/volt sec 
at a light intensity about four orders of magnitude 
lower. The mobility data is replotted in Fig. 15 in terms 
of the 1/u vs Ey," dependence. The steps in the curve 
at smaller values of Ey, can be simply described in 
terms of positively charged levels lying above the dark 
electron Fermi level: one with £,;=0.36 ev and SN, 
= 310° cm, and the second with -.=0.49 ev and 
S2N2=5X10° cm. The sudden steep rise in 1/y, 
associated with the thermal freeing of holes from 
sensitizing centers, would require a much larger value 
of S_N_ if interpreted in this way. It was previously 
mentioned in connection with Fig. 4 that a value of 
S_N_=9X10* cm~ had been chosen there, producing 
a similar curve to the experimental curve of Fig. 14. 
If S_N_ is calculated from the slope of the curve for 
large E;, in Fig. 15, according to Eq. (17), a value of 
about 107 cm~ is likewise obtained. Even with values 
of S_=10~” cm’, large values of V_ are required. On 
the other hand, if the change in the Hall mobility were 
due to increased participation of holes in the conduc- 
tivity process at low light intensities, about 60 times as 
many holes (see Fig. 1) as electrons would be required 
to take part in the conductivity. 

Another type of dependence of Hall mobility on light 
intensity in CdSe, more like curve (d) in Fig. 3, has 
also been observed and is illustrated in Fig. 16. Although 
there is a continuous change in Hall mobility with light 
intensity from 550 cm?/volt sec to a maximum of 735 
cm?2/volt sec, over three orders of magnitude of light 
intensity, the electron density is practically independent 
of light intensity over this range. The latter independ- 
ence rules out an effect of a moving electron Fermi 
level, and places the cause for the entire observed effect 
in this relatively high-conductivity crystal on the 
capture of photoexcited holes by sensitizing centers 
with a subsequent decrease in their scattering. As 


il ,, calculated as if m=1/eR, 
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Fic. 13. Dependence of Hall voltage on magnetic field strength 
under conditions of 92% infrared quenching of original photo- 
current. 


increasing light intensity produces more and more 
electron-hole pairs, the effect of the electrons is not 
observed in the conductivity until the photoexcited 
density exceeds the density present in the dark, allowing 
also for the possibility of many of the photoexcited 
electrons being caught in electron traps. The corre- 
sponding photoexcited holes, however, captured at 
negatively charged centers affect the mobility immedi- 
ately. 
SUMMARY 

It has been demonstrated that the Hall mobility can 
vary by large factors as a result of photoexcitation in 
insulating photoconductors. Many of the phenomena 
of photoconductivity should be reinvestigated by means 
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Fic. 14. Experimental variation of conductivity, n= (eR), 
and Hall mobility, with light intensity for a crystal of CdSe; to 
be compared for similarity with Fig. 4. 





H. E. MacDONALD 
of the photo-Hall effect to truly separate the different 
functions of carrier lifetime and carrier mobility. 

One way in which photoexcitation can change the 
mobility is to alter the occupancy of scattering centers. 
When such a process is taking place, measurements of 
photo-Hall effect can be used to determine both the 
charge and the cross section of the scattering centers. 
Reasonable success is shown in fitting experimental 
data on CdS crystals with such an interpretation, 
providing that a large scattering cross section of the 
order of 10~' cm? is used in a point-defect scattering 
model, which corresponds to a radius of about the 
distance between imperfections. 

A real understanding of the significance of this large 
cross section is not presently at hand; temperature 
dependence data should be helpful and are planned. 
One possibility is to retain the point-defect model but 
to consider multicharged clusters as the scattering 
centers; such a model would require each cluster to 
have 100 charges in order to keep (SV) equal to the 
observed value. Smaller clusters or otherwise ordered 
imperfections might give rise to crystal strains with 
apparent scattering cross sections of the magnitude 
observed. Additional experimental work is required to 
support more detailed speculation. 

Because it does predict a variation of mobility with 
carrier density, the Brooks-Herring relationship pro- 
vides an additional mechanism for the type of results 
observed and therefore deserves consideration. Al- 
though it is questionable whether this relationship is 
valid at the low values of carrier density involved, it 
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Fic. 15. Mobility data of Fig. 14 replotted as 1/u as a function 
of the location of the electron Fermi level, assuming m= (eR). 
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Fic. 16. Hall mobility as a function of (a) light intensity, and 
(b) free electron density, for a crystal of CdSe with moderately 
high dark conductivity. 


does provide a kind of guide. To see what part of the 
experimental results may be described in terms of the 
Brooks-Herring equation, we assume a high density 
(5 10'? cm~*) of shallow ionized donors with a normal 
scattering cross section of the order of 10~" cm. It is 
also assumed that the observed Hall mobility, ui, may 
be expressed as: 


L Bal 1 


(28) 


' ’ 
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where yo represents the residual mobility due to lattice 
scattering or other scattering not affected by the 
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photoexcitation under consideration, wu; represents the 
mobility due to charged imperfection scattering with 
occupancy changing under photoexcitation, and usu 
represents the mobility due to scattering by the shallow 
ionized donors. It is found that, even if such a 1/ypuH 
variation is subtracted off, according to the Brooks- 
Herring relationship, the remaining 1/y0+1/y still 
exhibits the same type of variation with carrier density. 
The only difference is that now a cross section of about 
5X 10-" cm? is indicated instead of 10~'° cm*. It is also 
not possible to take up the whole variation in 1/uy 
with carrier density in a 1/upnu term. If, for example, 
uo is taken as 600 cm*/volt sec, the Brooks-Herring 
relation predicts a decrease in Hall mobility of 40% 
as m decreases from 10" to 108 cm~*, whereas a decrease 
of 60% (with structure) is observed. 

» Another way in which photoexcitation can change 
the mobility is to make both carriers important in the 
conductivity process rather than just one. Measure- 
ments of infrared quenching in CdS, and of variations 
of photoconductivity with a higher-than-unity power 
of light intensity in CdSe, indicate changes in Hall 
mobility which are too large to be interpreted simply 
in terms of a change in scattering. When they are 
interpreted in terms of increased participation of free 
holes in the conductivity, in agreement with the 
probable mechanisms involved, they indicate that the 
density of free holes in the desensitized crystals is 30 
to 60 times that of free electrons, i.e., that the conduc- 
tivity contributions of electrons and holes are of the 
same order of magnitude. 

It is that this initial investigation has 
indicated the potentialities of a new and fruitful 
technique in the investigation of the nature of imper- 
fections in insulators. 
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Measurements have been made of the growth of the F band in undeformed, deformed, and heat-treated 
KCI crystals at room temperature using 140-kvp x-ray irradiation. The growth curves were analyzed in 
terms of the initial concentration of negative-ion vacancies in the lattice before irradiation, rate of formation 
of new vacancies, rate of electron capture by the initial and by the new vacancies, and bleaching constants 
These parameters were studied as a function of the intensity of irradiation. It appears that the new vacancies 
are generated at a rate proportional to the square of the intensity of irradiation and inversely proportional 
to the dislocation density. Deformation increases the concentration of initial vacancies near dislocations, 
while heat treatment increases the concentration of initial vacancies dispersed in the volume of the crystal 
Since neither the jog mechanism nor the Varley mechanism can account for the observations, a new model 
is proposed which accounts for all the observed phenomena. 





I. INTRODUCTION 


T is believed that F centers are formed in alkali 
halides by x rays by two distinct processes. In one 
of them negative-ion vacancies initially present in the 
crystal may trap electrons liberated by x rays. In the 
other one new vacancies are generated! and these in 
turn may trap electrons and form additional F centers. 
In a heavily irradiated crystal only a small fraction of 
the F centers can be attributed to the initial vacancies. 
The usual assumption that the initial vacancies and 
those generated by irradiation are indistinguishable 
from each other leads to a rate of coloration of a crystal 
given by 
df/di=b(mpt+at—f) (f=0at t=0) 


which gives 


a 
f= m—") (1—e~*')+-<at, 


where f/f is the density of centers, a is the rate of gen- 
eration of new vacancies, and 0 is a rate constant for 
capture of electrons. Mador ef al.6 and later Gordon 
and Nowick* have found that there are indeed two 
distinct stages in the growth curves of F centers in the 
alkali halides: an early rapid rise followed by a slow 
linear increase. This is qualitatively in agreement with 
the shape predicted by the above equation. More 
recent work®-* shows, however, that this relatively 

* Research supported by a U. S. Atomic Energy Commission 
contract. 

t Submitted by one of the authors (P.V.M.) in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy 
at the Carnegie Institute of Technology, June, 1960. 

t Now at Westinghouse Electric Corporation, Atomic Power 
Department. 

§ Present address: Princeton University, Princeton, New Jersey. 

11. Estermann, W. J. Leivo, and O. Stern, Phys. Rev. 75, 627 
(1949). 

? K. Sakaguchi and T. Suita, Technol. Repts. Osaka University 
2, 177 (1952). 

31. L. Mador, R. F. Wallis, M. C. Williams, and R. C. Herman, 
Phys. Rev. 96, 617 (1954). 

*R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956). 

5 B. Mozer and P. Levy (private communication, 1956). 

°H. W. Etzel and J. G. Allard, Phys. Rev. Letters 2, 452 (1959). 


simple model and equation are not always applicable, 
since some growth curves have an inflection point as 
shown in Fig. 1. It has been shown in our earlier paper? 
that in order to fit a theoretical curve to the experi- 
mental data for KCl one has to make the assumption 
that the new and the initial vacancies behave in many 
ways differently. The main result of this analysis is 
the quadratic dependence on x-ray intensity of the rate 
constant for the generation of new vacancies and the 
big difference between the cross sections for electron 
capture by the initial and by the new vacancies. The 
present paper is an extension and a more detailed 
development of this analysis, its application to ir- 
radiation of as-cleaved, of deformed, and of heat- 
treated crystals, and a quantitative discussion of its 
consequences. As before, KCl was chosen as the subject 
of investigation because of the wealth of data already 
available on this system. 


II. THEORETICAL CONSIDERATIONS 
A. Growth of F Centers 


A typical room temperature growth curve of the 
optical density of the F band shows an early rapid rise 
to between 10'® and 10"? centers/cm*, followed by an 
approximately linear, relatively slow rise until satu- 
ration at about 10'*-10"° centers/cm*. The early period 
is the most efficient, requiring only a few hundred 
electron volts per center, while the linear part requires 
several thousand electron volts per center. 

Evidently, as mentioned above, there are two sources 
of vacancies in the lattice: The first requires little energy 
to produce a free vacancy, but can produce only a 
limited number of vacancies. The second produces 
many more vacancies, but at a greater expenditure of 
energy per vacancy. Because of the high efficiency and 
early exhaustion, the first source is generally identified 
with the vacancies initially present in the lattice. For 

7P. V. Mitchell, D. A. Wiegand, and R. Smoluchowski, Phys. 
Rev. 117, 442 (1960). 


8 P. V. Mitchell, thesis, Carnegie Institute of Technology, 1960 
(unpublished). 
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the opposite reasons, the second source is associated with 
the production of new vacancies. At low temperatures 
the growth curve does not have a rapid rise in the early 
part but is linear (Fig. 2) from the start until saturation 
sets in, indicating that the first source, for some reason, 
is inoperative or greatly suppressed. This suggests that 
the vacancies initially in the lattice are bound to im- 
purities or vacancy clusters and may be liberated by 
x rays only with the assistance of thermal energy. A 
further discussion of this point is given later on. 

Other evidence for the existence of two processes 
comes from the bleaching of F centers. A bleaching 
curve cannot be fitted by a simple decay curve,’ but 
requires at least two decay constants, suggesting that 
all the F centers may not be in the same environment. 
In addition, the magnitude of the decay constants at 
low temperatures” indicates that the color centers must 
be much closer together than they would be if they 
were randomly placed in the crystal. Most of the centers 
appear to be located in small regions with a high local 





Time, hr 


Fic. 1. (a) A growth curve of F centers in KCl at room tem- 
perature irradiated with 45 kv, 4.5 ma, through 0.02 mm Cu. 
(b) A growth curve of F centers in KCl at room temperature 
irradiated with 0.245 10° r/hr of Co™ y rays (Mozer and Levy). 


9E. E. Schneider, Fundamental Mechanisms of Photographic 
Sensitivity (Butterworths Scientific Publications Ltd., London, 
1951). 

10 J. J. Markham, R. T. Platt, and I. L. Mador, Phys. Rev. 92, 
597 (1953). 








<< he, ae 3 
Time (hrs) 
Fic. 2. F-center growth curves in KCl. Curve A—room 
temperature; Curve B—liquid nitrogen temperature. 


density of centers, perhaps as high as 10” cm~. This 
is supported by the measurements of conductivity in 
NaCl by Ingham," from which one may conclude that 
only about one percent of the volume of a crystal 
contains most of the vacancies. 


1. Formation of F centers from Initial Vacancies 


The rate of growth of F centers from initial vacancies 
by electron capture will be proportional to the number 
of vacancies available for coloration. If one also con- 
siders an annealing that is proportional to the number 
of centers present, then one obtains 


df;/dt=bn;—af; (f;=0 at t=0) (1) 


where f; is the density of F centers, a is a bleaching 
constant, b is the rate constant for electron capture per 
vacancy, and m; is the density of free vacancies that 
have been released from clusters but not yet filled with 
electrons. The rate of growth of »; is equal to the rate 
at which free vacancies are released from clusters less 
the rate at which free vacancies are converted to F 
centers by electron capture. Thus, if mo is the initial 
density of vacancies in the crystal and y is the rate 
constant for release, then 


dn;/di=y[no— (n:+fi)]—dfi/dt (n;=0 at t=0) 


11H. S. Ingham, Jr., thesis, Carnegie Institute of Technology, 
1958 (unpublished); H. S. Ingham, Jr., and R. Smoluchowski, 
Phys. Rev. 117, 1207 (1960). 





MITCHELL, 


Fic. 3. Growth curves of F and M centers in KCl (Sample #74). 


7 d(n;+ fi)/dt=y[no— (nit fi) ], (2) 
which has the solution 
n+ fi=no(1—e-""). 
One thus obtains 
df,/dt=b[no(1—e-") — f; ]—afi, 


which leads to 





(4) 


1—¢e—(ote)t e~vt¢— g—(bta)t 
fbn _ -|. 
" b+a b+a-—y 


There are two limiting cases of interest: Case I: 
y>>(b+a), Eq. (4) then reduces to 


2 bno 
21 —e' bade} = n*(1 —_e Pt) 
a 


(4a) 


where n*=bno/(b+-a) and 6*=b+a. This is a simple 
saturation curve. It should be noted that the product 
b*n*=bno is independent of the bleaching rate a and 
its dependence on intensity of irradiation should be 
through } alone. Case II: y<(b+a), Eq. (4) then 
reduces to 


(4b) 


bno 
f=—l-e J =n*(1-e*"]. 
b+a 


This curve has the same shape and saturation value 
as the one in case I, differing only in the time constant. 


2. Growth of F centers from Generated Vacancies 


The rate of growth of F centers from generated 
vacancies by electron capture will be proportional to 
the number of free vacancies that have been generated 
but not filled with electrons. That is, 


df,/dt=cn,—Bf, (f,=0 at t=0) (5) 


where f, is the density of color centers, c is the rate at 
which a vacancy captures electrons, m, is the density 
of free vacancies, and £ is a bleaching constant. The 
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growth of m, is governed by the rate at which vacancies 
are produced and the rate of their transformation into 
F centers. If a is the rate of production of new vacancies, 
then 

dn,/dt=a—df,/dt (n,=0 at t=0) (6) 
or 


d(ng+ f,)/dt=a, 
which gives n,+ f,= ai. Substituting into (5), we find 
df,/dt=c(at— f,)—B/f,, (7) 


with the solution 


a 
=a*t——(1-—e), (8) 
c* 
where a*=c/(c+)a and ct=c+ 8. Note that ac=a*c* 
is independent of the bleaching constant 8. 
In this derivation the rate of generation of vacancies, 
a has been assumed to be constant, which ignores the 
fact that eventually saturation does occur. The results 
of the derivation are thus certainly not applicable 
beyond the linear part of the growth curves. The onset 
of saturation, i.e., deviation from linearity could be 
due to many factors such as a back reaction or an 
exhaustion of the sources of generated vacancies or 
the formation of more complex centers at the expense 
of F centers. Figure 3 shows that in the beginning the 


-—— 


F centers —* 





F centers —> 








Fic. 4. Growth curves: 
(A) fi=n*[1—exp(—d*2)]; 
(B) f,=a*t— (a*/c*)[1—exp(—c*t)]; 
(C) f=n*[1—exp(—5*t) ]+a*t—(a*/c*)[1—exp(—c*)]; 
(B’) f,=a*t—[(a*/c*) —no’ ][1—exp(—c*t) ]; 
(C’) f=n*[1—exp(—bd*t)]+a*t 
—[(a*/c*) —no’ J[1—exp(—c*?)]. 
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M band is weak and does not rise until the end of the 
linear part of the second stage of the F-center growth 
curve. 


3. Discussion of the F-center Growth Curve 


The measured density of F centers, f, is the sum of 
the contributions from each group of vacancies. Thus 
from Eqs. (4a), (4b), and (8): 


* 


f=fitfo=n*(l—e")+a%t——(1-e"), (9) 
c 


where b* is either (6+a) or y, depending on whether 
one considers case I or case II. The general shape of 
the growth curve is shown in Fig. 4, where curve A is 
the contribution from the initial vacancies and curve 
B is the contribution from the generated vacancies. 
Curve C, the sum of A and B, i.e., the total density of 
centers, rises sharply to a plateau, goes through an 
inflection point, and then increases linearly with time. 
This is qualitatively the behavior that has been 
observed.>-* 

In deriving Eq. (9) two tacit assumptions have been 
made: (1) It was assumed that vacancies were being 
converted only into F centers. This is not strictly true 
because vacancies may become bound as clusters and 
capture electrons, thereby forming directly more com- 
plex centers such as the M and R centers. It appears 
that the density of F centers to which Eq. (9) will be 
applied is in such a range that the complex centers are 
only a small fraction of those present. Actually the 
M band was the only complex band detected and it 
was small compared to the F band (Fig. 3). This is 
particularly true if the oscillator strength for M centers 
is 0.83 as recently indicated.” (2) It was also assumed 
that all of the vacancies initially in the lattice were 
uniformly distributed in small clusters. This is probably 
a good approximation for the crystals as they are re- 
ceived, but if the crystal has been deformed in some 
way the vacancies produced by plastic flow may be 
concentrated (either as single vacancies or as clusters) 
in small volumes of high local density. In this case one 
should add to Eq. (9) the term mo’(1—e*) where m0’ 
is the initial density of these concentrated vacancies 
and c’ is the rate constant for filling them with electrons. 
It will be shown later that these vacancies and those 
generated by irradiation both have high local densities 
and thus c’ should be of the same order of magnitude 
as c*. For discussion purposes, let us put c’=c* and 
lump this term with f,. Then from Eq. (8)®: 

2 T. Tomiki, J. Phys. Soc. Japan 14, 488 (1960). 

1%3In reference 7 the authors used a four-parameter equation 
for the growth curve in as-received crystals. The new results on 
deformed crystals indicate the need of an additional parameter 
ny’. While Eq. (10) has five adjustable parameters it appears that 
the order of magnitude of these parameters and their systematic 
variation with the history of the samples, deformation, heat 


treatment and irradiation intensity justifies assigning them a 
physical significance. 
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a* 
fa=a*t— (=-»’) (i—e-**), 


c 


a* 
f=n*(1—e-"*) +a*i— (<-»') (1 —e*"), (10) 
c 


Two interesting cases are: (a) a*/c*¥>mo' and (b) 
a*/c*<mo'. In the first of these cases f, and f have the 
same qualitative behavior as was discussed above. 
However, the plateau would not be as evident and the 
inflection point might not be noticed. In the second 
case, the shapes of /, and f are altered. Figure 4 shows 
fi, fo, and f, labelled A, B’, and C’, respectively, for 
this case. The growth curve does not have an inflection 
point and the time constant for the initial rise will be 
c* if no’>>n*. On this basis one would then expect the 
growth curve of a crystal deformed prior to irradiation, 
i.e., with nonrandomly distributed vacancies, to have a 
time constant for the initial rise which is longer than 
that of an undeformed crystal. The same effect would 
be noticed if the radiation intensity was such that 
a*/c*<m' unless mo'Kn*. If, on the other hand, 
vacancies were induced in a crystal by heat treatment, 
they would be fairly randomly distributed. The growth 
curve should then have a higher plateau but the same 
time constant for the initial rise when compared to the 
growth curve of an untreated crystal. 


B. Rate of Electron Capture by Vacancies 


The rate of electron capture per vacancy is ¢a, where 
¢ is the flux of electrons in the conduction band ex- 
pressed in electrons/cm*/sec and a is the cross section 
for capture in cm*. Since o should be independent of 
x-ray intensity J, the dependence of ¢o on intensity is 
through ¢, which is proportional to the density of 
electrons in the conduction band. The density of 
electrons is determined by the rate of production (~J) 
and the rate of removal. One can then write for the net 
rate of production of conduction electrons 

dp./dt=k,I —pe(Ropet+hapv) = kil —kope—kapope, (11) 
where p, is the density of electrons in the conduction 
band, p, is the density of vacancies, and the k’s are 
constants. It has been assumed here that electrons are 
removed by recombination with holes, presumably at 
some recombination centers, and that the density of 
holes is proportional to the density of electrons, giving 
ap term. For a steady state condition we have two 
limiting cases which are of interest, case I: for 
Pe/pr>2hs/ke, pe= (kil /ke)* and case IL: for p./pxKks/ke, 
pe= hy /Repr. 


C. Creation of Vacancies by Irradiation 
1. Varley Mechanism 
Varley" suggested a possible mechanism for the 
generation of vacancies in aikali halides through the 


“J. H. O. Varley, Nature 174, 886 (1954); J. Nuclear Energy 
1, 130 (1954). 
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multiple ionization of the halogen ion. When a halogen 
is multiply ionized, it finds itself at a position of high 
electrostatic energy. This position is unstable and a 
slight perturbation will cause the ion to move from its 
normal lattice site into an interstitial position. After 
recapturing all but one electron it becomes an inter- 
stitial halogen atom and can return to its normal site 
only with great difficulty, since its activation energy 
for diffusion may be about 2 ev.'® In order for this 
mechanism to operate, the halogen must remain 
multiply ionized for a sufficient time for the expulsion 
to occur. The calculation of Howard and Smolu- 
chowski'* indicates that this condition may be satis- 
fied, although Dexter’s'’ estimate based on mobility 
of holes in an ideal band approximation leads to an 
opposite conclusion. Actually the distortion of the 
band structure in the proximity of a positive halogen 
ion is probably so large that the applicability of the 
ideal band model is questionable (see Note added in 
proof at the end of the paper). A direct estimate of 
the probability of an electron transfer from a negative 
to a neighboring positive halogen ion has not yet been 
made. Different lifetimes may be also be required by 
other mechanisms."® 

If an incident photon produces multiple ionization 
by the Auger effect then the rate of creation of vacancies 
would be proportional to the intensity of irradiation. 
Varley’s estimate of the efficiency of this process shows 
that it could account for the experimental rate of 
vacancy creation. If, however, double ionization is a 
two-step process then the constant @ would be pro- 
portional to the square of the intensity of irradiation. 

An estimate of the rate of two-step double ionization 
of halogen ions in an alkali halide can be made as- 
suming: (a) that all x-ray energy absorbed in the 
crystal goes into ionization of halogen ions, and (b) 
that ionization occurs randomly on the various halogen 
ions without regard to whether or not they are already 
ionized. The latter is admittedly a very crude assump- 
tion. Let E be the energy per second per cm® absorbed 
by the crystal, + be the lifetime of the singly ionized 
state (neutral halogen), and V be the energy required 
to produce a single ionization event. Then, on this 
model the rate of single ionization events is E/V per 
second per cm’ and the equilibrium number of singly 
ionized halogen ions is (E/V)r per cm*. If m is the 
density of halogen ions in the crystal, the probability 
that a particular one is singly ionized is Er/Vm and the 
probability that another ionization will occur on the 
same ion is E/Vm per second. The rate of double 
ionization of that particular ion is then the product 
(Er/Vn)X(E/Vn)=F*r/V?n? per second. For the 


16 R. D. Hatcher and G. J. Dienes, Bull. Am. Phys. Soc. 4, 142 
(1959). 

16R. E. Howard and R. Smoluchowski, Phys. Rev. 116, 314 
(1959). 

17T). L. Dexter, Phys. Rev. 118, 934 (1960). 

18 C. C. Klick, Bull. Am. Phys. Soc. 5, 185 (1960). 
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crystal as a whole the rate of double ionization per 
second per cubic centimeter is thus E*r/V°n. 

For numerical evaluation the data of Mozer and 
Levy [Fig. 1(b)] will be used since the calculation of 
energy absorbed is easier for monoenergetic gamma 
rays than for a spectrum of x rays. An irradiation rate 
of 0.245 10° r/hr corresponds to an energy absorption 
rate of 4.6110" ev/sec/cm® in air or 7.0710" 
ev/sec/cm’ in KCl. The density of chlorine ions in 
KCl is n= 1.5 10” cm~* and V~10 ev. Let us further 
assume r=10~* sec, which is the lower limit for 7 if 
peX< 10" cm.” The rate of double ionization becomes 
then E*r/V2n=33/sec/cm*, while the slope of the 
linear part of Fig. 1(b) corresponds to 1.7310" 
centers/sec/cm*. Obviously, the rate of double ioni- 
zation calculated by this model is much too low to 
explain the experimental value, especially if r were to 
be taken as low as 10~" sec as suggested.!? 


2. Dislocation-jog Mechanism 


A mechanism has been proposed by Seitz'® and 
Markham” for the generation of vacancies in alkali 
halides by the evaporation of vacancies from jogs on 
dislocations. In this process an electron is trapped by 
the charge on a jog (e/2). The total charge on the jog 
is then reversed (—e/2) and it can trap a hole. The 
energy of recombination of the hole and electron is 
then available for ejection of a vacancy. If the hole and 
electron are each free, then, since the density of each 
is proportional to /} or J (Sec. II B), the rate of gen- 
eration of vacancies will be proportional to J or 7°. If, 
on the other hand, the hole and electron are not free 
but are bound as an exciton then the rate of generation 
of vacancies should be proportional to the density of 
excitons. The density of excitons can be derived from 
dN/dt=k,I—k2N, where N is the density of excitons, 
I is the rate of irradiation, and the ’s are constants. 
For a steady state condition one has N= (k,/k2)J, so 
that the density of excitons is proportional to intensity. 
For this model then the rate of generation of vacancies 
should be proportional to the intensity of irradiation. 

If one assumes a density of dislocations of 105 lines/ 
cm? and that one vacancy can be produced for each 
atomic position along the dislocation (~10’/cm), then 
this process should saturate at about 10” vacancies/cm# 
per jog. In order to reach the observed saturation level 
of about 10" vacancies/cm*, one has to assume either 
that there are of the order of 10’ jogs/cm on the dis- 
locations or else that new jogs are being formed. 


Ill. EXPERIMENTAL 


The KCl crystals were obtained from the Harshaw 
Chemical Company and measurements were made on 
as-cleaved, on deformed, and on heat-treated crystals. 
Irradiation was carried out with a tungsten anode 


19 F, Seitz, Phys. Rev. 80, 239 (1950). 
2 J. J. Markham, Phys. Rev. 88, 500 (1952). 
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TABLE I. Results of curve fitting. 





Thickness 


(mm) 


1.45 


Sample 
number 


Intensity 
(R/hr) 


300 

1 200 
2 700 
4 800 
14 700 
30 000 
7 500 
10 800 
14 700 
19 200 
24 300 
13 900 
13 900 
13 900 
13 900 
13 900 
13 900 
11 500 
11 500 
11 500 
11 500 
11 500 


a* (OD/cm/hr)* 


0.00276 
0.00245 
0.00546 
0.00914 
0.184 
0.308 
0.00775 
0.0957 
0.121 
0.266 
0.234 
0.181 
0.103 
(0.057) 
0.0858 
0.0725 
0.0686 
0.127 
0.0045 
0.080 
0.104 
0.0711 


b* (hr) 


(0.566) 
1.23 
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c*(hr) ~=n*(OD/cm) mo’(OD/cm) 
0.0527 
0.106 
0.104 
0.041 
0.088 
0.130 
0.084 
0.0416 
0.071 
0.070 
0.113 
0.0487 
0.0907 
0.229 
0.355 
0.173 
0.156 
0.0125 
0.0287 
0.0389 
0.0275 
0.0413 


Treatment 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
As cleaved 
0.6% deformation 
1.32% deformation 
1.56% deformation 
2.02% deformation 
3.04% deformation 
As cleaved 
500°C, 10 hr, 
450°C, 10 hr, 
450°C, 10 hr, 
500°C, 10 hr, 


0.280 
0.337 
0.66 
0.783 
0.998 
(1.63) 
1.085 
0.957 
1.26 


0.467 
0.246 
0.225 
0.718 
0.0143 
(2.93) 
0.394 
0.536 
0.253 
1.023 0.446 
1.072 0.484 
0.716 0 
1.15 0.783 
1.36 3.27 
1.14 1.22 
1.85 2.09 
1.94 2.42 
0.678 0 
3.56 3.20 
0.82 0 
0.665 0 
0.951 0.098 


air quenched 
air quenched 
cooled 1 °C/min 
cooled 1°C/min 








® OD is defined as logio (10/7) where Jo and I are the initial and the transmitted intensities. 


x-ray tube, operating at 140 kvp and 5 ma. The beam 
was filtered through 4-6 mm of Al to remove soft 
x rays and assure body coloration. This is an important 
point since soft x rays produce surface effects and 
complicate the growth curves to such an extent that 
the inflection points are not discernible. The dose rate 
at the crystal position was measured by an r-meter 
and was in the range of 300 to 30 000 r per hour. Optical 
measurements were performed with a Beckman DU 
spectrophotometer and a Warren Spectracord recording 
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Fic. 5. Growth 
curves of F centers in 
Samples J1 to 6. 





attachment. The samples were kept in total darkness 
during the experiment. Plastically deformed crystals 
were compressed in a direction perpendicular to the 
direction of irradiation. Heat treatment of samples 
consisted of raising their temperature at approximately 
1°C/min to a given temperature, holding at that 
temperature for several hours, and then either lowering 
to room temperature at approximately 1°C/min or 
“air quenching” by withdrawing them from the furnace 
and allowing them to cool quickly to room temperature. 
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The physical treatment given each sample is shown in 
Table I. Further experimental details are given in 
reference 8. 


IV. RESULTS AND DISCUSSION 
1. General 


The densities of color centers nr and my were calcu- 
lated from experimental data using Smakula’s formula.”! 
With the proper values for KC] at room temperature, 
one obtains frnr=1.17X10'® (OD/cm) for the F band 
and fytw=3.3X10' (OD/cm) for the M band which 
leads to the approximate relations mp=1.5 X10" 
X(OD/cm) and ny=5X10'*X (OD/cm). The latter 
uses the lower limit for f2+0.07. This is pessimistic, 
since the more recent value of f4=0.83 would only 
emphasize that the M centers were negligible compared 
to the F centers. 

It was found that the various parameters occurring 
in Eq. (10) could not be derived directly from the plots 
of mp against time without excessive errors. Therefore 
a program was prepared to use an IBM 650 computer 
to fit Eq. (10) to the data by the least-squares method. 
Details of this program are given in reference 8. The 
experimental results are plotted in Figs. 5 to 8, the 
solid lines indicating the least-squares fits of Eq. (10) 
as determined by the parameters listed in Table I. The 
agreement is in general very good and covers a wide 
range of radiation intensities and various histories of 
the sample. It should be stressed again that in the 
derivation of Eq. (10) no attempt was made to include 


F. Seitz, Modern Theory of Solids 
Company, Inc., New York, 1940), p. 664. 


(McGraw-Hill Book 
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mechanisms leading to saturation and thus no con- 
sideration is given to growth curves beyond the linear 
part. It should also be pointed out that the general 
shape of the growth curve changes with the intensity 
of irradiation 7. For low J the production of new 
vacancies is usually not observable for reasonable times 
of exposure. For high J the generation of new vacancies 
merges with the growth of F centers out of initial 
vacancies. Thus only in a restricted range of J can the 
plateau and the inflection point be observed. Further, 
the use of only hard, penetrating radiation which 
avoids high surface concentration of color centers as 
well as great precision in following the whole growth 
curve is necessary. Many of these precautions were not 
observed by other authors. 
2. Probable Errors 

It is of interest to consider now the physical inter- 
pretation, magnitude and variation of the various 
parameters appearing in the growth curve equation. 
The numerical values of the parameters given in Table 
I are those used in obtaining the various curves. As 
mentioned in reference 7, the computed curve fits the 
experimental points within an rms value of 2%. The 
probable errors of the parameters for a given curve 
are about 10°. There is more than 10% variation 
between parameters for samples which received similar 
irradiations because of difference in cleavage strains, 
purity, etc. This shows up in particular in the value of 


no as expected. The quantity 5*n* for samples J5, 79, 
and D1 is 2.12, 2.33, and 2.75, respectively, although 
these samples received essentially the same irradiation. 
This, we feel, reflects an inherent variation in the initial 
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Fic. 7. Growth curves of 
F centers in Samples D1 to 
D6. 


density of vacancies and is within the spread to be 
reasonably expected for “‘identical’’ samples of this 
material. Furthermore, the samples measured as a 
function of intensity and those measured as functions 
of deformation and heat treatment were cleaved from 
different batches. 

The least reliable values are those for the low ir- 
radiation intensities, Samples /1 and J2, because of 
the large relative scatter of points. The probable errors 
for the parameters for these two samples are about 
30%. The very low value of 6* for Sample /1 appears 
dubious and it is shown in Table I and in subsequent 
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plots in parentheses. Similarly, in interpreting the 
*, and mp’ for the Sample J6 one has 
to take into account the fact that the sample was con- 


parameters 0*, % 


siderably strained in cleaving which, as shown later, 
affects especially the parameter mo’. The corresponding 
values are also enclosed in parentheses, both in Table I 
and in subsequent plots. 


3. Relation to Bleaching Experiments 


It is at this point heuristic to consider the bleaching 
experiments of Schneider? and Hesketh” since from 
their data it is possible to determine the observed ratio 
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Fic. 8. Growth curves of F centers 
in Samples H4 to H8. 





# R. V. Hesketh, Phil. Mag. 4, 114 (1959). 
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of c* to b* and the intensity dependence of these 
parameters. It will also be possible to make some 
deductions about differences in the local environment 
of the initial and the generated vacancies. Schneider 
has found that decay curves of F-center density in KCl 
under constant light illumination can be interpreted in 
terms of two bleaching rates for the centers. During 
the initial stages there is a rapid bleach which is inde- 
pendent of temperature. During this period no complex 
centers are formed. Following the rapid bleach there is 
a slow bleaching process which increases with tempera- 
ture and during which other centers begin to appear on 
the long wavelength side of the F band. The quantum 
efficiency is unity for the rapid bleach and about 0.005 
for the slow bleach. Referring to quantities introduced 
in Eq. (11) the quantum efficiency for bleaching, that 
is, the probability that an electron lost by an F center 
will recombine with a hole instead of being trapped by 
a vacancy, can be expressed by g= kop./(k2pet+kapr). In 
this form g depends on the incident radiation (for a 
given crystal) only through the electron density p.. 
Applying this formalism to our experiments one can 
see that g&1 requires k2p.>>k3p, which, applying Eq. 
(11) to a steady state, leads to p.= ((ki/k2)J)*, where 
I is the x-ray intensity. Similarly, a quantum efficiency 
of 0.005 implies that kop <ksp,, giving 


p= kyl Rape’ and q’= hope’ /Rspr', (12) 


(the quantities corresponding to low quantum efficiency 
are primed). Thus environments with low and with 
high vacancy densities should correspond to high and 
to low bleaching efficiencies, respectively. It is tacitly 
assumed that p, during irradiation is such that the 
approximations leading to the two particular cases are 
applicable. 

Hesketh analyzed color-center growth curves, using 
a different model, and also measured the quantum 
efficiency for bleaching as a function of the F-center 
concentration in KCl. He found that the latter is 
essentially unity up to about 2X10"* centers/cm* and 
then begins to decrease, reaching 0.1 at about 7X 10"® 
centers/cm’. Since 2X 10'* centers/cm* is approximately 


Fic. 9. b*n* vs ./I for Samples J1 to 711. 
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equal to the concentration of initial vacancies in our 
crystals, it appears reasonable to associate the initial 
vacancies with the centers whose quantum efficiency 
would be unity and the generated vacancies with the 
centers whose quantum efficiency would be small. In 
terms of this model one would expect that the parame- 
ters 6 and c will be proportional to the local electron 
densities. We thus have 


b= po.=p(kil/k2)* and c=pp.=pkil/ksp,’, (13) 


where p is a proportionality constant and p,’ is the 
local density of generated vacancies. Combining (12) 
and (13), we have 


(14) 


The ratio c/b= (c*—8)/(6*—«a) varies considerably for 
various samples because of the large uncertainty in c*. 
For the most reliable c* values (see below) the ratio is 


Fic. 10. 1/n* vs 1//I for Samples J1 to J11 (error for point 
at [=4 is 30%, 


see text). 


0.063 while the overall average is 0.050. These give 
for g the values 0.0025 and 0.0044, respectively, which 
are quite close to Schneider’s value g=0.005. The small 
value of ¢ relative to 6 appears to be due to competition 
among the generated vacancies for the limited number 
of electrons that are available in their vicinity. 

Thus Schneider’s results may be explained by as- 
sociating the rapid bleach with the centers formed from 
the initial vacancies and the slow bleach with the centers 
formed from the generated vacancies. Initial vacancies 
are widely distributed and an electron ejected by a 
photon would have a very small chance of being re- 
captured by a vacancy before it recombined with a 
hole. This would give a quantum efficiency of unity. 
On the other hand, if the generated vacancies are 
concentrated in certain areas a liberated electron would 
have a high probability of being recaptured by a nearby 
vacancy with no net loss of F centers. A quantum 
efficiency of about 0.005 would mean that the average 
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center must be excited 200 times before the electron 
is trapped by a hole. Since these F centers have a high 
local density it is not unreasonable that they should 
unite to form complexes as they are bleached. This 
would explain the growth of secondary centers as slow 
bleaching occurs. 


4. Influence of Intensity of Irradiation 


In the derivation of the growth curve it was found 
that mo*=bno/(b+a) and that b*=b+a if y>(b+a) 
or b*=+¥ if y<(b+a). In the first case the initial growth 
rate is limited by the rate of electron capture by 
vacancies and in the second case it is limited by the 
rate of production of free vacancies from clusters. It is 
shown that it is reasonable to conclude from the data 
that in our experiments y>>(b+a) so that b*=b+a. A 
high value of y also explains why the observed initial 
slope of the growth curve is usually quite high in spite 
of the implication of Eq. (3) that for =0 it should 
vanish. 


a x 


Fic. 11. 6* vs \/I for Samples /1 to 711 (a point of low accuracy 
for J=100 (i.e., for \/J =10), see text, occurs at b* =3.74). 


As pointed out earlier, the product b*n*=6no is 
independent of the bleaching constant a. A plot of 
b*n* vs I*, shown in Fig. 9, is a straight line. This is 
in agreement with Eq. (13) which indicates that 6 
should be proportional to J! and thus 6*n*=6no should 
also be proportional to J}. 

In order to estimate the parameters b, a, and mp the 
following relationship, for b>=/+, can be used: 


| i 1 a 
—=—+—=—+ 


n* no bno mo mokl* 


The data are plotted in Fig. 10 in the form 1/n* vs J? 
and within the limits of probable error, as discussed 
above, a straight line is obtained. Figures 9 and 10 
give b, a, and mp. To check the self-consistency of the 
data the following relationship can further be used : 


b*=b+a=klI'+a, 


* 


3. 12. n* vs 1/b* for Samples 71 to 711 (a point of low accuracy 
for J=100, see text, occurs at n*=1.63, 1/b*=0.376). 
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In Figs. 11 and 12 plots of 6* vs J! and n* vs 1/6* 
are given and again within the limits of probable error 
the relationships are found to be obeyed. In addition, 
the values of a, 6, and mp» obtained from Figs. 9 and 10 
agree with the values deduced from Figs. 11 and 12. 
The best values are: a=0.825 hr“, b6=0.185 J}, and 
no= 1.62 OD/cm=2.43X 10'* cm~. It should be pointed 
out that the constant a pertains to a bleaching process 
during irradiation only. There was no measurable 
bleaching occurring during the actual absorption 
measurements at room temperature. 

The data indicate that a@ is essentially independent 
of intensity and that 6*=5+-a rather than b*=+ except 
in the unlikely case that y is proportional to b+a. 
Curves calculated from the above values of a, 6, and 
no have been drawn on Fig. 13 through plots of the 
experimental values of b* vs J and n* vs J. c* is also 
plotted for comparison with d*. 

The fast bleaching constants obtained by Schneider 
are roughly 1000 times as large as the slow bleaching 
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Fic. 13. b*, c*, n* vs I for Samples /1 to 711. 
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Fic. 14. a* vs I for Samples J1 to 711 (point at 7=1 has a 30% 
probable error, see text). The three lines have slopes 1, 2, and 3, 
respectively. 


constants. Thus one would expect that 6&ax10-% 
0.001. Since c*=c+ 80.1, 8 is negligible compared 
to c and thus c*c and a*&a. Figure 14, which is a 
log-log plot of a* vs J, has a slope of two within the 
limits of experimental error, giving a* a quadratic 
dependence on J. Its slope is definitely greater than one 
and less than three, as shown by the dotted lines. The 
scatter in these points may be due to deformation 
during cleaving since, as shown below, a* is a strong 
function of plastic deformation. The scatter in c* vs J 
(Fig. 13) is unfortunately so great that no conclusions 
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Fic. 15. n* and no’ vs % deformation for Samples D1 to D6. 
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can be drawn about the intensity dependence of c*. 
The most accurate values of c* are obtained from 
curves with a pronounced plateau such as J5 and J9 
in Figs. 5 and 6. It is clear, however, that in all cases 
c* is an order of magnitude smaller than d*. 


5. Influence of Plastic Deformation 


In plastically deformed crystals (Fig. 7) the initial 
density of vacancies was found to increase (Table I, 
Figs. 7 and 15). However, here the initial vacancies 
could be divided into two groups. In one group n*, 
and thus mo, varies slowly with deformation and the 
rate constants 6* are approximately equal to the rate 
constant of the initial vacancies in the undeformed 
sample. In the other group mo’ varies more rapidly with 
deformation and the rate constants c* are comparable 


to the c* of the undeformed sample. Apparently the 
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Fic. 16. 1/a* vs % deformation for Samples D1 to D6. 
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main result of plastic deformation is to introduce 
additional vacancies in the wake of the moving dis- 
locations. Most of these vacancies (m»’) remain in the 
region of high density but some vacancies move away, 
increasing %. One would expect that vacancies gen- 
erated by plastic flow would be concentrated in certain 
regions of the crystal and the agreement between their 
rate constant and that of the vacancies generated by 
irradiation of the as-received crystal indicates that 
they have similar environments. This shows that the 
vacancies generated by irradiation are indeed localized. 

Another interesting result of the measurements on 
deformed crystals is the decrease in the rate of gen- 
eration of vacancies (a*) with increasing deformation 
(Table I, Figs. 7 and 16). Since deformation presumably 
increases the density of dislocations and of jogs it is 
difficult to reconcile this observation with either the 
Varley or dislocation-jog mechanisms. A similar result 
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has been obtained by Rabin.” He measured the rates 
of expansion of NaCl crystals from different sources 
and with various impurity concentrations. The natural 
crystal had the lowest rate of expansion although under 
polarized light it appeared to be highly strained and 
etch pit counts indicated a dislocation density higher 
than the other crystals. 

The influence of deformation on coloration should be 
particularly pronounced when multiple slip sets in and 
the rate of generation of vacancies is greatly acceler- 
ated.4 


6. Influence of Heat Treatment 


Samples 4 to H8, as shown in Table I, indicate the 
influence of heat treatment. It was found that quenching 
from a particular temperature increases the initial 
density of vacancies n* relative to the slowly cooled 
sample and that this effect is greater at the higher 
temperature. A quenching from 500°C, for example, 
increases n* and thus mp by a factor of nearly five. This 
behavior is also easily seen in a qualitative manner in 
Fig. 8 where the time constant for the initial rise, i.e., 
essentially the parameter b*, remains about the same 
but the total coloration goes up. In these experiments 
the cooling rate was rapid compared to that of the 
as-received crystals and thus the results are reasonable. 
What is important to note is that the rate constant for 
electron capture by the additional vacancies was 
essentially that of the initial vacancies in the as- 
received sample. This indicates that the initial vacancies 
and those induced by heat treatment have similar 
environments. Since the latter are most likely dis 
tributed throughout the volume, this indicates that the 
initial vacancies in the as-received crystals are also 
widely distributed. Sample 1/5 was apparently severely 
strained in quenching. This shows up in the large value 
of mo and in the lower slope of the linear part of the 
curve, low a*. 

Thus the deliberate introduction of known distri- 
butions of vacancies by heat treatment and by de- 
formation provide additional evidence that the initial 
vacancies in the as-received crystal are well distributed 
and that the vacancies generated by irradiation are 
localized. 


7. Mechanism of Defect Formation 


It appears that there are several requirements that 
must be met by the mechanism of generation of va- 
cancies by x rays in KCl at room temperature: (1) the 
interaction between the x-ray quanta and the ions 
must be through electronic excitation, (2) the vacancies 
must be generated in selected volumes of the crystal 
and with high local concentrations, (3) the mechanism 
must produce vacancies at a rate proportional to the 

3H. Rabin, Phys. Rev. 116, 1381 (1959). 


*W. H. Vaughn, W. J. Leivo, and R. Smoluchowski, Phys. 
Rev. 110, 652 (1958). 
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Fic. 17. Edge dislocation in an alkali halide crystal. 


square of the intensity of irradiation, and, finally, 
(4) an increase in dislocation density must reduce the 
rate of generation of vacancies. The Varley mechanism 
satisfies only the first and the third of these require- 
ments but if it is a random second order process it is 
not very probable, as shown above. It could perhaps 
also satisfy the second requirement if presence of 
impurity centers was essential for its operation. The 
dislocation-jog mechanism satisfies most of the require- 
ments but does not have the proper dependence on 
dislocation density. It appears thus that neither of 
these two mechanisms can be the dominant one at 
room temperature in KCl. 

A new mechanism which retains certain features of 
the Varley and of the jog mechanisms is thus proposed. 
It satisfies all of the above requirements although, as 
pointed out below, it should be treated only as a pre- 
liminary model, requiring further experimental and 
theoretical confirmation. In any real crystal there are 
always some imperfections present which will alter 
the charge distribution, and therefore the electronic 
energy levels, in their vicinity. A positive-ion vacancy, 
for example, has an effective negative charge and thus 
reduces the binding of the 3p electrons in the neigh- 
boring halogen ions. These electrons then lie in localized 
energy levels above the filled band and should be more 
easily elevated to the conduction band than an electron 
in the filled band. Similarly, near the core of an edge 
dislocation in an alkali halide crystal there are halogen 
ions that do not have the proper number of nearest- 
neighbor alkali ions. These are labelled (1) in Fig. 17. 
Because of the missing positive ions, the ground state 
near these ions will lie above the valence band of the 
normal crystal. Besides, these ions are on the compres- 
sion side of the slip plane and thus the forbidden energy 
gap is considerably narrowed. A rough estimate, based 
on the elastic approximation of the strain and on band 
calculations for NaCl,” indicates that this effect may 
be of the order of one ev. For both these reasons an 
exciton may provide enough energy to ionize one of 


2 


*5 J. C. Slater and W. Shockley, Phys. Rev. 50, 705 (1936). 
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these halogen ions. The halogen atom, being neutral 
and much smaller than a halogen ion, can be pushed 
across the slip plane into the site, labelled (2), of 
highest tension, that is, opposite the edge of the dis- 
location. In this way both the compression strain and 
the tension strain are lowered. Although no specific 
calculations have been made this motion may be “down 
hill” all the way, i.e., without an activation energy. A 
second exciton decaying somewhere in the nearest 
neighborhood provides, in analogy to the jog mechan- 
ism, enough energy for a halogen ion from a normal 
lattice site to move into the vacancy left by the halogen 
atom. In this way the vacancy is permitted to escape 
the immediate edge of the dislocation. The halogen 
atom will soon recapture an electron and will occupy a 
normal halogen site along the edge of the dislocation. 
After a number of halogens have climbed onto the edge 
their charge will attract positive ions from the nearby 
lattice, thus creating positive ion vacancies and main- 
taining the neutrality of the dislocation in analogy to 
the jog mechanism. The net result of this process is the 
climb of the dislocation and the formation of highly 
concentrated negative and positive ion vacancies in 
the wake of the dislocation. Interstitials are not 
produced. 

In Fig. 2 we have compared a low-temperature 
growth curve with a curve obtained at room tempera- 
‘ture at the same low x-ray intensity. It appears that 
at low temperatures the process of generation of new 
vacancies is more effective. This may be due to a longer 
mean free path for excitons and a greater chance to 
decay at dislocations as suggested by the mechanism 
described above. 

A detailed calculation of the efficiency of this process 
is very difficult but a rough estimate similar to that 
made for the normal Varley process can be made. Most 
of the excitons produced by x rays will decay at some 
recombination centers and traps. The distorted lattice 
and, in particular, the altered band structure on the 
compression side of dislocations, mentioned above, 
will provide very effective traps and centers for such 
a decay. It is thus reasonable to assume that a large 
part of the energy absorbed in the crystal will eventually 
be delivered to halogens in the cores of the dislocations. 
One then finds that the rate of the process is E*7/V?n 
per cm per sec, where » is now the density of halogen 
ions occupying these special sites and the other symbols 
are as previously defined. In a crystal with D dis- 
location lines per cm? and s special sites per cm of 
dislocation line, m= Ds. For the rate of double ionization 
one thus obtains 2?r/V?n= E*r/V?2Ds sec! cm-*, In- 
serting the same numerical data that were used above 
in the estimate of the Varley process and letting s= 10’ 
per cm and D=10* per cm? one obtains for the calcu- 
lated rate of double ionization 5X10" per sec per cm’, 
which is a factor of 10° higher than the corresponding 
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value for the normal Varley process. In spite of the 
doubt as to the order of magnitude of r it seems that 
the experimental rate of F-center formation 1.73 10" 
centers/sec cm® definitely favors the mechanism here 
proposed. It should be borne in mind too that on the 
tension side of the slip plane the forbidden energy gap 
will be wider than normal and will, in effect, lower the 
concentration of electrons in the vicinity.2* This may 
increase considerably the lifetime 7 of the halogen atom 
as used in the above estimate. The mechanism clearly 
fits all the requirements imposed by the experimental 
data and it avoids the difficulties with producing a 
positive halogen ion and with the uncertain length of 
its lifetime.'? At high temperatures the occurrence of 
the second excitation becomes less important and the 
rate of generation of new vacancies should be propor- 
tional to the intensity of irradiation. 

It follows from the model that the more dislocations 
there are, the less chance there is that an ionization 
and a subsequent thermal spike will occur at essentially 
the same site along the dislocation network. This means 
that the rate of generation of vacancies given by this 
model should be inversely proportional to the dis- 
location density, that is, a<1/D. In addition, one 
might expect mo’, the number of vacancies produced 
by deformation, to be proportional to D® since these 
vacancies are produced by the intersection of pairs of 
dislocations. If this is so then mo’~1/a**. A plot of 


no vs 1/a* (Fig. 18) is indeed linear but does not pass 
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Fic. 18. 29’ and (n*+-no’) vs 1/a** for Samples D1 to D6. 


26 J. A. Krumhansl (private communication) 
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through the origin as it should. On the other hand, a 
plot of the total number of vacancies initially in the 
lattice (n*+- 9’) vs 1/a® (Fig. 18) is also linear and 
passes through the origin. This suggests that the number 
of vacancies in the undeformed crystal is also related 
to the density of dislocations in the as-received crystal. 
This could be true if the density of initial vacancies 
were determined by equilibrium with the dislocations 
during crystal growth or if sufficient thermal strain 
were present during the cooling of the boule to cause 
the motion of dislocations and consequent generation 
of vacancies while the temperature was still high 
enough to homogenize the vacancies thus produced. 

The requirements imposed by experiment are quali- 
tatively fulfilled by another mechanism somewhat 
similar to the one proposed above: In this model two 
excitations lead to a double ionization of one of the 
ions, labelled (1) in Fig. 17, and this is followed by a 
displacement of the positive halogen ion onto the 
dislocation edge by the electrostatic repulsion of the 
positive metal ions. This mechanism suffers, however, 
from the uncertainties associated with double ionization 
and lifetime considerations. A similar situation occurs 
if the formation of positive halogen ions were to take 
place near impurities rather than at dislocations. 
Plastic deformation would lower the probability of 
double ionization by putting additional impurities into 
solution. One of the mechanisms of defect formation 
here proposed is probably applicable to the photolytic 
decomposition of potassium azide which shows a quad- 
ratic dependence on intensity of irradiation (see Nole 
added in proof in reference 7). 

It should be pointed out that the actual observed 
intensity dependence of a parameter, such as a, is a 
result of the intensity dependence of competing forward 
and back reactions of various relative importance. All 
one can say about the proposed model is that, for an 
intensity independent 7, it is consistent with the experi- 
mental results. It is not possible, at present, to estimate, 
even roughly, the relative importance of all the possible 
competing processes. 


8. Some Other Evidence for Two Kinds of F centers 


Two sets of other experiments indicate that there 
may be two kinds of F centers. There is evidence that 
indicates that the F band is not a simple absorption 
band. St. Petroff?? and Konitzer and Markham’ have 
found that as the F band is optically bleached the M, 
N, Ri, and Rz bands grow, the peak of the F band shifts 
toward the violet, and the width at half-maximum of 
the F band increases. Thus there appear to be two F 
bands; the normal F band and a slightly displaced F 
band (designated as the B band by Petroff). The B 


27 St. Petroff, Z. Physik 127, 443 (1950). 
28 J. D. Konitzer and J. J. Markham, Phys. Rev. 107, 685 
(1957). 
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Fic. 19. Interaction between F and M centers. 








band has a larger half-width and a higher maximum. 
The other experiment is that of van Doorn and Haven” 
who have found an apparent link between the F band 
and the M band. They irradiated a sample in the [100] 
direction with F light polarized in the [011] direction. 
This led to a growth of the M band when measured with 
light polarized in the [011] direction and to a bleaching 
of the M band when measured with light polarized in 
the [011] direction. The opposite happens to the F 
band. 

These experiments can be interpreted in the following 
way. The B band is due to F centers whose vacancies 
have been generated by irradiation or by plastic de- 
formation (perhaps induced by rapid quenching). Since 
these centers are located in regions of high local defect 
concentration they will be perturbed and give a band 
whose shape is slightly different from that of the 
isolated F centers. Among the debris in their vicinity 
will be complexes of positive and negative ion vacancies 
such as are associated with the M center. We shall 
consider two specific cases to illustrate the situation. 
First, let us take an F center situated in line with two 
negative ion vacancies of an M-center configuration, 
i.e., of an ionized M center [see Fig. 19(a) ]. The empty 
vacancy cluster has a positive charge and will polarize 
the F center if the latter is not too far away. This 
configuration will be particularly sensitive to light with 
the electric vector along the line of the three negative- 
ion vacancies and thus an excitation and a transfer of 
the electron (perhaps by tunnelling) may occur. As a 
result, the concentration of a particular orientation of 
M centers will be enhanced and that of the correspond- 
ing F centers decreased. The other case occurs when an 
M center has in its vicinity a negative-ion vacancy 
situated in such a way that all the negative-ion va- 
cancies are in line [ Fig. 19(b) ]. In this case the positive 
charge of the negative-ion vacancy will polarize the 
M center in such a way that the electron will spend 
more time in that vacancy of the M center which is 
nearest to the single negative-ion vacancy than in the 
other. This may lead to the formation of a polarized 
quasi-F-band of the M center. The configuration would 
thus be sensitive to an appropriately polarized F light 
and would lead to the transfer of the electron into the 


2 C. Z. van Doorn and Y. Haven, Phys. Rev. 100, 753 (1955). 
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single negative-ion vacancy. The concentration of the 
particular orientation of M centers would be decreased 
and of the corresponding polarized F centers increased. 
Clearly, there will be many other relative positions and 
orientations of vacancies and centers with appro- 
priately higher or lower sensitivity to polarized F light. 
The model would also account for the more recent 
observations of Kawaba and Misu.” The above con- 
sideration is based upon the usual structure of M centers 
as proposed by Seitz and is equally applicable to its 
Knox* variant. If one accepts, however, the van Doorn 
model® then the argument may require considerable 
revision. 

Nowick® has obtained results on NaCl that at first 
glance appear to be in disagreement with these results 
on KCl. To begin with, he did not observe an inflection 
point in the growth curve. The explanation lies probably 
in one of the reasons mentioned in the early part of 
the discussion of our results. Further, he found an 
increased colorability in the second stage due to 
deformation which he associated with a higher dis- 
location density. An examination of his growth curves 
shows, however, that the time constant for the initial 
rise is appreciably greater for the deformed crystals 
than for the as-received crystal. This is just what one 
would obtain if before irradiation the deformed crystals 
contained a mixture of both the random and locally 
concentrated vacancies so that the increased colorability 
is the result of the introduction of new vacancies by 
the motion of dislocations as proposed by Seitz and is 
in accord with our results. In other words, he observed 
a change in mo and not in a*, which requires higher 
total irradiation. It should also be mentioned that 
during partial thermal bleaching the centers bleached 
first will be those formed from the vacancies mo that are 
randomly distributed. Upon re-irradiation, the time 
constant for recovery of coloration should be the same 
in both the early and later stages. It should, in fact, 
be equal to the time constant for the initial rise. Thus 
in the early stage of coloration the growth curve after 
partial thermal bleaching should parallel the curve 
before bleaching and in the later stage of coloration the 
growth curve after partial thermal bleaching should, 
after a time of the order of 1/6*, be an extension of the 
curve before bleaching. This effect is apparent in 
Nowick’s data. 


% G. Kawaba and A. Misu, J. Phys. Soc. Japan 13, 1038 (1958). 
31 R. S. Knox, Phys. Rev. Letters 2, 87 (1959). 

#2 C. Z. van Doorn, Phys. Rev. Letters 4, 236 (1960). 

% A. S. Nowick, Phys. Rev. 111, 16 (1958). 


AND SMOLUCHOWSKI 


V. SUMMARY 


A. The room temperature F-center growth curve for 
KCI has a form given by 


* 
a” 
f=n*(1-e “)+ar—( —n!)(1=e oft) 
-* 
€ 


where the parameters are to be interpreted as follows: 

(1) a* is the rate of generation of new vacancies by 
irradiation ; it appears to be proportional to the square 
of the intensity of irradiation and decreases with 
deformation, possibly as the inverse first power of the 
dislocation density. 

(2) n*=bno/(b+a) and b*=b+a, 
initial concentration of randomly distributed vacancies, 
b is the rate of electron capture per vacancy, and a is 
a bleaching constant. As expected, 6 is proportional to 
the square root of the intensity of irradiation, a is 
independent of intensity, and mm is independent of 
intensity. 

(3) mo’ is the average initial concentration of va- 
cancies that are in small regions of high local con- 
centration; it increases with deformation. 

(4) c* is the rate of electron capture per vacancy for 
the vacancies mo and for the vacancies generated by 
X rays. 

B. The value of 5* is an order of magnitude greater 
than c*. This, together with the behavior of mo and ny’ 
for deformed and heat-treated crystals, indicates that 
the vacancies generated by irradiation are localized in 
small regions with high local concentrations. 

C. Both deformation and heat treatment strongly 
affect the growth curve. Heat treatment affects the 
early stage of coloration by increasing mo. Deformation 
affects both stages of coloration by increasing mo’ and 
decreasing a*. 

D. Neither the Varley the 
location-jog mechanism can be the dominant method 
of generation of vacancies by irradiation at room 
temperature. A mechanism has been proposed that 
appears to meet all the known requirements although 
it is not unique. 

E. The proposal of Seitz that plastic deformation 
results in the generation of free vacancies through the 
motion of dislocations is verified. 

Note added in proof. H. Fréhlich [Proc. Phys. Soc., 
London, 74, 643 (1959) and private communication ] 
has pointed out that the band approximation often 
breaks down when the carrier mobility is of the order 
of unity. This is just the case for the hole mobility in 
alkali halides (see reference 17). 


where mo is the 


mechanism nor dis- 
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Isotope Shifts in the Spectra of Mo and Ruf 


R. H. HuGHeEs 
Department of Physics, University of Arkansas, Fayetteville, Arkansas 
(Received August 29, 1960) 


Isotope shifts in several lines showing shifts in the field-eifect direction in the spectra of molybdenum 
and ruthenium have been studied with the aid of a Fabry-Perot interferometer. 

The variations in the shifts are quite similar in the two elements. A distinct minimum shift between 
the even-even nuclei occurs at neutron number 56. Extreme even-odd staggering inverts the expected 
order of the atomic levels belonging to nuclei with neutron'numbers 54 and 55. The variations in the shifts 
were qualitatively predicted by the nuclear deformations as measured by Coulomb excitation, particularily 


in the case of molybdenum. 





I. INTRODUCTION 


OLYBDENUM and ruthenium are elements 
worthy of isotope shift studies particularly 
because both have a large number of stable isotopes, 
five even and two odd. 
In this mass region there is a certain amount of 
competition between the mass effects (the normal 


TaBLeE I. Isotopic concentration of molybdenum 
samples in percentages. 





\Sample 
Isotope \, 92 9 95 9% 97 «98 100 
92 GS 25 0.1 is. 01. 04. 07 
94 0.8 84.95 0.5 0.6 0.2 0.3 0.4 
95 0.8 4.2 97.2 1.5 0.4 0.5 0.8 
96 0.8 2.8 Lg 90.6 1.4 0.9 0.9 
97 0.4 1.5 0.04 18 93.8 0.6 0.5 
98 1.3 3.0 0.4 3.8 3.9 96.3 3.6 
100 0.5 1.2 0.1 0.6 0.2 10 93.0 





mass effect and the specific mass effect) and the field 
effect which results from the spatial nuclear charge 
distribution. 

The field effect in isotope shifts has been analyzed 
in terms of nuclear deformations with considerable 
success by Wilets eé al.! 


II. EXPERIMENTAL APPARATUS 


Spectra from enriched isotopes? were excited in 
liquid-air-cooled hollow-cathode discharge tubes. Six 





such tubes were clamped in a circle at 60° intervals and 
rotated about a vertical axis, permitting the isotopes to 
be speeded into and away from exposure position. 

The necessary high resolution was obtained by 
crossing a Fabry-Perot interferometer, which was placed 
in a sealed constant-temperature chamber, with a 
Hilger E-458 Littrow quartz-glass spectrograph. 


III. DATA AND DISCUSSION 


Isotope shifts were determined for several transitions 
in the spectra of molybdenum and ruthenium. Some 
results have been reported previously.?* 

Isotopic concentrations of the molybdenum samples 
are presented in Table I. 

Isotope-shift measurements for molybdenum are 
presented in Table IT. Wave numbers are measured in 
kaysers [1 kayser (K)=1 cm], and shifts are meas- 
ured in millikaysers (mK). The isotopic concentrations 
of the samples have not been taken into account. It is 
felt that no appreciable error is introduced by neglecting 
the contribution of the isotopic impurities in the lines 
showing large shifts, since none of the lines was over- 
exposed and no trace of isotopic impurities was ob- 
served. Estimated limit errors on these measurements 
are about +1.4 mK. Similar results have been reported 
by Arroe and Cornwall.® 

Isotope shifts in the first spectrum of ruthenium for 
two transitions are presented in Table III. The isotopic 
concentrations of the samples used are noted in Table 


TABLE II. Isotope shifts in the first spectrum of molybdenum.* 




















Wave 
Transition number (K) 100-98 98-96 
4d‘5s 5D, —4d55p ®P,° 17 261 —25.5 —10.8 
4d*5s? §5D,—4d°5p 5P 2° 17 382 — 26.4 —11.2 
4d‘5s? §D,—4d°5p ®P3° 16 577 —26.3 —12.0 
4d®5s ®S_ —4d®5p ®P,° 17 947 — 6.5 — 3.0 
4d®5s ®S_ —4d55p ®P2° 18 068 — 7.2 — 3.0 
18 155 a Te — 3.6 


4d°5s °S_ —4d55p ®P;° 





96-94 94-92 100-92 96-95 97-96 
~17.6 —24.0  —979 147 +5.5 
18.5 ~24.5 —30.4 
~18.5 ~25.3 ~82.6 
ay x - 67 —21.2 
5.7 - 72 —23.3 
=~ ee — 83 —25.0 








® Minus sign indicates shift in the field-effect direction. Estimated limit errors are +1.4 mK. 





t This research was supported by the U. S. Air Force under a contract monitored by the Air Force Office of Scientific Research 


of the Air Research and Development Command. 


1L. Wilets, D. L. Hill, and K. W. Ford, Phys. Rev. 91, 1488 (1953). 


2 Obtained from the Y-12 plant, Oak Ridge National Laboratory. 


3R. H. Hughes, Bull. Am. Phys. Soc. 2, 200 (1957). 
4R. H. Hughes, Bull. Am. Phys. Soc. 4, 262 (1959). 
5H. Arroe and J. Cornwall, Phys. Rev. 117, 748 (1960). 
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TaBLe III. Isotope shifts in the first spectrum of ruthenium. 








Observed shifts in millikaysers 


Wave 

number (K) 
24.690 
25 782 


Transition 


4d°5s? 5D,—4d"5p °F ° 
4d°5s* 5D,—4d"5p °F ° 


104-102 


—25.1 
— 26.5 


102-100 





98-96 104—96 99-98 


101-100 


— 36.2* — 99.4 +1.6" ~ 


3 
— 103.5 +2.5 4 





® The shifts relative to Ru” in this transition are considered more reliable with an estimated limit error of +4 mK. The estimated limit error involving 
. & 


shifts not relative to Ru® is +1.5 mK. 


IV. The isotopic impurity of the Ru® sample causes 
great difficulty. The more reliable data relative to Ru® 
are obtained by very weak exposures of this sample, 
as indicated in the table. 

Interesting variations in the shifts for Mo and Ru 
are seen in Tables II and III. Since the mass effects 
are constant for a given mass-number difference, these 
variations result from the nuclear-field effects. For 
instance, one would expect a relatively large shift 
between isotopes having neutron numbers 52 and the 
magic number 50, because the addition of two neutrons 
to the magic number results in a large increase in the 
nuclear deformation. This expectation is borne out by 
the size of the 94-92 shift in molybdenum. 

It is interesting to note the strong even-odd stagger- 
ing shown in these isotopes. A clear indication exists 
in molybdenum that the neutron number 55 isotope 
level lies lower than that of neutron number 54 isotope, 
a reversal of the expected relative position. There is 
evidence that this occurs in Ru also, but the error is 
too large to say so with too much certainty. 

A graphic representation showing the variations in 
the even-even isotope shifts in molybdenum and 
ruthenium is included in Fig. 1. Normal mass effects 





Isotope Shift Ratios 





4 


60 











54 
Neutron 


52 56 58 


Number 
Fic. 1. Plot of isotope shift ratios vs neutron number and a 


plot of the square of the nuclear deformation parameter as 
measured by Coulomb excitation vs neutron number. 


have been removed. Shifts between neutron numbers 
58 and 56 have been defined as unity. Unit shifts for the 
two cases have been displaced for schematic clarity. 

One of the sharpest variations is shown in the region 
of 56 neutrons. In both Mo and Ru the 56-54 shift 
represents a minimum shift. It is interesting to speculate 
on the cause of such a variation. Regardless of how one 
looks at the present isotope-shift theory, the explanation 
ultimately ends in a discussion of shell theory. It is to 
be noted that if the neutron 4d; subshell is filled after 
the closure of the shell at 50, then a minimum defor- 
mation would be expected at neutron number 56. The 
closing of this subshell might explain the behavior of 
the Mo and Ru shifts at this number. 

Also shown in Fig. 1 is a plot of the square of the 
“nuclear deformation” as measured by Coulomb exci- 
tation.* The slopes of the connecting lines in this plot 


TABLE IV. Isotopic concentration of rutheniu: 
samples in percentages. 


Sample 
Isotope \, 


96 98 104 
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96 9 
98 
99 
100 
101 
102 
104 
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should be a measure of the isotope shifts. As can be 
seen the correlation appears to be quite striking for 
molybdenum but much less so in the case of ruthenium 
although the direction of the isotope shift variations 
can still be predicted but with much less certainty. 
Appealing to the Nilsson plot’ for possible qualitative 
information on deformations with its limitations in this 
mass region, one finds it predicts large oblate deforma- 
tions in the initial filling of the 4d subshell. It is 
somewhat difficult, however, to relate the magnitude 
and variation of these deformations with the magnitude 
of the isotope shift variations even qualitatively. 
Lastly, it is of some interest to note the shifts in the 
4d®s *S.—4d°5p °Pi 2,3 lines of molybdenum. As the 
quantum number J of upper level increases, the isotope 
shifts increase which is an indication of level mixing 


in these upper levels. 


®P. H. Stelson and F. 
(1958). 

7S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


K. McGowan, Phys. Rev. 110, 489 
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The broadening of the Lyman a line by high-velocity charged particles is calculated in the classical path 
approximation without the completed-collision assumption. For noninteracting perturbers, the divergence 
at large impact parameters associated with usual impact theories does not arise. Interactions between the 
perturbers are introduced by the pair correlation function. The resulting line shape is valid for frequencies 


larger than those permitted by the impact theory. 


INTRODUCTION 


HE usual impact theories of the broadening of 

spectral lines by independent perturbers (in the 
classical path approximation) lead to a result which 
diverges logarithmically for large impact parameters 
when the radiating atom undergoes a linear Stark 
effect.'* It is customary to avoid this divergence by 
cutting off the range of the force at the Debye length? 
\ or to use a shielded Coulomb potential’; the moti- 
vation being that the interactions between the per- 
turbers produce a shielding effect. However, a shielded 
Coulomb potential is a time-average effect whereas the 
broadening is due to tke fluctuations of the field on the 
radiating atom. Therefore the problem arises as to 
whether the use of a shielded Coulomb potential is 
adequate for computing the broadening of spectral 
lines in the impact approximation.’ 

The source of the divergence rests in the assumption 
that any collision that has its time of closest approach 
in a certain time interval is completed in that time 
interval.t This falsifies the distant collisions since the 
duration of a collision increases with increasing dis- 
tance of closest approach. Although the distant col- 
lisions have a small effect on the radiating atom, there 
are very many of them, and if one assumes that they 
are completed in too short a time, one overestimates 
their effect and thereby produces the divergence. 

The purpose of this paper is to show that, by avoiding 
the completed-collision assumption, the broadening of 
the line can be formulated in such a way that the 
divergence associated with large impact parameters 
does not occur for independent perturbers. It will also 
be shown that the effect of the interactions between 
perturbers can be treated from first principles, thus 
avoiding the questionable use of a shielded Coulomb 
potential. 


* Work supported by Air Force Office of Scientific Research. 
t Present address: Technological Institute, Northwestern 
University, Evanston, Illinois. 

1H. R. Griem, A. C. Kolb, and K. Y. Shen, Phys. Rev. 116, 4 
(1959). 

2H. Margenau and M. Lewis, Revs. Modern Phys. 31, 569 
(1959). 

3 The problem of including interactions between perturbers in 
the static (statistical) theory has recently been considered by 
M. Baranger and B. Mozer, Phys. Rev. 115, 521 (1959). 

4 This assumption is also responsible for the divergence in the 
Boltzmann equation. 


The divergence occurs in the weak-collision contri- 
bution to the broadening and we therefore restrict 
ourselves to it. Since our concern is with making this 
part of the impact theory rigorous our computed line 
shapes are just for the weak collisions. Methods already 
exist! to convert this into realistic line shapes that 
include contributions from strong collisions and ion 
effects. 

To carry out this program we take, as a simple 
example exhibiting the linear Stark effect, the Lyman 
a line. We assume that the temperature and density 
are such that the impact approximation’ is valid, i.e., 
that there is only one strong collision at a time. 

Our results justify the use of the joint assumption 
of completed collisions and cutoff for frequencies 
(measured from the line center) small compared with 
(v/X), and give a new result for frequencies of the order 
(v/A) and larger. 

I 


The broadening of spectral lines rests on the evalu- 
ation of the average of the time development operator 
(U (2)) in the interaction representation. In the notation 
of Baranger,® U’(¢) is given by 


8) ‘ 1 
U(t))=14+D (yf ats f dy: +> 
n=l e “0 


‘V'(tn). (A) 


In Eq. (1) we have set #=1 and the matrix V’(é) is 
related to the interaction matrix V(/) between the 
radiator and all the perturbers by 


V'(t) = e*2'V (te #4, (2) 
We assume that the interaction V(¢) causes transition 
only between the four degenerate components of the 
state 7=2. When the base functions, 


/ 


~~ i ! ease 
¥1 = W200, Y2-—Ye21, 321-1, ¢4=Ya10, 


are used, the matrix V’ (i.e., that part connecting these 
four states) can be written as 


V'=3eal’, (3) 


’ M. Baranger, Phys. Rev. 111, 494 (1958). 
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where the nonzero elements of I are 
Py2=Ts =P 13*=l'21*= V2 (E.+iE,), 
Tu=Ta=2E,, 


and dp is the radius of the first Bohr orbit. E,, E,, E, 
are the components of the electric field (assumed 
uniform over the atom) at the radiating atom due to 
all the perturbers. Performing an average over all 
possible time sequences, we have 


Daze t t 
(U ee f anf dt,{1 (t,)I (t2))+ - (4) 


since (E,)=(E,)=(E,)=0. If the perturbers are inde- 
pendent of each other, it can be shown that 


(T'(4,) 0 (t2))=4N P(S.(t) 62(te)), (5) 


where the nonzero matrix elements of P are P,,=3, 
Px2.= P33= Pu=1; &, is the s component of the electric 
field from one perturber and JN is the total number of 
perturbers. The higher (nonzero) terms in Eq. (5) do 
not reduce to anything simple and we shall restrict the 
development to the terms exhibited in Eq. (4). To this 
approximation we have 


t ti 
(U())~1—92aeNP f ats f dt &,(ti)&,(t2)). (6) 


The neglected terms are necessary for a correct 
description of the strong collisions and the long-time 
behavior of the weak collisions. Strong and weak 
collisions can be given an approximate meaning in the 
following way. Consider the average effect of a complete 
collision of one perturber with speed v and distance of 
closest approach p the average being taken over 
directions of perturber motion. As we shall see in the 
next section, there exists a distance p.=3e*ayv-! such 
that the average effect of a collision with p> p. produces 
only a small change in the state of the radiating atom. 
Strong and weak collisions are then those that have 
p<p.- and p2p,, respectively. We assume here that the 
velocity of the perturbers is high enough so that the 
impact approximation is valid, i.e., that there is only 
one strong collision at a time. Since our interest is in 
the weak collisions we shall neglect the effects of the 
strong collisions. Methods already exist for incor- 
porating the strong collisions, and the conditions are 
known for when they are negligible.’ 

The neglect of higher terms restricts (U(¢)) to short 
times, but this is adequate in a discussion of the wings 
of the line and, under certain conditions, the core can 
be obtained by repeated application of Eq. (6) to 
successive time intervals.§ 

In Sec. II we shall show how, with the completed- 
collision assumption, the usual weak-collision result 
evolves from Eq. (6) and shall obtain p,. In Sec. III 
we shall obtain the broadening without the assumption 
of completed collisions and cutoff. 








LEWIS 


Il 


The integral in Eq. (6) can be written as 


K(fes0)) 


and since the perturber moves on a straight line 


&.(t) = —e[p.+2.((—1,) >, 8) 
d (8 
r2=p?+r?(t—1;)°. 
Here p is the distance of closest approach, ¢; is the time 
of closest approach, and subscript z means z component. 
The integral in Eq. (7) becomes 


t 
f dt’ &()=—ep.ai(t)—ev.8i(0), 
v0 
t 


t 
a f dt’ r(t’); (0= [ dt’ (t’—1,)r(¢). 
0 


0 


In the completed-collision assumption one considers 
the impact to be completed either inside or outside the 
time interval (0,/) depending on whether /; is inside or 
outside the interval. This means that we take 


a;=2/p', B8:=0 if O<4;<t, 


a;=6;=0 if ¢4;<0 or ¢,;>1. 


Therefore, if ¢; is within (0,/) we have 


1 ‘ 2 2e2 pom 
{( f dt’ s.”)) ) aes pW (p)dp, 
2\\ J, te DP ec 


W (p)=2rp/pr?. 


the subscripts 6,9 indicating an average over angles 
and impact parameter p, and p,, being an upper limit. 
Equation (9) must be averaged over times of closest 
approach. If v denotes the collision frequency, then 
vt/N is the probability of a given perturber having a 
collision in the time interval (0,/). We then have, using 
V=Tpm nd, 


(U (t)+1— (12rnetae?Piv™) In(pm/p-), (10) 


where m is the number density. The dependence on p», 
leads to a divergence for Coulomb forces since the 
limit p_n— © should be taken for independent per- 
turbers. The appearance of p. is associated with the 
neglect of strong collisions. 

If pm is kept finite and the second term of Eq. (10) 
is small compared to unity at a time equal to the cor- 
relation time of the field, then (U/(¢)) can be extended 
to longer times by using Eq. (10) for successive time 
intervals. The result is 


(U (t))~exp[_— (122netaePiv) In(pm/pe) }. (11) 


The first two terms of Eq. (11) are just those of Eq. 
(10). 











TARK BROADENING 





We now select a suitable value for p.. The deviation 
from unity of the time development operator for a 
single complete collision with impact parameter p is 


Geta? P/v*p’. 


The critical impact radius p, will be defined as the value 
of p that makes this term of the order of unity,® that is 


Pe= 3e7ay?/v. 
Ill 


We return to the evaluation of Eq. (6) without the 
completed collision and cutoff assumptions. This is 
accomplished as follows: We first evaluate (&(,) - &(¢2)) 
and note that this is just 3(&,(t,)&(l2)). The evaluation 
of (&(t;)-&(te)) involves two steps: One must calculate 
(a) the probability that the particle is at r at time /, 
and (b) the probability that at ¢, (4;2¢.) the particle 
is at some point on the sphere of radius 0(/;—/.). We 
must also eliminate the contribution from the strong 
collisions. It is convenient to modify, in an unessential 
way, the meaning of strong and weak collisions. In 
Sec. II the weak-collision contribution was obtained by 
averaging the effects of a completed collision over 
impact parameters ranging from p, tO pm. However, 
in a completed collision with p<p,, the contribution 
from the segments of the path that lie omtside the 
sphere of radius p,, is smaller than the total contri- 
bution of a completed collision with impact parameter 
p-. It is therefore consistent with the spirit of weak 
effects to include these segments. The consequence of 
this modification on the results of Sec. II is to replace, 
in Eqs. (10) and (11), the factor In(pm/p.) by {In (pm/p-) 
+ $-—2 In2}. 

With this modification, (&(/ 
is given by 


3ep 1 v(ti—Ze) 
a | for (4—t) < 2p./2, 
R3 J 


1)+&(t2)) for weak effects, 





2 


4p2 
(12) 


for (ti:—t.)2>2p./?. 


al ) 
The entire system has been taken to be a sphere of 
radius R with the radiator at the center, and we have 
assumed v(t;—t,)<<R; we shall eventually let R- ~. 
Equation ( (6) then becomes, upon defining n=N 


(aR°), 
(U(t))= 
lv 2p 
1-[—+- in( —) + for t22p,/v 
2v v 2p- 30? 


C ve 
= |—- | for t< 2p./2. 
2pe 24.7 


6 The definitions of p, and results, Eq. (11), are essentially the 
same as in reference 1 except that, for simplicity, we assume the 
perturbers to have the same speed. 


1—12e‘rna,?PI(t), 





(13) 
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It is interesting to compare Eq. (13) with the usual 
result, Eq. (10). Equation (13) does not have an upper 
cutoff [p, of Eq. (10) ], ie., the radiating atom is 
interacting with all perturbers in an infinite volume 
(except those within a sphere of radius p,). 

The results, Eq. (13), are for independent perturbers, 
If the perturbers are not assumed to be independent of each 
other, Eq. (4) can be written as 


t tl 
(U(@)~1-3areP f dts | dtE(t;)-E(tz)). (14) 
» 0 e/ 0 
In the Appendix it is shown that, for times s smaller 
than the mean free time 7 


? 


e va/A dp 
“Pe 

_ Aine? . KK gm 
vs v 


(E(t:)- E(t) » (15) 


4 


where s=¢,—/, and A is the Debye length, 


A= (kT 


borne’ 


For short and long times, Eqs. (14) and (15) give 


KPt 2p- r ( 
(U (t))—1= ———[4+ln(tv/2p,) ], —<t«- (16a) 
KPi 
= ———[ $—y+In(A/ 2p.) -—Ki<r; (16b) 
v t 
where K=12e‘rna,’, and y=Euler’s constant. Equa- 
tion (16a) agrees with Eq. (13), and Eq. (16b) es- 
sentially with Eq. (10). That is, the effect of the 
interactions reduces the time interval over which the 


noninteracting result is valid and justifies the usual 


approach for times large compared with (A/v), the 
correlation time of the field. 
The line shape F (w’) can be computed from® 
1 : ; r rey XN 
F (w’)=- Re f e'*"* Trl e~‘40*(U(s))pD jds, (17) 
T 0 


where p is the density matrix and D=d\y,)W;|d; d is 
the electric dipole moment vector and y, is the ground- 
state wave function. The ground-state energy has been 


set equal to zero. Assuming ¢ to be diagonal, and using 








Eqs. (14), (15), and (17), F(w’) is 
1 
F(w’)=—- >> paDiuPuiKk 
rT ¢ 
1 2p.q' 2 
toe) 2h 
wt v vg 
wr<wX/2pe, (18) 
where 


“/v) In(A/2p.); w=|w’—Ep}. 


g=w+(0/d)?; wr= 
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The lower frequency limit wz, arises from the truncated 
form of the time development operator upon which the 
development has been made. 

For frequencies wrw<(v/dA), the term within curly 
brackets in Eq. (18) reduces to 


1 
—[$—y+lIn(A/2p.) ], (19) 


wv 


which is essentially the result (in the wings) of the 
usual theory. For frequencies (v/A)<ow<(v/2p,), this 
term becomes 


1 
—[¥—y+ln(v/2p.) ], 


9 
wv 


(20) 


which differs essentially from Eq. (19) by the presence 
of the frequency in the logarithmic term. 

Our results show that for frequencies smaller than 
(v/A) the results of the usual theory are valid, i.e., the 
line is a Lorentz shape for frequencies smaller than 
(v/A). For frequencies on the order of (v/A) and greater, 
the line shape is no longer of a Lorentz shape; the shape 
being given by Eq. (18) which for frequencies larger 
than (v/A) simplifies to Eq. (20). The method pre- 
sented here is of course applicable to all Stark broad- 
ening problems when the perturbers are sufficiently 
fast. We have chosen the case of the Lyman a line, 
perturbed by one kind of particle of a single speed, 
since this example is general enough to exhibit the 
particular problems we have discussed. 
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APPENDIX 


The ensemble average of the product of E(¢,), the 
total electric field at a point at the time ¢,, and E(tz), 
the total electric field at the same point at the time é2, 
is given by 


(E(4)-E(4))=2 W (Rj’t; Ryte) 6(R,’) 


-§(R,)dR,’dR;, (1a) 
where &(R,) is the field at the point produced by the 
jth particle that is located at R; and W(R,’t; Rjf2) is 
the probability of finding the ith particle at R,’ at 4,, 
and the jth particle at R; at fs. 

In general 


W (Rit; Rte) = W(R/t,)K (R,’t;| Rts), (2a) 


W(RVh; Ri)= fw Ri; Rj’t;) 
x K (Rj't| Rits)dR,”, 


(3a) 


LEWIS 


where K is a conditional probability. In thermal 
equilibrium we have 
(a) W(R,’,4,)=V 
(b) W(R,’t; Rj”t,)=V 
(c) K(R,;’t; Rf.) 


R,’—R,” ; 
K(R,’ R,s); S=lo—th. 


*C(r): 


Using these relations along with Eq. 
(3a), Eq. (1a) can be written as 


(E(t,)-E(4:+s)) 


(2a) and Eq. 


=VE fK(R’|Rs)8(Ri)- 6(RaRyaR, 


(4a) 
+y" = K(R,;’’| Rjs)&(R;) 


-(R,)dRaR,”, 


I=V f cos(Rinaky. 


The effect of the interaction between the perturbers 
is contained in the terms A and C. For the noninter- 
acting case, only the first term contributes since C=1 
and I is then zero. For the weakly interacting case, 
i.e., high temperatures and low densities, we may 
approximate Eq. (4a) as follows: 

(a) We assume that the weak interaction does not 
materially alter K from its noninteracting value for 
times s that are not too long. The first term of Eq. 
(4a) then gives the result obtained in Sec. III [Eq. 
(12) ]. For s2>2p./2, it is 


4rne*(1/vs). (5a) 


(b) For C(r) we use the only known approximation,’ 


C(r)=expl—e@a/kT]; a=e7"*/r, (6a) 

where A is the Debye length. 

The second term of Eq. (4a) is then 
4irne? 
| J eel), (7a) 
vs 
and finally 

(E(¢;)- E(¢;+5))=4ane’e-**/vs;  s>2p (8a) 


Equation (8a) is valid for times s that are short enough 
so that the perturber motion is essentially that of a 
free particle. If we define the mean free time 7 as the 
time for which the perturber changes its velocity by 


7L. D. Landau and E. M. Lifshitz, Statistical Physics (Addison 
Wesley Publishing Company, Inc., Reading, Massachusetts, 
1958), Sec. 74. 
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an amount equal to its velocity, i.e., by the condition 


((Av))=<((v)?), 


where 


Av=e, mf E(t;)dty, (9a) 


then the restriction on s is sr. We can estimate the 
order of magnitude of r by using Eq. (8a) in Eq. (9a) 
even though E, the field produced by the perturbers 
in Eq. (8a), is at a fixed point in space whereas E in 
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Iq. (9a) is the field at the moving perturber. The result 


- 
ry A\*? 36r 
C0) as 
1 d/ \n(d/a) 


where d=n~! and a is a lower cutoff distance [replacing 
p- in Eq. (8a) ] that can be taken as the mean distance 
of closest approach. Since 7 is much greater than (A/v), 
it is possible to have s large enough to guarantee Eq. 
(16b). 


(10a) 
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Recombination of Ions and Electrons 
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A process of electron-ion recombination is considered, involving three bodies (one ion and two electrons), 
in which an electron, asa result of a collision with another electron, loses enough energy to be captured in one 
of the excited electronic orbits of the ion and then ends in the ground state by emission of one or more light 
quanta. It is shown that such a process might account for the large values of the recombination coefficient 


found experimentally. 


I. INTRODUCTION 
| pepe eich recombination is the process in which 


an electron comes within a small distance of a 
positive ion and is captured in one of the low-lying 
electronic orbits, with the emission of a light quantum. 
Quantum mechanical calculations '? on such a process 
predict recombination coefficients of the order of 10~” 
cm*/sec. Experimentally, recombination in many gases 
has been studied and in all those cases in which it is 
almost certain to occur between positive ions and elec- 
trons, recombination coefficients of the order of 10~” 
cm*/sec have been found.*~® So far none of the many 
processes considered to eliminate such a discrepancy 
seems to account for the large recombination coefficients 
found experimentally. ‘Neither dissociative recombina- 
tion nor effects due to negative ions are likely to be 
important in the gases investigated.’’*® 

The purpose of this paper is to show that there is a 
process of electron-ion recombination which might 
account for the values of the recombination coefficients 
found experimentally. Consider a fully ionized gas, con- 
sisting entirely of singly charged ions and electrons. A 

1E. C. G. Stuckelberger and P. M. Morse, Phys. Rev. 36, 16 
(1930). 

2G. Cillié, Roy. Astron. Soc. M. N., 32, 820 (1932). 

3C. Kenty, Phys. Rev. 32, 624 (1928). 

4 F. L. Mohler, J. Research Natl. Bur. Standards 19, 447, 559 
(1937). 

5J. D. Craggs and W. Hopwood, Proc. Phys. Soc. (London) 
59, 771 (1947). 

6H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952). 


process is possible, involving three bodies (one ion and 
two electrons), in which an electron, as a result of a 
collision with another electron, loses enough energy to 
be captured in one of the excited electronic states of the 
ion and then ends in the ground state by emission of 
one or more light quanta. This process is by no means 
new and has been considered implicitly, for instance, in 
the study of stellar atmospheres.’ It appears, however, 
to have been somehow overlooked in the explanation of 
any one of the recombination experiments mentioned 
above. 

The calculations presented here are for the case of a 
fully ionized hydrogen gas. The conclusions arrived at 
might be expected to be at least qualitatively valid also 
for other atomic gases. 


Il. THEORY 


Consider a fully ionized hydrogen gas. As a result of 
a collision between two electrons, one of them may lose 
enough of its kinetic energy to be captured in a close 
orbit around an ion (say in a state of total quantum 
number » and orbital angular momentum /). Once the 
electron is bound, either of two processes can occur: 
(a) The electron is re-ejected into the continuum by 
collision with another electron, or (b) the electron 
makes a radiative transition to a lower level, from which 
it can still be re-ejected into the continuum or make 
another radiative transition. Recombination will be 

7R. G. Giovanelli, Australian J. Sci. Research Al, 275, 289 
(1948). 
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TaBLeE I. Transition probabilities for hydrogen in 108 sec. 





n np— 1s nd—2p nf—3d ng—4f nh—5g ni-6h nl-7Ti nm—8l 


6.25 

1.64 
0.68 
0.34 
0.20 
0.10 
0.07 
0.05 


0.64 

0.204 
0.094 
0.048 
0.026 
0.015 
0.010 


0.137 
0.045 
0.021 


0.043 
0.014 
0.012 0.0087 
0.005 0.0059 
0.0045 0.0041 


0.016 
0.010 
0.0068 
0.0048 


0.007 
0.0047 
0.0033 


0.0034 
0.0023 


CONUS Wh 


0.0017 


considered accomplished when a neutral hydrogen atom 
is formed in its ground state. 

The present picture neglects collisional transitions 
between quantized states. This may be justified by the 
fact that the rates of such transitions do not usually 
exceed the rates of collisional ionization.’ Furthermore, 
collisional transitions are mostly to neighboring states 
and they may be expected to compensate to some extent 
to the effect of the present calculations. Captures of 
electrons to the mth state are assumed to be distributed 
among the substates of different angular momenta 
according to their statistical weights. Elastic collisions 
in which an atom goes from a sublevel / to another sub- 
level r of the same level are considered unimportant. 
This seems very likely to be the case on the basis of 
Giovanelli’s analysis.” To compute the rates of three- 
body recombinations which end up in hydrogen atoms 
in the ground state, we need to know the rates of three- 
body recombination to each level, the probabilities of 
collision ionization and of radiative transitions from 
each level. The rate of three-body recombination to a 


state 7 is’ 
—"( h ) €4wjK; 
am? \ké Wi 


where @ is the electron temperature and £;‘ the ioniza- 
tion energy of level 7. N, and JN, are ion and electron 
densities, « and m the charge and the mass of the 
electron, w; and w; the weights of the 7 state and of the 
ionized state, respectively. Also 


+” a exp(—a/k0)da 
E;\(Eji+a) — 


For £;‘/k@>1 the integral is approximately equal to 
(k0/E;')?; for E;‘/k0<1 to k6/E;*. The above rate of 
three-body recombinationJis obtained from the prin- 
ciple of detailed balancing and the classical cross section 
for collision ionization of Thomson® and Bohr.’ The 
collision ionization probability from state m is given by 


N, 2.3 
(-) 2re'K,, exp(— E,,'/k8), 


ké 


8 J. J. Thomson, Phil. Mag. 23, 449 (1912). 
9N. Bohr, Phil. Mag. 24, 10 (1913); 30, 581 (1915). 


(xm)} 
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where K,,~ (k0/E,,')? for E,, 
En'/kO<1. 

The transition probabilities (for hydrogen) from a 
state of principal quantum number m and orbital 
quantum number / to a state n’l’ are given in Table I. 
Up to n=6 they are taken from Bethe and Salpeter.” 
For n=7, 8, and 9 the transition probabilities for 
71 — 6h, 81 — 7i, 9m — 8l have been extrapolated from 
the 2p— 1s, 3d—>2p, 4f—3d, 5g—4f, 6h—> 5g 
transition probabilities. This procedure is quite safe 
for the kind of answer one requires from these calcula- 
tions. For each state m, / only the transition to the state 
n'=1, l'=I—1 has been considered, i.e., the transition 
to the state of lowest energy which is compatible with 
the selection rules. To illustrate this point, in Table IT 
the relative transition probabilities are given from the 
5d state. They are taken from Bethe and Salpeter.” 
The lifetimes of the ms levels are very long, because 
transitions ns—> n’p require a change of m and / in 
opposite sense. Therefore the contribution of three- 
body captures in s states to the total rate of recombina- 
tion is very small, when account is taken also of the 
small satistical weight of the s states. 

The lifetimes of the 7, 8, and 9 states have been 
assumed according to the rule that, for a fixed value of 
the orbital angular momentum /, the lifetime 7 ,,; is 
proportional to n* (n 

The rates of three-body recombinations have been 
calculated for a number of densities and temperatures. 
The procedure consists in ‘‘following” an electron 
which, as a result of a collision with another electron, 
has been captured in one of the substates of the mth 
level and in determining the probability that it finally 
ends in the ground state. Consider, for instance, elec- 
trons captured by collision into the 3d state, at a rate R. 
From the 3d state the electron can either be re-ejected 
into the continuum or make a transition to the 2p 
state. Let P(3d—+ 2p) be the probability that the 
second event occurs. The contribution of the 3d state 
to the rate of three-body recombination is then given 
by RP(3d — 2p)P(2p — 15). 

In Table III the rates of three-body recombinations 
from captures into states of principal quantum number 
n are given for an electron temperature = 1000°K and 
electron densities ,=10", 210", 510", and 10% 
cm~*, Captures to levels with m2 10 seem to contribute 
only little to the total rate of recombination. The maxi- 


k0>1 and K,,~6/E,‘ for 


total quantum number). 


TABLE II. Relative transition probabilities from the 5d state. 


4f > 3d— 2p— 1s 
4p > 3d > 2p > Is 
4p > 3s > 2p — 1s 
4p — Is 
3p — Is 
2p — 1s 








0% 
21.2% 
66.1% 





10H. A. Bethe and E. E. Salpeter, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957). 
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TABLE III. Three-body recombination rates 
(cm=? sec™). @= 1000°K. 





n, (cm~*) 
2x10" 5x10” 
0.1X108 0.210" 
0.6 10% 0.9 10" 
2.2 108 3.510" 
5.3 10'8 6.710" 
4.6 108 3.9 10" 
2.3 10% 1.610" 
1.2 10% 0.7 10" 


110" 
0.110" 
0.710" 
2.8X 10" 
7.4X 10" 
9.010" 
5.1 10" 
2.9 10" 


= 


1x 10% 
0.1 x 105 
0.7 10'5 
2.8 X 1015 
4.1 xX 10'5 
1.8 X 10"* 
0.5 10'S 
0.2 10"5 


COND Ui ke Ww!) 


.o) 





mum contribution to the recombination rate comes from 
states with m around 6 or 7. For smaller m the rate of 
collisional captures decreases, because bigger and bigger 
energy exchanges are required in the collision between 
the two electrons. For higher n the re-ejection of the 
captured electron into the continuum becomes more 
and more probable; hence the maxima in Table IIT. 

It is seen that increasing the electron density from 
10" to 10'* cm™ results in a slight decrease of the » 
of the level which gives the maximum contribution to 
the recombination rate. Analogous calculations have 
been made for values of @ equal to 3000°K and 10 000°K. 
The corresponding data are not given here because they 
have a similar behavior of those of Table ITT. 

The rates of recombination can be represented by an 
expression of the type a(@)n°, where 8(@) changes be- 
tween about 2.65 and 2.40 when 6 changes between 
1000°K and 10 000°K. If one writes 8(@)=2+-~(6), one 
can define the function f(,,6)=a(@)n.7°” and compare 
it with the radiative recombination coefficient a;aa(@). 
This is done in Fig. 1, for values of 6 equal to 1000°K, 
3000°K, and 10000°K. The full lines represent the 
function f(,,0). It can be seen, for instance, that for 
an electron temperature of 1000°K and densities be- 
tween 10" and 10 cm~ one gets an “effective” re- 
combination coefficient from the three-body process of 
about 20-70 times as big as the radiative recombination 
coefficient. 


IONS 


AND ELECTRONS 


: ° 
9 1000°K 





-t 
sec ) 

3: 

re) 
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3: 


@=3000°K 
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f(n,,6) [or araq (8)] 


1 








‘ 
bd 


| Jin 
102 io> 10'* 


5 





n, (em-3) 


Fic. 1. f(m.,8) and araa(0) vs electron density, for @=1000°K, 


3000°K, and 10 000°K. 


Ill. CONCLUSIONS 


In conclusion, the three-body process seems to give 
recombination rates about two orders of magnitude 
bigger than the radiative process, in the range of elec- 
tron densities and temperatures in which a discrepancy 
of about two orders of magnitude exists between the 
radiative rates'? and the experimental rates.*-5 The 
calculations given here are for the case of a hydrogen 
gas but they are expected to be valid also for hydrogenic 
gases. The main contribution to the recombination rate 
comes indeed from states with n=5, 6, 7 or 8 and, for 
a given n, s and p states contribute very little. The effect 
of penetrating orbits is therefore quite unimportant. 
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Interference Effects in the Resonance Fluorescence of ‘*Crossed”’ 
Excited Atomic States* 
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The recent spectroscopic method developed by Colegrove, Franken, Lewis, and Sands exploits interference 
effects which occur in the resonance fluorescence of atoms exhibiting pairs of “crossed” excited states. Some 
of the theoretical features of the technique are discussed in terms of the formalism developed by Breit from 
which the salient features of the observed lineshapes can be readily deduced. Alternative derivations of the 
Breit formula are given together with a discussion of the nature and representation of the requisite resonance 


radiation. 





INTRODUCTION 


SPECTROSCOPIC method which exploits inter- 

ference effects in the resonance scattering from 
“crossed” excited atomic states has recently been 
developed! and applied to the measurement of helium 
2*P fine structure’ and the hyperfine structure of the 
’P, state of Hg™.? It is the purpose of this report to 
discuss some of the theoretical features of the technique 
with particular attention to lineshape problems and 
the nature of the requisite resonance radiation. 


I. A BRIEF DESCRIPTION OF THE METHOD 
AND RELATED PHENOMENA 


Consider an atom (Fig. 1) having one or more 
ground-state Zeeman levels a and a group of excited 
states containing, among others not shown, the two 
levels 6 and c which are split in zero magnetic field due 
to fine or hyperfine interactions and which “cross” at 
some particular field. It is assumed that these excited 
states are connected to the ground state by an allowed 
electric dipole transition so that the phenomenon of 
resonance fluorescence can occur. 

A vapor of these atoms is placed in a cell situated in 
the apparatus shown in Fig. 2. A spectroscopic lamp 
projects a beam of the necessary resonance radiation 
through the cell which is situated in a homogeneous 
and variable magnetic field. A photodetector is placed 
as shown and can be monitored by a cathode-ray 
oscilloscope (CRO). 

If the magnetic field is now set at that value where 
the two levels b and c cross, it is found that more light 
is received by the detector as shown in the CRO insert 
of Fig. 2. (A decrease can also be observed depending 
on the atom, the light polarization if any, and the 
geometry.) The “width” of this effect is comparable to 
the natural linewidth of the excited states. 

The gist of the phenomenon is discussed in reference 
1 and will be summarized at this point. We are inter- 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the Alfred P. Sloan Foundation. 

t Alfred P. Sloan Foundation Fellow. 

1F. D. Colegrove, P. A. Franken, R. R. Lewis, and R. H. 
Sands, Phys. Rev. Letters 3, 420 (1959). 

? H. R. Hirsch, Bull. Am. Phys. Soc. 5, 274 (1960). 


ested in writing the expression for the rate R(f,g) at 
which photons of polarization f are absorbed and 
photons of polarization g are re-emitted by the atoms 
in the resonance fluorescence process. Assuming that 
the resonance radiation from the lamp is sufficiently 
broad, the expression for R when the levels 6 and ¢ 
are completely resoived is given by 


Reessived Bes | fabSba [2 + Sack. a| ‘. ( la) 


where fas=(a|f-r|d), goa=(b|/g-r\a), etc. The ex- 
pression for R when the levels 6 and c are completely 
unresolved (crossed) is given by 
Rerossed fis | Se bf ba = 3 faceca | ” ( 1b) 
The expressions (la) and (1b) are identical if any 
of the matrix elements vanish, i.e., the interference 
effect vanishes unless the two levels are able to “share” 
photons of polarization f and g. This is analogous to the 
classical phenomenon of double-slit interference pat- 
terns where it is said that the same photon can be shared 
by both slits. Furthermore, it is found that the total 
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Fic. 1. Energy level diagram. The excited states 6 and c¢, 
among others not shown, are separated in zero magnetic field by 
the amount Ay due to fine or hyperfine structure interactions and 
cross at some specific value of the field. In the resonance fluores- 
cence process, photons of polarization f are absorbed and those of 
polarization g are re-emitted. 
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absorption cross section for the resonance radiation is 
independent of whether the levels are crossed ; the only 
effect of the crossing is to modify the angular distri- 
bution of the re-emitted radiation. The double-slit 
analogy is simply that the same amount of light 
(number of photons per second) goes through the slits 
whether they are close together or well resolved; the 
only effect produced when the slits are close (apart 
from possible geometric factors) is the modification of 
the distribution of light intensity on the display screen. 

The interference phenomenon exhibited in this 
experiment on atoms is intimately related to the effects 
produced by degeneracy in the intermediate state of a 
gamma-gamma cascade in which angular correlation is 
studied.’ Similar interference effects also play a pre- 
dominant role in the “light beat” experiments of Series 
eb al.4 in which a radio-frequency modulation of the 
resonance fluorescence can be observed upon the appli- 
cation of specific radio-frequency magnetic fields to the 
absorbing atoms. 

The exploitation of this phenomenon for the precision 
spectroscopy of excited atomic states'* rests upon the 
fact that the magnetic field at which pairs of levels 
cross can be determined accurately and hence the 
zero-field splittings can be estimated, provided the 
field dependence of the levels is known. As a spectro- 
scopic method the technique is analogous to the double- 
resonance method of Brossel eé a/.5 in which changes in 
the angular distribution of resonance fluorescence are 
achieved by “mixing” two excited states together by 
the action of a radio-frequency magnetic field that 
satisfies the resonance condition for the energy sepa- 
ration. In the present method no radio-frequency field 
is required because the energy separation at crossing 
is zero and the “mixing” becomes simply an intimate 
part of the radiation process itself. 

Finally, it should be noted that the interference 
phenomenon of the present method has already been 


LAMP 


MAGNET 


je = 
—— — 


Fic. 2. Schematic diagram of the apparatus discussed 
in the text. 


CRO 


3 See, for example, L. C. Biedenharn and M. E. Rose, Revs. 
Modern Phys. 25, 729 (1953). 

4J. N. Dodd, W. N. Fox, G. W. Series, and M. J. Taylor, Proc. 
Phys. Soc. (London) 74, 789 (1959). The theory of these effects 
will be submitted shortly to Proc. Phys. Soc. by Dodd and Series. 
[G. W. Series (private communication) ]. 

5 J. Brossel and A. Kastler, Compt. rend. 229, 1213 (1949) ; and 
J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 
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studied in much detail for the case of zero or low 
magnetic fields where the several Zeeman levels in a 
typical excited state become degenerate, i.e., a special 
case of crossing. This zero-field crossing gives rise to 
changes in the polarization and angular dependence of 
the resonance fluorescence and is usually referred to as 
the Hanle effect.® 


II. THE BREIT FORMULA 


The expressions for R given in Eqs. 1(a) and 1(b) 
suffice for the calculation of many experimental parame- 
ters such as the magnitude of the interference effect, 
its directional sensitivity, polarization conditions for 
optimum sensitivity, etc.’ However, these equations 
do not give any information about the interference 
other than at its extremes; i.e., at complete crossing 
and at complete separation of the excited states. The 
in-between region requires a more detailed treatment 
of the resonance fluorescence process that yields in- 
formation about the lineshape as well as Eqs. (1) in 
appropriate limits. 


A. Discussion of the Pulse Excitation 


Breit® has derived an expression for the resonance 
fluorescence under pulse excitation for atoms exhibiting 
partial or complete degeneracy in the excited states. 
(A simple derivation of this formula is given in Ap- 
pendix 1.) Consider a lamp containing atoms (called 
source atoms) of the same type as the atoms in the cell 
(called sample atoms). At ¢=é) a source atom is an 
excited state and the sample atom is in the ground 
state. The sample atoms will be assumed to have a 
decay rate, when excited, of I sec~! (mean lifetime of 
1/T seconds). The source atoms are assumed to have 
a decay rate of y sec~'. The pulse excitation process is 
realized if y is allowed to become very large. That is, 
the source atom decays so abruptly that it emits light 
having a very broad range of spectral frequencies and 
the excitation of the sample atom occurs in a time very 
short compared with times characteristic of the fluores- 
cence process. Most importantly, this type of excitation 
has the distinct characteristic of coherent excitation of 
the sample atom; i.e., if the light emitted from the 
source atom has a polarization such that two levels of 
the sample atom can be excited, then these levels are 
excited coherently with this one pulse even if the levels are 
completely resolved. 

A more realistic model for a lamp does not exhibit 


6 See, for example, A. C. G. Mitchell and M. W. Zemansky, 
Resonance radiation and excited atoms (Cambridge University 
Press, New York, 1934), Chap. V. 

7 While preparing this manuscript the author has learned that 
M. E. Rose and R. Carovillano have prepared a more general 
formulation of the angular dependence of the interference effects 
and performed a detailed analysis of the interference effects to be 
expected in atomic hydrogen. This material will be published 
shortly [M. E. Rose and R. R. Lewis (private communication) ]. 

8G. Breit, Revs. Modern Phys. 5, 91 (1933); see particularly 
pp. 117-125. 
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this pulse characteristic. Specifically, the lamp contains 
atoms having decay rates comparable to the decay 
rate of the sample atoms and the broad frequency 
spectrum of the lamp comes about because the emitting 
atoms exhibit a broad range of Doppler shifts. For this 
case two resolved excited states of the sample atom 
would not be excited coherently; i.e., these two excited 
states could not be excited with the photon emitted 
from one of the source atoms since that light could no 
longer have Fourier components available for both ex- 
citations. These two states could be excited coherently 
only if they were separated by less than approximately 
y sec~! or I’ sec~', whichever is larger. We might thus 
expect that the range in the excited state separation in 
which interference effects would be appreciable might be 
sensitive to the magnitude of the source-atom decay 
rate y, and that therefore the Breit formula would only 
be an approximation to actual experimental conditions. 

In order to examine this possibility we have gen- 
eralized the calculation to include arbitrary decay rates 
in the source atoms, which calculation includes Breit’s 
pulse limit, and find that the interference effects in the 
resonance fluorescence are actually independent of the 
decay rate. (This more general calculation is described 
in Appendix IT.) It can be argued that this result could 
be anticipated from the fact that the density matrix 
describing weak radiation fields is independent of 
whether sharp wave packets at random times (pulses) 
or a spread of monochromatic waves of random phases 
are supposed.® 

It is important to note, however, that for the situ- 
ation of strong radiation fields (i.e., classical fields) 
one can construct experiments that do distinguish 
between these two models. The essential feature of the 
strong field is that there are enough photons present in 
particular modes to permit the simultaneous specifi- 
cation of phase and amplitude as, for example, in the 
case of a microwave cavity. In the present experiment, 
as in all experiments dealing with conventional sources, 
the light beam contains much less than one photon per 
mode in the appropriate frequency interval and must 
therefore be considered as a weak field.” The derivation 
of the Breit formula given in Appendix II does treat 
the radiation field calssically but nevertheless yields 
the correct weak-field result. 


B. The Application of Breit’s Formula to the 
Crossed-Level Technique 


The Breit formula treats the general case of an atom 
having one or more ground-state levels m, m’, etc., and 


® See, for example, R. H. Dicke and J. P. Wittke, Introduction 
to Quantum Mechanics (Addison Wesley Publishing Company, 
Reading, Massachusetts, 1960), pp. 336-337. I am indebted to 
R. H. Dicke, E. W. Johnston, and E. M. Purcell for several 
valuable discussions about this and related points. 

In a strong beam of resonance radiation the number of 
hotons per mode in the appropriate frequency range is ~10~. 
t is for this reason that the rate of absorption of resonance 
radiation per atom in such beams is some four orders of magnitude 
less than the rate of spontaneous emission. 
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a group of excited states yu, uw’, etc., which may exhibit 
partial or complete degeneracy (crossings). The ex- 
pression gives the rate R(f,g) at which photons of 
polarization f are absorbed and photons of polarization 
g are re-emitted in the resonance fluorescence process : 


SumS mu'Su' m' Sm’ p 
eee (2) 
1—2riry(u,y’) 


R(f,g) =o +> 


up'mm’ 


where fum= (u|f-r|m), etc.; 7 is the mean lifetime of 
each excited state; v(u,u’)= (E,—E,’)/h; c is a parame- 
ter proportional to the intensity of the lamp, geometrical 
factors, etc. 

For the case where the excited states are completely 
resolved, 2rrv(u,u’)>>1 for all values of uy’ and Eq. 
(2) reduces to 


R(£,8) = Ro=c ; # | fum|?| Sum’ |”. 


umm’ 


This is just the resonance fluorescence rate without any 
interference terms. Interference effects occur when two 
or more of the excited states are close enough together 
so that 2rrv(p,u’) <1. 

In order to exhibit the features of this interference let 
us specialize to a system containing only one ground 
state, a, and two excited states 6 and c (Fig. 1). When 
the two excited states 6 and c¢ are well resolved, then 
Eq. (2) becomes 


R(f,g)= Ro= | fad|?| foal?+ | gac|?| cal’. 


When the states 6 and ¢ are “close,” 
becomes 


then Eq. (2) 


A A* 
R(f,g)=Rot+——__—+ 
1—2zirv(b,c) 


- -=Ry+S, (3) 
1+2z7irv(b,c) 


where A= frafac8caZas- For convenience the signal term 








(b) 


Fic. 3. The strength of the interference signal S [Eq. (4)] as 
a function of the excited state splitting »(b,c). Figure 3(a) is the 
Lorentz lineshape which occurs when the matrix product A is 
real. Figure 3(b) is the lineshape which is found when A is pure 
imaginary. 





INTERFERENCE EFFECTS IN 


S can be written 


A+A* (A — A*)2rirv(b,c) 
—————, (4) 


1+-49?7?7? (b,c) 


‘1449272(b,0) 


For the case where the matrix product A is real, then 
S is just the well-known Lorentz lineshape [see Fig. 
3(a)] with full half-width Av(b,c)=1/mrr. This width 
is just twice the natural width of each excited state. 

For the case where the matrix product A is pure 
imaginary, S becomes 


4riArv(b,c) 
teenth A (5) 


1+4°72y°(b,c). 


This line shape is shown in Fig. 3(b). If the matrix 
product A is complex, then it is possible to have a 
mixture of the two pure forms shown in Fig. 3. The 
conditions for which A is real, imaginary, or complex 
depends on the direction and polarization of the in- 
coming and outgoing beams of light. In general, all 
three cases can be realized experimentally. 
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APPENDIX 1. A SIMPLE DERIVATION OF THE 
BREIT FORMULA UNDER CONDITIONS 
OF PULSE EXCITATION 


The sample atom is considered to have a set of ground 
states m, m’, etc. and a set of excited states y, yu’, etc., 
which may exhibit partial or complete degeneracy. 
The sample atom will be exposed to a series of pulses 
of polarization f occuring at random times and far 
enough apart so that any process arising from the 
action of one pulse is finished before the arrival of the 
next. It is furthermore assumed that each pulse con- 
tains the Fourier components necessary for any of the 
possible absorptions from any ground state m to any 
excited state uw and that the duration of the pulse is 
short compared to the reciprocal of any of the frequency 
differences in the excited states. (These two conditions 
are clearly related.) 

At the time /=0 the atom is assumed to be in some 
particular ground state m," the energy of which, for 
convenience, is taken to be zero. Thus the wave function 
for the atom before the pulse is Vo=u,. At ¢=0 the 
atom is subjected to the pulse and the wave function 


This simplification is valid only for those experiments in 
which there is no preferred occurrence of specific configurations 
of the ground states m. 


RESONANCE FLUORESCENCE 


from that time on is given by 


V(b>0)=temt dog fmytt ye eure, (1,1) 
The amplitude of the ground state m is still taken as 
unity because this is a first order calculation. The fact 
that the initial excited state amplitudes are given simply 
by the matrix elements f», follows as a consequence of 
the brevity of the pulse. The subsequent radiation 
damping of the excited states is accounted for by the 
inclusion of the factor exp(—3I¢). (The uninteresting 
constants of proportionality have been set equal to 
unity in this and in the following expressions.) 
The instantaneous rate at which a photon of polari- 
zation g is emitted by the excited atom is given by 
RES) =L DL | (O*| 8-4] Hm) |? 


i 
m m’ 


= =. f wan f my’ Zutm' Sm? peri w Tie. (1,2) 


pu’ mm’ . 
where 2rv(u,u’)=w,—w,’ and the additional summation 
over m has been introduced because the initial ground 
state could have been any one of the set m. 

If, now, the atom is subjected to NV pulses (photons) 
per second, well separated in time, then the rate 
R(f£,g) at which photons of polarization f are absorbed 
and ¢g are re-emitted is given by 


x 


R(£,g) wf R(f,g,t)dt 


0 
umf my’ Su! m' Sm’ w 
v> 
pu’mm’ I'—2riv(u,p’) 


(1,3) 


This expression is identical with the Breit formula, 
Eq. (2), since '=1/r. 


‘APPENDIX II. THE DERIVATION OF THE BREIT 
FORMULA WITHOUT THE CONDITION 
OF PULSE EXCITATION 


We shall follow the form of the derivation given in 
the preceding Appendix as much as possible. The decay 
constant of the source atoms y and the decay constant 
of the sample atoms I will have arbitrary values. The 
source atoms are assumed to be excited and emit 
resonance radiation at random times (incoherently) 
and with random central frequencies (Doppler-broad- 
ened ‘‘white” light). Both of these assumptions are 
excellent for the lamp intensities usually employed in 
these experiments. 

At ¢=0 we consider an excited source atom and a 
sample atom that is in a particular ground state “»,(r),” 
the energy of which is taken to be zero. The state of the 
sample atom will be described at all times by 


(11,1) 


+bm(t)tm, t20. 
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The sample atom experiences an electric field E, for 
4>0, due to the decay of the source atom: 


E=fE, coswte—i”' 


=f(Eo Ze see hyt 


where f is the polarization, w is the central angular 
frequency of emission, and the rotating wave approxi- 
mation has been employed. 

The Hamiltonian is 3=3Co+K’, where 5p is the 
complete Hamiltonian for the atom including the effects 
of all static electromagnetic fields and 5’=eE-r. 

The Schrédinger equation is 


1 1 
Gy = — typ Oyt— Do Ryy’ dy (t)+—KRym b(t) — FT a, 
th w’ ih 


where the term —4Ia, has been added to account for 
the radiation damping of the excited states. The >,’ 
term vanishes identically for all cases where the excited 
states have the same L value, and yields a negligible 
contribution otherwise. Since this is a first order calcu- 
lation, we set b,,(¢)=1 for all times. Thus: 

d,= B,e~**- 4 — (41 +ia,)a,, (II,2) 


where B,= (e£o/2ih)(u\f-r|m). Taking the boundary 
condition a,=0 at /=0, the integration of (II,2) yields: 


ei(wy—w)t—t_ 4 
IT + ivy | . | (11,3) 
i(wy—w)—Ar - 


where A= }y—3I. 
The instantaneous rate at which a photon of polari- 
zation g is emitted by the excited atom is given by 


R(£,8,4)= Som | Coy: au (uy | S-4| am) |? (11,4) 
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In order to find the rate R(f,g) at which photons of 
polarization f are absorbed and g re-emitted for a 
“white” beam of incoming photons, we must first 
integrate (II,4) over ¢ from 0 to ©, then integrate w 
from —* to +, and finally sum over all ground 
states m. It should be noted that the integration over 
time in this simple way is valid only for cases where the 
incoming light beam is weak enough so that each sample 
atom undergoes the entire resonance fluorescence 
process in a time short compared with the mean time 
between fluorescence events for this atom.'® Combining 
(II,3) and (II,4) under the required integration yields: 


ld 


R=— ¥ 


4h? uy'mm’ 


a) ~ e7 tun't It 
x f af dw 
0 a [ (wy—w) +iA IL (wu —w) — 2d ] 


xX [et iwpp’—2dt__ pi (a 


J mu! Jf am8m' uf pm’ 


(II,5) 


The integral over w yields readily to contour inte- 
gration owing to the simple singularities at w,+7A and 
w,’—tA, and the integration over time is straight- 
forward. The result is: 


CEP\ (2n 
R( fg) = (—")( ) 2 
4h? Y pu’mm’ 


This expression is identical with the Breit formula, 
Eq. (2), since T=1/r and w(uu’)=2rv(uy’). The 
factor 2%/y actually plays no role since the normali- 


; (11,6) 
—iw(u,u’) 


zation over the light pulse (one photon condition) 
requires F,?/y to be independent of y. 
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The absorption of radiation in the free-free transition of the negative hydrogen ion is the inverse process 
of bremsstrahlung from an electron in the vicinity of a neutral hydrogen atom. This process is the most 
important cause of continuous absorption by the atmosphere of the sun and stars in the infrared region. 
The transition matrix element is expressed, with sufficient accuracy, in terms of the s phase shifts of electron- 
hydrogen atom scattering alone. To meet the requirement in astrophysical studies, the continuous absorption 
coefficients due to the free-free transition have been tabulated for a wide range of wavelengths (4050 A to 
infinity) and temperatures (2520 to 10 080°K) of the hydrogen gas, by using the s phase shifts of e-H 
scattering which include exchange and correlation effects between two electrons. The tabulated coefficients 
are 20-70% less than the ones computed by Chandrasekhar and Breen, who used Hartree functions without 
exchange. Further improvement of the present result is discussed. 


I, INTRODUCTION 


HE photodetachment of an electron of the nega- 

tive hydrogen ion H- is called a “bound-free”’ 
transition. This terminology indicates that a bound 
electron in the initial state becomes a free electron in 
the final state by the absorption of radiation. Similarly, 
the absorption of radiation in a “free-free” transition 
of the negative hydrogen ion is the inverse process of 
bremsstrahlung from an electron in the vicinity of a 
neutral hydrogen atom. The possible astrophysical 
importance of this process was first suggested by 
Pannekoek.' But the subsequent evaluations? of the 
transition rate are too small by a factor 10 to account 
for the continuous absorption of light in the infrared 
region. Their calculations are based on a Born approxi- 
mation. Later, Chandrasekhar and Breen*® showed that 
the distortion of the free electron wave function by 
neutral hydrogen atom makes the free-free transition 
rates much larger and that the absorption coefficients 
of the free-free transition of H-, together with the 
bound-free transition, are sufficient to account for the 
solar continuous spectrum from A= 4000 A to A= 25 000 
A. The calculated coefficient seemed to be somewhat 
too large when compared with that deduced from the 
observed spectrum, but the deduced spectrum itself 
has a large uncertainty due to the assumed model of 
the atmosphere. Chandrasekhar and Breen use Hartree 
wave functions without exchange for the initial and the 
final states. For slow s electrons, however, the effects 
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Japan. Now at Department of Physics, Washington University, 
St. Louis, Missouri. 
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of exchange and correlation of the two electrons are 
not negligible. In fact, these effects are very important 
for scattering of electrons by hydrogen atoms and for 
the wave function of the negative hydrogen ion. 

It has been shown‘ that the free-free transition matrix 
element M can be expressed, with an accuracy of the 
order of 1%, interms of the s phase shifts of the electron- 
hydrogen atom scattering alone [see Eq. (2) below] in 
the region we are interested in. A convenient transition 
matrix element from s-electron state with wave number 
ko to p-electron state with wave number ; is defined by 


M‘+)(0,ko?| 1,12) 
3koki (AR*)? 


f eteno Yo'dridrz, (1) 


327? 


where Ak?= |ke—k?|, dri=rydr; sinO\d0\d¢,, and the 
s-wave function Wo and the p-plane wave ¢; are so 
normalized that they have the following asymptotic 
form, 


fo © 


; e~"! sin (Ror2 +50) /(Rore); re 
Wot | (1a) 
+e"? sin(Rer3 +50*)/ (Ror); 11 7 © 


>, 
and 


cos6.[ sin(kyr2)/ (Rir2)? 
—cos(kyr2)/(Rir2) ); 

cos6,[ sin (Rir1)/ (Riri)* 
—cos(ky1)/ (Riri) |; 


7~—> ©, 
(+) and (—) correspond to the singlet and the triplet 
systems, respectively. Atomic units will be employed 
throughout this paper unless otherwise stated. M is 
approximated with sufficient accuracy* by (see also 
Sec. IV) 

M ‘+ (0,ko?| 1,21?) = $2? sindo‘*. (2) 


If the accurate s phase shifts 59 and 69 which in- 


‘T. Ohmura and H. Ohmura, Astrophys. J. 131, 8 (1960). 
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TABLE I. Sin*59‘*) calculated by (3) to (7). The listed values 
in parentheses are obtained by (6) and (7) but with a_=2.33 
replaced by a.=1.91. 





sin*d9~ 


si n5o‘ +) 


0.311 
0.521 
0.667 
0.770 
0.898 
0.962 
0.991 
1.000 
0.985 
0.950 
0.909 
0.824 
0.748 


(0.0360) 
(0.0710) 
(0.1051) 
(0.1383) 
(0.202) 
(0.262) 
(0.318) 
(0.372) 
(0.469) 
(0.554) 
(0.628) 
(0.748) 
(0.837) 


9.0529 
0.1032 
0.1509 
0.1962 
0.280 
0.356 
0.424 
0.486 
0.593 
0.679 
0.750 
0.854 
0.921 





clude the exchange and correlation effects are once 
known, the free-free absorption rate can be calculated 
without the use of the wave functions of the initial 
and the final states. This simplifies the calculation 
greatly. The most accurate solutions of the two-electron 
system (with an infinitely heavy proton) in the low- 
energy region have been obtained by variational 
methods,® in which the accuracy of the phase shift is 
clearly greater than the corresponding accuracy of the 
wave function itself. This is the second advantage of 
using (2) rather than using the wave function. The 
accuracy of the phase shifts may be, at present, of the 
order of 10%. It has been shown‘ that the inclusion of 
the exchange and the correlation effects will reduce the 
transition rate considerably and that the new values of 
the free-free coefficient derived from (2) are 40-50% 
less than the ones* computed by Chandrasekhar and 
Breen for the temperature T= 6300°K. 

In the present paper an extensive tabulation of the 
free-free coefficients is attempted on the present knowl- 
edge of the s phase shifts of electron-hydrogen scatter- 
ing. It is hoped that this table provides a better basis 
for astrophysical calculations on the atmosphere of the 
sun and stars. 

TABLE II. The ratio R of the present result for the absorption 
coefficient to that of Chandrasekhar and Breen. The calculation 
is based on (3)—(9). The values in parentheses are obtained in the 
same way, only with a_=2.33 replaced by a_=1.91. 6=5040/ 


(absolute temperature of the gas). The wavelength A (in A) 
=911.3/(Ak?). 





0 
ARN. 0.5 0.8 1.4 2.0 


0.00 0.79 (0.69) 0.66 (0.57) 0.53 (0.46) 0.46 (0.41) 


0.06 
0.20 


0.71 
0.60 


0.57 
0.48 


0.43 
0.37 


0.37 


(0.42) 0.32 
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The phase-shift values available at present are dis- 
cussed in Sec. II and the adopted phase shifts are given 
in Table I. With the phase shifts given in Table I, the 
continuous absorption coefficients are calculated in 
Sec. III by Eqs. (8) and (9), and compared with the 
values of Chandrasekhar and Breen in Table II. Then 
the coefficients are tabulated in Table III for a wide 
range of wavelengths ranging from 4050 A to infinity, 
and for temperatures T of the gas, 2520°K to 10 080°K. 
Further possible improvements are discussed in Sec. IV. 

Note added in proof. S. Geltman and J. B. Martin 
have recently calculated the same absorption coefficients 
by the same method employed in the present paper 
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Fic. 1. The values of k cotés computed by various methods: 
the Hartree-Fock approximation (closed circles), Massey- 
Moiseiwitch (open circles), Bransden et al. (half-closed circles), 
Geltman (crosses), Rosenberg-Spruch-O’Malley (open square), 
the point of bound state of H~ (triangle), and Temkin-Lamkin 
(closed squares). The solid line is drawn by use of Eqs. (3) to (7). 
The dashed line corresponds to a-=1.91 and rop_-=1.22. 


[see Eq. (9) below], but by using Geltman’s s phase 
shifts.5 Their values are somewhat larger than our 
values tabulated in Table III (private communication). 


II. PHASE SHIFT IN ELECTRON-HYDROGEN 
SCATTERING 


The phase shifts of e—H scattering including electron 
exchange have been obtained by many authors.* These 


*P. M. Morse and W. P. Allis, Phys. Rev. 44, 269 (1933); 
M. J. Seaton, Proc. Phys. Soc. (London) A241, 522 (1957); K. 
Omidvar, New York University, Institute of Mathematical Sci- 
ences Report No. CX-37, 195 (unpublished) ; E. Treffetz (quoted 
by F. B. Malik, dissertation, 1958, Max-Planck Institute, 
Munich); T. L. John (to be published). 





ABSORPTION DUE TO FREE-FREE TRANSITIONS 


results do not take into account the electron-electron 
correlation, and will be called the “Hartree-Fock” 
approximation. 

Several variational calculations with 3-5 adjustable 
parameters, which take care of correlation to some ex- 
tent, have been carried out by Massey and Moiseiwitch,° 
Bransden e¢ al.,5 and Geltman® for various energies. 
Temkin and Lamkin’ obtained some values by the polar- 
ized orbital method. Finally we mention the calculation, 
with 7-9 parameters, at zero energy by Rosenberg, 
Spruch, and O’Malley.® All these results are shown in 
Fig. 1. We may see from Fig. 1 that, roughly speaking, 
all the points for the singlet (and also similarly for the 
triplet) state are on a straight line. 

We now assume that & cotdp is a linear function of k?. 
It is known’ that the curve & coté) (k*) in the singlet 
state goes through the point, k= —7’, k cotéip)= —vy, 
which is marked by a triangle in Fig. 1. y?/2 is the 
electron affinity of the negative hydrogen ion H~. Then 
k cotéo is expanded in powers of (k+7?) around 

—~v’, and up to the first term, 


k cotdg = —y+ (p/2) (77+). (3) 


The constant p in (3) can be calculated’ from the 
asymptotic amplitude of the H~ wave function and has 
been evaluated? as 


~~ 
| co IND WMD w oO 
LANNANANANNA 


2.84 (—27) 
2.45 (—27) 
2.11 (—27) 


~~ 
'~ 

> 
pn, 


1.96 (—27) 


2.56 (—27) 
2.20 (—27) 


0.39 (—26) 
3.10 (—27) 


iit electron pressure due to the free-free transitions for various 
wers of 10 by which the corresponding entries should be multi- 


atom and per ur 
1eses give the po 


n ¢ 


p= 2.464. (4) 
The most accurate value” for y is 
y= 0.23559. (5) 


The straight line in Fig. 1 for & cotéo* is drawn accord- 
ing to (3) with the constants (4) and (5) deduced from 
the H- wave function. The straight line is well fitted 
to the value of Rosenberg, Spruch, and O’Malley at 
k?=0, and to the Massey and Moiseiwitch values and 
the Temkin and Lamkin values for all energies. Thus it 
would be reasonable to assume at present that (3) is 
approximately correct with the constants (4) and (5). 
Some values of the phase shift 59+? thus computed are 
tabulated in Table I. In the triplet state we also assume 
a linear relation between k coté»™ and ?: 


k cotdo™ = — (1/a_)+ (ro_/2)R?. (6) 


—25) 


1.49 (—24) 


8 (—26 


4c 


The solid line for & coté)9™ in Fig. 1 is drawn with the 
constants? 


0 


a_=2.33, ro_=1.22. (7) 


The line is also well fitted to a group of points with 
important exceptions—the point 1.91 (as an upper 
bound of a_) due to Rosenberg, Spruch, and O’Malley, 
and the Temkin and Lamkin values. We now assume 
that 59 is well reproduced by (6) and (7). The com- 


The con 
et the coefficient in units of cm*/dyne. 
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® The entries in this line when divided by (Ak)? will give the corresponding absorption coefficients to a sufficient accuracy for all Ak? <0.005, 
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puted values by (6) and (7) are tabulated in Table I. 
The values of 69> computed by (6) but with a_=1.91 
and ro.=1.22 are also included in parentheses in 
Table I for comparison. The latter values correspond to 
the dashed line in Fig. 1, and may be considered to be, 
roughly speaking, a lower bound on k& coté)~. The 
dashed line in Fig. 1 does not seem to represent ac- 
curate phase shifts for k?20.1. 

Recently Spruch, O’Malley, and Rosenberg have 
pointed out" that the linear approximation, (3) and 
(6), is not valid if we consider the long-range polariza- 
tion effect properly in a system consisting of an electron 
plus the target atom. The situation, however, has not 
yet been completely clarified. This point will be dis- 
cussed in Sec. IV. 

III. EVALUATION OF FREE-FREE 
ABSORPTION COEFFICIENT 


The continuous absorption coefficient of the negative 
hydrogen ion due to the free-free transition per neutral 
hydrogen atom and per unit electron pressure with the 
stimulated emission factor [1—exp(—31.326Ak?) | is 
evaluated by the formula® 


« (Ak?) =7.25 


x face) d(ki?) 


where |M |? is obtainable‘ from (2) as 
| M (0,k?| 1,21) |? 
=7ehi'[3 sin’éo (k)+sin%o (k) J. (9) 


0-765 1 — exp(— 31.320Ak?) ](Ak*)* 


=“ 31.326 k ?) 
mica ““¢|M(0,ke?| 1,412) |2 


+ | M(0,k:?| 1,k0?) |2} cm*/dyne, 


The ratio R of some of the present values using (3) to 
(9) to those of Chandrasekhar and Breen is tabulated 
in Table II. It will be seen from Table IT that the new 
absorption coefficients are quite small (about 30-40%) 


compared with the values of Chandrasekhar and Breen | 


for low temperatures and high-frequency photons. The 
ratio increases up to 0.8. 

Several values of R have been computed using a_ 
= 1.91 and rp>_=1.22 (corresponding to the dashed line 
in Fig. 1 and to the values in parentheses in Table I) 
instead of using (7). The result is shown in parentheses 
in Table II. These values may be compared with the 
main body of Table II in order to see the extent of the 
dependence of the result on the s phase shift. 

The absorption coefficient x computed by the for- 
mulas (3)-(9) is tabulated in Table III. Table III 
should be compared with Table VI of reference 3. 


IV. POSSIBLE FURTHER IMPROVEMENTS 


The possible errors in the calculated absorption co- 
efficient in Table III may be enumerated as follows: 


4 The authors wish to thank Professor Spruch and Mr. O’Malley 
for conversation on this point. 
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(a) Contribution from other than the electric dipole 
transition. 

(b) Contribution of the electric dipole transition 
from other than s— p, and p—s 5 tommmstions. 

(c) Approximation given by (2) or (9). 

(d) Use of the plane wave hates for p states. 

(e) Use of the approximate phase shifts (see Table I). 


The magnitude of errors coming from (a), (b),* and 
(c)* has been evaluated to be of the order of one percent 
for the energy range we are interested in. But it will 
be shown that the long-range polarization effect will 
give a correction term to the formula (2). 

The approximate expression (2) is obtained‘ by sub- 
stituting the asymptotic form (la) and (1b) into (1) 
for Yo and ¢;, respectively. Thus the evaluation of M 
originates from the integral Jo, 


- sinkyr 


b= f veulbe +40) - = enced as 


0 | kur 


= 2k? sindo (ko? — k;?)?. (10) 


and Seaton,” the 
for sufficiently large r, 


According to Castillejo, Percival, 
s radial wave function x(r), 
satisfies the equation 


a 
(— —+ke? +=)u)=0 for large r and ky? <? 


dr? r’ 


The potential —2.25/r‘ (in atomic units) is the Van der 
Waals force due to the polarization of the target hydro- 
gen by the incident electron. Therefore the radial wave 
function will deviate from the asymptotic form, 
sin(kor+6o), even for very large r. Since the contribu- 
tion to the integral (10) comes from larger r, the devia- 
tion at large r will affect the integral (10). 

Consider the limit of ko— 0 for simplicity. 
integral becomes 


The 


wo 


sink yr 2koa 
h=— kof r(r—a){ ————cosky ;dr= ’ 
0 4 kur ke 


(11) 


where a is the scattering length which is defined by 
lim tando= — Roa. 
ko > 
Let us improve the approximate radial function r—a 
in (11) by replacing it by a more accurate function" 


4.5 4.5 
(1-+- ) )-o(1-—+- : ‘), 
2r? 6r? 
The integral now has extra terms, 


4.5k? 
a" 


21. Castillejo, I. C. Percival, and M. J. Seaton, Proc. Roy. 
Soc. (London) 254, 259 (1960). 
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Fic. 2. The function g(6) =f (hi,k2)/ (ko +h:?), P=tan (k;2/k,?). 


I is thus expressed by a series in powers of &; corre- 
sponding to the expansion in (12). The second and 
third terms in (13) come, respectively, from the terms 
—4.5/(2r) and 4.5a/(6r?) in (12). The use of higher 
terms in (12) will not give a reasonable result, because 
the higher terms have a stronger singularity at r=0. 
The second term in (13) is the main correction which 
amounts to 8% for the singlet system and 28% for the 
triplet system if k,? is taken as 0.09 which corresponds 
to A= 10° A. 

The correction will be much smaller for ko+#0. Similar 
calculations lead to the following expression for J: 


T= [1—ko cotéoX4.5a (ky — ko*)? (Ri — Ro), 
8kyb—4.5f (Roki) + ee |, for ko< ky, 
= If 1—4.Sf(beb)+--°], for ko> hi. 


The function —4.5/(ko,k:) is identical with the third 
term in (13) for ko=0, and f(ko,0)=—?/120. The 
function g(0)= (ko?+k:?)"f(ko,k1) is shown in Fig. 2, 
with tand=k,?/ko?. f(ko,k1) is very small for small ke? 
and k;? except for ko~0. Therefore, the correction can 
be safely neglected for ko>. Even for ko<k, the cor- 
rection is small. For example, if we take Ak?=k?—k? 
=0.9 (e.g., A~10° A) and k&?=0.04, the correction is 
0.7% for the singlet system and 2.8% for the triplet 
system. The correction becomes smaller for smaller Ak’. 

The formula for u(r), Eq. (12), is only valid for 
large r. But it seems certain that the correction to the 
approximate equation (9) due to the long-range corre- 
lation makes the value of |M |? larger. We expect that 
the formulas (14) with f=0 will give an expression for 
M with an accuracy of a few percent. 

The uncertainty due to (d) and (e) is rather difficult 


(14) 
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to estimate. The magnitude and the sign of the p phase 
shifts is largely dependent on the details of the calcula- 
tion, but it seems very probable that the p phase shifts 
are very small®’ in magnitude. The uncertainty in the 
s phase shifts seems to be the largest source of error in 
the present calculation. 

We already know that the correct scattering length 
for the triplet system must be smaller than 1.91, 
while the adopted value in the present calculation is 
2.33. Temkin and Lamkin’s result’ also suggest a 
possible improvement over the approximation, (6) and 
(7). This has been calculated by the “polarized orbital 
method,” and it is the only result available at the 
present time which takes into account the long-range 
polarization effect systematically. If we use their 
values of s phase shifts (see Fig. 1), the value of the 
matrix element M of Eq. (2), in the triplet system with 
the constants (6) and (7), is reduced by 18% for k’?=0, 
10% for kp?=0.04, 5% for koe?=0.16. The reduction in 
the singlet system is small, that is, the value of M with 
the constants (3), (4), and (5) is reduced by 6% for 
k?=0, 2% for ki? =0.04, and —4% for ko?=0.16. 

Finally we may conclude as follows: The correction 
to the expression for M, Eq. (2), due to the polarization 
may be within a few percent except for the triplet 
system where k,? is less than 0.04. The expected im- 
provement of the sind value in (2) itself will be of the 
order of 10% for the triplet system, and less than 
several percent for the singlet system. Two kinds of 
corrections cancel out partially. The contributions of 
the triplet and the singlet systems to the absorption 
coefficient are of the same order [see Eq. (9) and 
Table I]. Thus it seems possible that |M|? will be 
further reduced by about 10% from the values listed 
in Table III with further improvements of the theo- 
retical calculations on the electron-hydrogen atom 
scattering. When sufficient new information is available, 
we shall revise the tabulation of the free-free absorption 
coefficient given here. 
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We report on ranges and range straggling of recoils from nuclear reactions induced by the ions C®, N*, 
O01, O'8, and Ne” with kinetic energies of 10 Mev per nucleon and less. Range-energy curves were obtained 
for Tb (recoil energies of 4 to 29 Mev) in Al, for At and Po (4 to 15 Mev) in Al, and for At and Po (4 to 9 
Mey) in Au. Ranges of Tb™ at the threshold of each reaction were obtained by extrapolation. The agreement 
of these and the directly measured values supports the assumption of compound-nucleus formation used in 
calculating the recoil energies. The smaller recoil velocities in this study are of the same order as the Bohr 
velocity (2.2108 cm/sec). The values of the average range and the straggling parameter are compared 
with stopping theory. The contribution to the measured range straggling from the nuclear reaction is dis- 
cussed. Our results and the work of others are used to obtain values of the range for Xe in Al from 0.1 to 70 


Mev and for At®* in Au from 0.01 to 10 Mev. 





I, INTRODUCTION 


NFORMATION concerning the stopping of atoms is 

fragmentary. The theoretical framework has been 
summarized by Bohr.' According to the theory, the 
nature of the stopping process is dependent on the 
velocity of the moving atom. If the velocity is greater 
than the orbital velocities of all electrons, the energy 
loss is mainly by interaction with the electrons of the 
stopping medium. In general, the experimental measure- 
ments bear out the theoretical predictions.” 

For slow-moving atoms that have velocities less than 
the orbital-electron velocities, the energy loss is mainly 
by interaction with the atomic systems of the stopping 
medium. Theoretical equations have been given for 
range and range straggling of slow-moving atoms much 
heavier and much lighter than the stopping atoms.'*-4 
The experimental tests of these equations, however, are 
few indeed. The range measurements that have been 
made agree with the theoretical equations within a 
factor of about two." Some measurements of the 
range straggling are consistent with the theoretical 
equations, whereas others are not.*-§ 

No theoretical treatment is reported for slow-moving 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1N. Bohr, Kgl. Danske. Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 

2R. D. Evans, The Atomic Nucleus (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), pp. 567, 632. 

3 J. Lindhard and M. Scharff (private communication quoted 
by Leachman and Atterling, see reference 8). 

*K. O. Nielson, Electromagnetically Enriched Isotopes and Mass 
Spectrometry (Academic Press, Inc., New York, and Butterworths 
Scientific Publications, Ltd., London, 1956). 

5D. L. Baulch and J. F. Duncan, Australian J. Chem. 10, 112 
(1957). See this paper for a survey of other measurements. 

6S. G. Cohen, Proceedings of the Rehovoth Conference on Nuclear 
Structure, edited by H. J. Lipkin (North-Holland Publishing Com- 
pany, Amsterdam, 1958), p. 580. 

7E. W. Valyocsik, Lawrence Radiation Laboratory Report 
UCRL-8855, November, 1959 (unpublished). 

®R. B. Leachman and H. Atterling, Arkiv Fysik 13, 101 (1957). 

*R. A. Schmitt and R. A. Sharp, Phys. Rev. Letters 1, 12, 445 
(1958). 

” B. G. Harvey, W. H. Wade, and P. F. Donovan, Phys. Rev. 
119, 225 (1960). ; 


atoms similar in mass to the stopping atoms. However, 
a few range measurements have been reported.*:7?- 

Qualitative theoretical treatments of stopping phe- 
nomena have been presented for atoms moving with 
velocities comparable to orbital-electron velocities.’ 
Some experimental information is available from studies 
of fission fragments, but correlations of these data are 
still only empirical." 

We have made measurements of ranges and range 
straggling of recoils from nuclear reactions induced by 
the ions C”®, N4, O'8 O88 Ne”, and Ne”, with kinetic 
energies of 10 Mev per nucleon and less. The velocities 
of the recoiling atoms were comparable to orbital- 
electron velocities. Recoiling atoms of Tb, At, and Po 
were stopped in Al, which has much smaller mass than 
the recoils. The stopping of At and Po recoils in Au and 
Pt targets was also studied. In this case the recoil and 
stopping atoms have nearly equal mass. 

The objectives of this work are twofold: (a) to extend 
our knowledge of the stopping process, and (b) to 
study the nature of nuclear reactions. In this paper we 
emphasize the study of stopping phenomena. In the 
following paper we concentrate on the study of nuclear- 
reaction mechanisms.” 


II. EXPERIMENTAL PROCEDURE 


We have performed three types of experiments: first, 
differential experiments in which the recoiling atoms 
from a thin target were stopped in thin catcher foils; 
second, integral experiments in which the total recoil 
loss from a thick target was observed; and third, ex- 
periments of the latter type but with the recoils from a 
thick target being caught in thin catcher foils. The 
recoil atoms were formed by nuclear reactions induced 
by heavy ions from the Berkeley heavy-ion linear 
accelerator. The nuclear-reaction products, Tb and 
several isotopes of At and Po, were observed by meas- 


J. M. Alexander and M. F. Gazdik, Phys. Rev. 120, 874 
(1960). Other references given here. 

2 John M. Alexander and Lester Winsberg, following paper 
(Phys. Rev. 121, 529 (1961)]. 
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urements of the @ radioactivity in the various foils. 
Targets of compounds of the elements Cs to Pr, were 
irradiated with heavy ions (HI) to form Tb™ from 
(HI,«n) and (HI,pxn) reactions. Similar reactions with 
Au, Pt, Ir, and Re were employed in order to form At 
and Po nuclides. 

The targets were thin layers evaporated onto 0.00025- 
inch Al by Dan O’Connell of this Laboratory. The sub- 
stances used were CsNO3, BaCls, LazO3, Ce, CeQOs, 
Pr.Os, Ir, Au, and Re. For differential experiments the 
target-layer thickness was 10 to 78 ug/cm?. For inte- 
gral experiments the target thicknesses were 0.3 to 6 
mg/cm*. In the Pt experiments commercial foils with 
thicknesses about 6 mg/cm? were used. 

Catcher foils of commercially available Al were used. 
Spectroscopic analysis of the foils revealed the presence 
of 0.3% Fe and 0.1% Cu. Rolled foils of about 0.00025 
inch thickness were used for the integral experiments. 
For the differential measurements Al leaf was used. The 
average thickness of each recoil catcher was obtained 
by area and weight measurements. Small squares (3.7 
cm?) cut from a given sheet of Al leaf (200 cm?) varied 
gradually in average thickness from about 0.20 mg/cm? 
near the center to about 0.14 mg/cm? near the edge. In 
order to minimize the error in the thickness measure- 
ment we cut each catcher foil only slightly larger in 
area than the beam collimator. We did not measure the 
uniformity of the foils on a microscopic scale. 

Stacked foils (20 to 150 in number) were clamped to 
a water-cooled copper holder and were irradiated for 
several hours with an average beam current of less than 
0.1 wa. In order to check on the possibility of thermal 
diffusion we exposed two very similar foil stacks with 
Bi as the target to C” beams of very different intensity. 
The results of the two irradiations (one with an average 
beam current of 0.05 wa and the other 0.3 wa) were 


T | T | T } T qT | T 


























Activity per unit thickness (cpm-cm®/mg) 

















~ 
UO 

a. 

t (ma/cm* ) 


Fic. 1. Distribution of Tb™® activity in a typical differential 
experiment. The activity of Tb divided by the catcher-foil 
thickness is plotted against total catcher-foil thickness, t. These 
data are from 86.8-Mev O'* bombardment of La. A background 
correction of ~1.2 (counts/min cm*?/mg) has been subtracted. 
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completely consistent. Therefore, we believe that any 
error due to diffusion is negligible. 

Measurement of the a radiation of the foils was made 
with about 8 to 14 ionization chambers designed in this 
Laboratory for detecting fission, alpha, and beta pulses. 
The background counting rates were 0.2 to 1.0 count 
per minute. The gain of the counters was adjusted to 
obtain almost equal counting efficiency for a thick 
uranium standard. For the integral experiments, the 
relative activities were determined by simultaneous 
counting of the two or three samples of each set in 
rotating fashion. For the differential measurements a 
larger number of separate foils were counted in a nearly 
simultaneous fashion. The counting was repeated on 
different counters. Complete rotation of the samples 
was not usually possible, but the analysis of these 
experiments does not require as accurate counting as do 
the integral experiments. 

Counting efficiencies were taken to be equal for all 
catchers from differential experiments. Absorption cor- 
rections were applied for integral experiments by suc- 
cessive approximations as follows. Range values in Au 
were first calculated by assuming equal counting effi- 
ciencies. Then the effective depth of the activity in the 
target was assumed to be the target thickness minus 
the range. The activity in the Al catcher foil was 
assumed to be distributed uniformly to a depth equal 
to the recoil range in Al. Each observed activity was 
then multiplied by (1—d/2R.)~, where d represents 
the maximum depth of the activity and R, is the range 
of the @ particles in the appropriate material. The Ra 
values were taken from decay-scheme information™ and 
the range-energy data for a particles.“ These correc- 
tions were usually less than 10% and were often nearly 
equal for the target and catcher foils. 


Ill, ANALYSIS 


As a starting point, we analyze the experimental re- 
sults as though the recoil velocities of the nuclear- 
reaction products are along the beam direction. In 
later sections we examine the effects caused by the 
nuclear reaction and the stopping process. From the 
experimental observations we obtain the component R 
of the recoil range along the beam direction. We refer 
to R as the range. The distribution of range values, 
P(R), is taken to be a Gaussian function, 


-Gie) 
exp| — 4 1 
. 9 


where Rp is the average range, p is the measured strag- 
gling parameter, and Rop is the range straggling. 
The results of the differential experiments with Al 


1 
P(R)dR=———— 
Rop(2r)! 


13D. Strominger, J. M. Hollander, and G. T 
Modern Phys. 30, No. 2 (1958). 

144W. A. Aron, B. G. Hoffman, and F. C. Williams, U. S. Atomic 
Energy Commission Unclassified Document AECU-663, May 
1951 (unpublished). 
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Fic. 2. Probability plot of the data shown in Fig. 1. The frac- 
tion F; of the total activity that passed through catcher foils of 
combined thickness ¢ is plotted against ¢. 


catchers were fitted to Eq. (1) by plotting the experi- 
mental data on probability paper. On a probability 
scale F,, the fraction of the total activity that passed 
through catcher foils of combined thickness ¢, was 
plotted against ¢. A very small correction for target 
thickness W was applied by treating the target layer 
as if it were an Al catcher of thickness 0.27W. The 
number 0.27 is one-half the relative stopping power of 
Au and Al, and was used for other substances as well. 
This correction was always small. The é value for which 
F,=}4 specifies Ro. Similarly the ¢ value for which F, 
= 0.0787 gives Ro(1+-v2p). The results of a typical dif- 
ferential experiment are shown in Figs. 1 and 2. Figure 1 
shows a histogram of the activity distribution, and 
Fig. 2 shows a probability plot of the same data. 

For the integral experiments the target thickness was 
comparable to the recoil range. The quantity measured 
is the fraction Fw of the total activity formed and 
stopped in a target layer of thickness W. If the target 
thickness is several times the average range, the effect 
of range straggling can be ignored and we have 


Ro=W (1—F yw) (2) 


for any type of range distribution. However, a general 
relationship for any target thickness has been derived, 
based on the assumption that Eq. (1) holds for stopping 
in the target material. For this case the fraction of the 
total activity left in a target foil is 


1 Ww Ww | ‘—s— Ro 2 
ae -f f exp -(— —) ards, (3) 
(2e)'RWI, Jo | V2Rop 


where s is the distance from the edge of the foil to the 
point at which the recoiling atom originates and r-s 
is the distance it travels, The solution of this equation 
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can be conveniently expressed as 


v2 Rop Ro—W Ro 
el ahh ee al 
W V2 Rop V2Rop 
Rot+W 
+F( ned | 


' 2 
V2 Rop 


1 
F(y)=—— exp(—y*)—3[1—J(y) ]y, 
2/14 
and J(y) is the probability integral, 
2 yv 
I(y)=— exp(—u?)du. (6) 
\/ tre 0 
Equations (2), (3), and (4) are correct only if the rate 
of production of activity is constant throughout the 
target. 
For the cases we will consider only the first term in 
Eq. (4) is important 


V2 Rop Ro—W 
Fw& r( - ). 
W V2 Rop 


The experimental results were analyzed by successive 
approximations with Eqs. (2) and (7) as follows: For a 
given target material and beam particle, values of Ro 
as a function of bombarding energy were calculated 
from Eq.. (2) for the experiments with rather thick 
targets. By use of interpolated values of Ro and Eq. 
(7), values of p were calculated from the measurements 
for thinner targets. These values of p as a function of 
bombarding energy were used with Eq. (7) to get better 
values of Ro and so forth. 

The differential method provides more information 
in a single experiment than the integral method. How- 
ever, some of the experimental difficulties characteristic 
of the differential method are avoided in an integral 
experiment. Both types of experiments as carried out 
here measure the components of the range parallel to 
the beam. In applications of the integral method the 
mass of the stopping atoms is usually comparable to or 
greater than the mass of the recoil atoms. Large-angle 
scattering is probably important in this case. Thus, the 
value of the range projected on the beam direction 
depends on scattering phenomena. 

A few experiments combining the integral and dif- 
ferential methods have been performed. The recoil 
products from thick Pt targets were stopped in thin Al 
catchers. A quantitative analysis of these experiments 
requires detailed knowledge of straggling and scattering 
phenomena in the two materials. We therefore discuss 
these results only in a qualitative way. 


(7) 


IV. ROLE OF THE NUCLEAR-REACTION 
MECHANISM 


The recoil properties of nuclear-reaction products 
give information about stopping phenomena only if the 
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corresponding velocities are known. The recoil velocity 
can be specified exactly only for a reaction at the 
threshold energy, Ey. For this situation all reaction 
products recoil with the velocity of the center of mass, 
if momentum and energy are to be conserved. In prac- 
tice, experiments must be performed at bombarding 
energies greater than the threshold. Therefore the 
nature of the reaction mechanism must be known if the 
recoil velocities are to be calculated. 

Let us examine the reaction mechanism in which an 
incident particle of energy E, is absorbed to form an 
excited compound state. Let v denote the velocity of 
the compound nucleus, which is identical to the ve- 
locity of the center of mass. If the recoil velocity is not 
altered by the decay of the compound nucleus, the 
recoil energy Een of the final product is 


Eon= EvAvA r/(Aet+Ar)*. (8) 


The mass number is denoted by A with subscripts as 
follows: 6 the bombarding particle, R the recoil atom 
or final product, and T the target. 

However, the recoil velocity is affected by the decay 
of the compound nucleus. Let us define the vector V as 
the resultant velocity of the recoil atom in the center- 
of-mass system. The resultant velocity in the laboratory 
system is v+V. Let @ denote the c.m. angle between v 
and V and 6, denote the lab angle between v and v+ V. 
First, we examine the effect on the recoil properties if 
the magnitude if V is unique. 

The average range, Ro, measured in our experiments 
is the average of the projections of the distances of 
recoil (the linear distance from the point of origin to 
the final rest point) on the beam direction. In order to 
evaluate the dependence of Ro on v and V one must 
specify how the recoil distance varies with the recoil 
velocity and the angular distribution of V. We are 
concerned with a restricted region of values of v+V 
for which it is assumed that recoil distance is equal to 
k|v+V|%, where & and N are constants. The angular 
distribution of V is denoted by W(@). Thus we have 


k ¢* 
Ro= | (+ V?+20V cosé)*? cos#,W(@) sinddé. (9) 
2 


For W(@)=1 (isotropic distribution) we have 
—-( v ) (1+V, v)% +3... (1— V /v)N+8 
| N+3 


y 
(1—V2/0") V\xH ey 
20162)" 2)" ] 
N+1 v v ; 


=ko®[1+3(N2+N—2)(V/o)2-+: ++], 


+ 


(10) 
and for W(@) proportional to 1/sin@ and v>V we have 


Ro= koX[(1+3(N2—1)(V/o?+-+-]. (11) 
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From Eqs. (10) and (11) we see that the value of Ro 
is primarily determined by » for (V/»)*<1. For this 
condition it is proper to associate the measured average 
range Ro with the recoil energy given by Eq. (8). Later, 
we estimate (V/v)? to be ~0.01. For the values of NV 
encountered here, 1.3 to 2, this source of uncertainty 
in the value of Rp is seen to be small. 

We can estimate the contribution to the range 
straggling from the distribution of recoil velocities, 
v+V. The stopping process itself, as well as experi- 
mental errors, also contributes to this effect. These are 
considered later. 

The contribution to the measured range straggling 
from the distribution of v+ V is given by 


1 r 
((R—R,)*)=- f [R(v,V,0)—Ro PW (6) sined@. (12) 
29 


For V/vx<1 and for W(6)=1 we have 


((R—Ro)?)/Re=N?2V2/3e%, (13) 


and for W (6) proportional to 1/sin# we have 


((R— Ro)*)/Re= N?V2/20°. (14) 


In this development the magnitude of V has been 
taken to be unique. Let us consider a distribution in 
magnitude of V with | v| always larger than | V|. Then 
in Eqs. (10), (11), (13), and (14) the quantity V? is 
replaced by its average value, (V?). For (V?)/?<«1, Eq. 
(8) gives the value of the average energy to be associ- 
ated with Ro. If the distribution of ranges from the 
effects of the nuclear reaction is a Gaussian function, 
with the parameter p, we have 

pre=((R—Ro)*)/Re’, (15) 
which, for the case W(@)=1, gives 
pr2=N*{V?)/30*. (16) 


We can estimate the value of (V?) for the decay of the 
compound nucleus by nucleon emission in random direc- 
tions in the center-of-mass system. If m nucleons are 
emitted, the mean square momentum of each nucleon is 


(p?)= 2[ EA T /(A stA r)+Q)/n, (17) 
where Q is the mass difference between reactants and 
products. We assume here that the entire energy of 
excitation is removed by the nucleons. The resulting 
momentum of the recoiling atom in the center-of-mass 
system by this “random walk” process is given by 

A r(V?) = 2[ £,A 7/ (A,+A r)+Q]. 
Finally, we get 
(V4 ), ge [ E,A T ‘(A ot A r+ QO] 
X (As +Ar)*/Ar*Avke. 


(18) 


(19) 


Actually, there is evidence that W(6) for alpha- 
particle emission and fission is closer to the form 1/sin# 
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TaBLe I. Recoil studies of Tb in Al. 





Total 
degrader 
(mg/cm? Al) 


Beam 
energy, E» 


Nuclear reaction (Mev) 


Target 
thickness 
(ug/cm?) 





Calculated recoil 
energy, Eon 
(Mev) 


Calculated 


Ro 
(mg/cm? Al) Pn 





Pritt (C12 4) 
Pr'41 (C2 4n) 
Cel (N™ 5n) 
Ce! (N™ 52) 
Ce! (N"4 Sn) 
Cel(N™ Sn) 
Ce (N"* 52) 
La!® (O!* 6n) 
La'® (0% 6n) 
La! (O!* 6m) 
La'(O!* 6n) 
La! (O!8 8n) 
Ba!*8(Ne”,»10n)* 
Ba!88(Ne*,p10n)* 
Ba™8(Ne®,p10n)* 
Ba!8(Ne®,p10n)* 


45.8 33 
44.0 49 
38.9 
37.8 23 
36.1 
29.1 
18.9 
31.1 
28.5 


0.09 
0.12 
0.09 
0.10 
0.12 
0.15 
0.16 
0.08 
0.10 
0.10 
0.12 
0.10 
0.08 
0.09 
0.10 


0.367 
0.371 
0.550 
0.495 
0.545 
0.636 
0.698 
0.657 
0.730 
0.708 
0.765 
0.921 
1.323 
1.421 
1.510 
1.557 


4.21 
4.50 
5.80 
6.08 
6.49 
8.53 
9.86 
8.61 
9.43 
9.59 
10.36 
13.27 
21.32 
23.80 
26.25 
28.59 





® The reaction (Ne®,112) followed by radioactive decay to form Tb" is also included. 


in heavy-ion bombardments.'*—"’ This type of angular 
distribution would result in larger values of p, than are 
given by Eq. (16). On the other hand, gamma-ray 
emission causes V/v to be smaller. In view of these un- 
certainties, we calculate p, by means of Eqs. (16) and 
(19) with the knowledge that the resulting values are 
only approximate. 


V. RESULTS AND DISCUSSION 
A. Recoil Behavior of Tb'*’ in Al 


The differential method was used to measure recoil 
properties of Tb in Al. A summary of the experimental 
results is given in Table I. In this table we include only 
those experiments that satisfied the following require- 
ments: (a) decay is consistent with 4.1-hour half 
period ; (b) range distribution is consistent with Eq. (1); 
(c) nuclear reactions of the type (HI,xn) or (HI,pxn) ; 
and (d) the a radioactivity observed in the most active 
catcher foil is at least ten times the background or 
activation correction. We assume that these criteria 
select reactions that are likely to proceed by compound- 
nucleus formation. The experimental results tend to 
justify this assumption. The experiments that do not 
fit these criteria are described in the following paper.” 

The first column of Table I gives the nuclear reaction 
that produced Tb™*. The second column gives the 
kinetic energy, EZ», of the beam particles, as read off the 
range-energy curves of Northcliffe.'* We also give the 
total thickness of beam-degrading foils (column 3) in 
terms of mg/cm? Al. For the purpose of calculating 
this total thickness, the target-layer thicknesses have 
been converted to an equivalent amount of Al by the 

16 W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev. 
Letters 2, 9, 402 (1959). 

16 A. R. Quinton, H. C. Britt, W. J. Knox, and C. E. Anderson, 
Bull. Am. Phys. Soc. 4, 414 (1959). 

17G. E. Gordon, A. E. Larsh, and T. Sikkeland, Phys. Rev. 
118, 1610 (1960). 

18 L. C. Northcliffe, Phys. Rev. 120, 1744 (1960). 


factor 0.535. The initial beam energy of 10.38 Mev per 
atomic mass unit has been measured for C” by Walton.” 
We have used this figure for all ions. The target thick- 
ness, range, and straggling parameter are shown in 
columns 4 through 6. Column 7 gives the average recoil 
energy, Eon, calculated from Eq. (8). The last column 
gives the value of p, calculated from Eqs. (16) and (19). 

It is clearly possible that the Tb’ has been pro- 
duced by mechanisms other than the compound- 
nucleus mechanism and that Eq. (8) does not give the 
average energy of the recoil atoms. Therefore, we have 
used an extrapolation procedure to estimate the recoil 
range at the threshold energy, /,, for the reaction. 
The values of the atomic masses were taken from 
Wapstra” and Cameron.” For E,= En, Eq. (8) is (as 
previously discussed) independent of reaction mecha- 
nism. The ratio Ro/Ecn has been plotted against 
E,.—Ew in Fig. 3, and a linear extrapolation to the 
threshold was made as shown. The resulting values of 
Ro are given in Table II. 

In Fig. 4 the measured and extrapolated values of 
Ro are plotted against Ecy. A smooth curve that 


Taste II. Mean range of Tb in Al extrapolated to 
reaction threshold. 





Ro 


Nuclear reaction (mg Al/cm?) 


Pri#1 (C2 4n) 
Ce! (N™ 52) 
La! (O!® 6n) 
La! (O!8 8n) 
Ba!*8 (Ne, »10n) 


0.33 
0.45 
0.61 
0.75 
1.11 





19 John Walton, Lawrence Radiation Laboratory, University 
of California, Berkeley (private communication). 

*” A. H. Wapstra, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin-Géttingen-Heidelberg, 1958), Vol. 38, 
pp. 1-37. 

21 A. G. W. Cameron, Atomic Energy of Canada Limited Re- 
port CRP-690, 1957 (unpublished). 
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passes through the extrapolated points is consistent 
with the measured points. This agreement is evidence 
that Eq. (8) is valid for these nuclear reactions, and 
hence that the Tb" range-energy curve given in Fig. 4 
is correct. 


B. Recoil Behavior of At and Po in Al 


We list in Table III our observations of At and Po 
recoil atoms that satisfy the following requirements: 
(a) range distribution is consistent with Eq. (1); 
(b) nuclear reactions of the types (HI,«m) or (HI,pxn) ; 
and (c) the a radioactivity observed in the most active 
catcher foil is at least ten times the background or 
activation correction. In these studies we have observed 
the gross @ activity of the foils. In most cases the a 
activity was from several nuclides, as evidenced by the 
decay curves. We have estimated the mass number of 
the products from the decay properties,” threshold 
energies,”-" and preliminary excitation function meas- 
urements by other workers.” The probable mass 
numbers are given in the last column of Table III. 

In the treatment of Tb recoil data we extrapolated 
the measured range values to the threshold energy and 
thus showed the consistency of the measurements with 
Eq. (8). In general, this procedure is not possible for 
the At and Po observations. Therefore we must assume 
the validity of Eq. (8) for this situation. The activity 
from the experiment with 72.4-Mev O'* ions decayed 
with a 1.8-hour half-period, which we assign to At’, 
Similarly, with 70.9-Mev C® ions we observed a 30- 
minute half-period, which we assign to At®®, The inci- 
dent energy is only 14.0 Mev greater than the threshold 
for the reaction Ir™(O'8,47)At?°? in the former case, 
and in the latter case only 15.0 Mev greater than the 
threshold for Au'7(C",4n)At®®, From the discussion 
of Tb recoil properties in the previous section and in 
the following paper, we consider it unlikely that Eq. 
(8) is seriously in error for bombarding energies so close 


STRAGGLING 


OF Tb**®, At, AND Po 





100 Ro / Ecn (mg /cm? Mev) 








— , ie 
40 50 60 70 80 90 
Ep aa Eth (Mev) 





O 10 20 


30 


Fic. 3. Extrapolation of range data for Tb’ to the threshold 
energy. The average range is designated by Ro, the calculated 
recoil energy by Eon, the bombarding energy by £», and the 
threshold energy by En. The points are as follows: square, bom- 
bardment by C®; diamond, N*; triangle, O'*; inverted triangle, 
O'8; circle, Ne®. See Tables I and II. 


to the threshold. Therefore, we have weighted these 
points most in drawing the range-energy curve in Fig. 4. 
C. Recoil Behavior of At and Po in Au 


The integral method has been used to measure the 
recoil properties of At and Po in Au. The recoil atoms 


TABLE III. Recoil studies of At and Po in Al. 





Total 
degrader 
(mg/cm?) Al 


37.7 
29.3 
27.6 

7.9 
42.1 
30.3 


23.9 


17.2 
10.3 

2.0 
27.2 


Beam 
energy, Ey 
(Mev) 


70.9 
85.1 
87.7 
114.9 
72.4 
112.9 


130.9 


148.1 
164.5 
182.9 
124.6 


Beam 
particle 
CR 
C2 
ce 
c2 
o's 
o's 


o's 
o's 
Q's 
oO 
Ne” 


Target 
Au'? 
Au"? 
Au’? 
Au!? 
Ir 
Ir 


Ir 


Ir 
Ir 
Ir 
Re 


Target 
thickness 
(ug/cm?*) 


44 
45 
43 
45 
64 
64 


sms s 
S men uw 





Calculated recoil 
energy, Ecn 


(Mev) 


Ro 
(mg/cm?) Al 


Probable 


p Ar 


3.99 
4.77 
4.91 
6.36 
6.06 
9.27 
10.69 
10.80 
12.10 
13.37 
14.75 
12.68 


0.281 
0.318 
0.318 
0.411 
0.410 
0.598 
{0.670 
10.635 
0.732 
0.770 
0.807 
0.739 


0.28 
0.27 
0.31 
0.26 
0.23 
0.19 
0.20 
0.29 
0.26 
0.24 
0.23 
0.20 


202 
201 
199.5 
202 





* Recoil properties change with time. The decay of these foils indicated the presence of two components—the half-period of about 1 hour we assign to 


Po? and the half-period of about 4 hours we assign to Po™, 





#.R. Latimer, Lawrence Radiation Laboratory (private communication, 1960). 
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TABLE IV. Recoil studies of At and Po in Au from C® bombardment 








Beam 
energy, E» 
(Mev) 


Total degrader Target thickness 
(mg/cm?) Al (mg/cm?)Au 


Ro 
(mg/cm?) Au 


Calculated recoil 
energy, Eon 
(Mev) 


> 


Estimated 





{0.503 
\0.519 
0.643 
2.401 
0.701 

0.5598 
10.584 
2.446 
0.952 
0.362 
1.292 
1.266 
0.549 
1.452 

0.619% 
0.654 

45 


5) 


40.9 


38.4 
33.0 


65. 
69 
79, 
83. 
92.1 


94.2 
95.4 
96.8 
106.8 
108.2 
114.2 
117.3 


119.2 


119.6 
119.8 


095 


0.459 


0.503 
0.592 
0.592 


0.640 


0.749 
0.692 


3.67 
3.93 
4.45 
4.66 


0.760 
0.751 
0.834 
0.824 


0.881 
0.806 





* Two adjacent Au layers in the order indicated were 
Au and Al samples were counted separately. 


were formed by irradiation of Au targets with C” and 
O'*, The experimental results for C® bombardments of 
Au are given in Table IV. The results with O* are 
given in Table V for the differential experiments 
(needed in analyzing the integral experiments) and in 
Table VI for the integral experiments. 

We assume that Eq. (8) gives a good approximation 
to the recoil energy for the reactions of C” with Au. 
This assumption is incorrect for the higher energy O'* 
bombardments. The values of Een calculated by Eq. 
(8) are much larger than those read off the At (in Al) 





1.6 


Range (mg/cm?) 








J 
15 


energy (Mev) 





10 
Recoil! 


Fic. 4. Range-energy data for Tb™ in Al, At (and Po) in Al, 
and At (and Po) in Au. The points are as follows: square, bom- 
bardment by C”; diamond, N™; triangle, O'*; inverted triangle, 
O'8; circle, Ne®. Closed points are measured values; open points 
are from extrapolation to the threshold bombarding energy. See 
Tables I-VII and Fig. 3. 


used in these experir 


nents. After irradiation the Au layers were peeled from the Al backing and the 


curve in Fig. 4 for the values of Ro given in Table V. 
Our measurement of the gross a activity is mainly from 
the decay of At and Po nuclides with some contribution 
possible from Em and Fr activities. These products 
have atomic numbers the same as, or 1 to 3 units less 
than, that of the compound nucleus, Fr*’. Thus, a 
variety of mechanisms, in addition to the formation 
of the compound nucleus, is possible. A further dis- 
cussion of the mechanisms of these reactions is given in 
the following paper.” 

We are unable to calculate exactly the values of 
recoil energies for the O'® experiments. However, we 
can associate an equivalent recoil energy, eq, with 
each range measurement. For this purpose we compare 
the measurements of the range in Al (Table V) with the 
range-energy curve for At in Al (Fig. 4). The energy 
corresponding to each range value is designated as Eeg. 
The values of E.q as a function of bombarding energy 
are given in Table V and Fig. 5. For each of the integral 
range measurements in Table VI a value of E.q was 
taken from Fig. 5. These values of E.g, given in the 


last column of Table VI, were taken as the recoil energy 


TABLE V. Recoil studies of At and Po in Al from O"* 
bombardment of Au. 


Beam 
energy Total Target 
Ey degrader thickness Ro 
! (Mev) (mg/cm? Al) (ug/cm? Au) (mg/cm? Al) 


33.0 43 
29.8 44 
26.8 39 
25.3 43 
19.5 44 
11.6 42 
3.6 10 
3.4 42 


Pp 
0.24 
0.27 
0.25 
0.27 
0.30 
0.32 
0.33 
0.35 


0.397 
0.404 
0.471 
0.466 
0.519 
0.575 
0.596 
0.587 


ann | ty 
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in the construction of the range-energy curve for At in 
Au shown in Fig. 4. We assume that the deviations of 
Eq from the true recoil energy cancel when stopping 
in Al is compared to stopping in Au. 


D. Range Straggling 


The measured values of the straggling parameter, p, 
are given in Tables I and III to VI. The p values de- 
rived from the differential experiments are the results 
of the combination of several effects: (a) range strag- 
gling inherent in the stopping process, p,; (b) velocity 
distribution in the nuclear reaction, p,; (c) catcher-foil 
inhomogeneities, p;; and (d) target thickness, p». The 
combination of these effects is given approximately as 
follows: 

— (20) 


Pp ps t+pr* +p/+p.”. 


The value of py can be approximated by 0.54W/2R, 
the factor 0.54 being an estimate of the relative stopping 
power of target material and Al. The measured values 
of p are always considerably larger than py. Thus the 
effect of p. can be subtracted quite accurately. Since 
we did not determine the uniformity of the foils on a 
microscopic scale, we have no value for py for the dif- 
ferential experiments. In the integral experiments p,, is 
absent in Eq. (20). We believe that the evaporated Au 
foils, used in the integral experiments, were uniform in 
thickness. Therefore p,; for this case is zero. Thus we 
get for the integral experiments 


p?=p/+p,’. (21) 


We have already proposed a means for estimating 
the value of p, if the nuclear reaction proceeds by way 
of compound-nucleus formation followed by isotropic 
nucleon emission [see Sec. IV and Eqs. (16) and (19) ]. 
The values of p,, calculated in this way for the Tb’ 
experiments, are given in the last column of Table I. 
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Fic. 5. Eeq of At and Po recoil atoms produced by O'* bom- 
bardment of Au as a function of the bombarding energy £5. 
Curve A is a smooth curve through the experimental points. 
Curve B was calculated from Eq. (8); the values of Arg were 
estimated. The values of /, and E., are from Table V. 


The value of N at each value of the recoil energy was 
taken as twice the slope of the tangent to the range- 
energy curve as plotted on a log-log scale. 

We do not expect the values of p, for Tb™ (or for 
At) to be accurate. However, we do expect p to increase 
as N(V?)!/o increases, if p, is the dominant term in 
Eq. (20). From Table I we see that p is almost constant 
with increasing p, for each given nuclear reaction. We 
conclude that p,” must be small with respect to p,2+p/ 
for these measurements. The calculated values of pp 
are indeed much smaller than the values of p (Table I). 

When p, is much less than p, the crude approxima- 
tions given in Eqs. (16) and (19) are adequate for sub- 

racting the effect of p,. In Fig. 6 the straggling pa- 
rameters are plotted against 1/Ro. Each point repre- 
sents a measured value. An arrow has been drawn for 
the Tb™ points to indicate the magnitude of the cor- 


TABLE VI. Recoil studies of At and Po in Au from O'* bombardment. 


Target thickness 
(mg/cm? Au) 
1.266 
0.549 
2.51 
2.40 
0.695 
\1.381 
2.50 
0.579 
0.950* 

\ 1.390 
0.934" 
\1.381 


7.8 0.695 


f0.961* 
\1.406 
2.40 


Total degrader 
mg/cm? Al) 
32.4 
22.9 
20.9 
18.4 
17.8 
16.8 
15.7 


12.7 


Beam energy, 
(Mev) 


8.4 


(mg/cm? Au) 





0. 


onnuN 


0000 GO OO: 
QO PW NH HOt 


0.39 
0.46 
0.47» 
0.50 
{0.41 b 
\0.49 
0.45> 
0.49 


oo 





® Two adjacent Au layers in the order indicated were used in these experiments. oo ' , 
b Two values are given if a significant change in recoil properties was observed as the foils decayed. The values given here are the extremes of the 


observed quantities. 
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TaBLeE VII. Recoil data from N“ bombardment of thick Pt targets followed by thin Al foils. 








Beam energy, 
Ey (Mev) 
Entrance Exit 


Total Target 


degrader 


r 


First catcher 


ty te 
(mg/cm? Al) (mg/cm? Pt) Fw (mg/cm*Al) F; (mg/cm?Al) F; F; 


Calculated 
recoil en- 
ergy, Eon 
(Mev) 


Second catcher Range Range 
in Pt in Al 


(mg/cm?) (mg/cm?) 





0.849 
0.800 
0.805 


25.9-29.3 
6.2- 93 
1.6- 4.8 


07.7 «= 90.3 
1351 130.0 
7 137.5 


142. 


6.33 
5.79 
5.99 


0.127 
0.127 
0.113 


® Based on energy of beam as it leaves target. 


rection on p from the subtraction of p, and py» by means 
of Eq. (20). 

The calculation of p, for At and Po recoil atoms can- 
not be made accurately because of uncertainty as to the 
reactions observed. We estimate the value of p, to be 
roughly 0.1 for the reactions assumed to occur by com- 
pound-nucleus formation (Table III). This crude calcu- 
lation leads us to expect that the subtraction of p, from 
p for At and Po stopped in Al is about the same as 
for Tb. 

The range straggling observed for At and Po recoils 
in Au was always much larger than the straggling in Al. 
Therefore the measured straggling in Au must be 
mainly due to the stopping process. We estimate that 
p, is only about 2% less than p for the reactions induced 
in Au by C” (Table IV). 

As noted in the preceding section, the nuclear re- 
actions we observe in Au from the higher energy O'* 
bombardments cannot be completely attributed to a 
compound-nucleus mechanism. Equations (16) and 
(19), therefore, cannot be used for calculating p, for 
these experiments. Instead, we have estimated p, by 
comparing the measured p values from Table V (dif- 
ferential experiments with O'* and Au) with the points 
indicated by the tips of the arrows in the lower half of 
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traggling parameter, 


c 
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Re (cm2/mg) 


Fic. 6. Straggling parameter p versus the reciprocal range, Ro. 
Closed points are for At (and Po); open points are for Tb™; the 
cross is for the fission product Te! [P. F. Suzor, Ann. Phys. 4, 
269 (1949) ]. The p values less than 0.32 are for stopping in Al 
and greater than 0.38 for stopping in Au. The symbols are as 
follows: square, bombardment by C®; diamond, N™; triangle, O'*; 
inverted triangle, O'8; circle, Ne®. Theoretical values from Eq. 
(27) are shown by horizontal lines terminating at values of Ro 
for which v=. 


0.0420 
0.0375 
0.0316 


5.85% 
8.25" 
8.69" 


0.0627 
0.113 
0.120 


0.119 0.0468 
0.131 0.0481 


0.128 0.0441 


0.96 
1.16 
1.17 


0.39 
0.50 
0.51 


Fig. 6. The resulting values of p, were used to correct 
straggling measurements of At and Po in Au from O"* 
bombardment (the arrows indicated in Fig. 6). 

Our method of determining p in the integral experi- 
ments depends on the approximation that the range 
distribution is of a Gaussian form. The integral method 
is very sensitive to the range distribution for R much 
less than Ro. The fact that the values of p are essentially 
constant as (Ro—W)/Ro varies widely indicates that 
this approximation is valid (see Table IV). 


E. Thick-Target Thin-Catcher Experiments 


A few experiments were performed with thick Pt 
foils (~6 mg/cm?) followed by two thin Al catchers 
and a thick Al catcher. In principle, this method can 
give values of the range in Pt and the range in Al. The 
results of these experiments are presented in Table VII. 
The first and second columns present the calculated 
beam energy on entrance to and exit from the target 
foil. In the third column is given the total Al equivalence 
of the degrading foils. The next seven columns give the 
actual experimental observations: Fw is the fraction of 
the total a activity observed in the target; F1, Fs, and 
F; are the corresponding fractions observed in the 
three catcher foils. The thicknesses of the first two 
catchers are designated by #, and #). Ranges in Pt, 
column 11, were calculated from Eq. (2), the straggling 
correction being negligible. These range values may 
have errors due to changes in cross section because the 
beam energy was degraded appreciably by the target 
foil. An additional error may have been introduced by 
the large counting correction for the absorption of alpha 
particles in the target. 

The calculation of the range in Al is not so straight- 
forward. If the range-energy relationships in Al and Pt 
were proportional, and if straggling effects could be 
ignored, then we would have 


(Fit-F:+F3) 


(Fit F:+F;) 
0 — eal ie , 


Fy F; 


This is not the case, however, as shown by values of 
F, and é; in Table VII. Those recoil atoms that spend 
most of their range in Pt have a broad range distribu- 
tion, whereas those that lose most of their range in Al 
have a more narrow range distribution. Also, as shown 
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in Fig. 4, the range-energy relationships in Al and Pt 
are not simply proportional. We have not attempted to 
analyze these effects accurately. Instead we have made 
a simplifying assumption that the a activity per unit 
thickness increases linearly with penetration in Al to a 
depth equal to the range in Al. The resulting approxi- 
mate values of the range in Al are given in the next-to- 
the-last column of Table VII. This method is subject to 
more uncertainty than the differential method. For this 
reason these measurements have been ignored in draw- 
ing the range-energy curve in Fig. 4. Nevertheless, the 
consistency of these results with the other data in 
Fig. 4 (except for the value of Ro in Pt at 5.85 Mev) is 
noteworthy. 


VI. COMPARISON WITH THEORY AND WITH 
OTHER MEASUREMENTS 


Bohr’s treatment of the penetration of atomic par- 
ticles through matter provides a convenient framework 
for a discussion of our results.! Bohr proposes the 
velocity of the electron in hydrogen atom, vo, as a 
rough dividing line between stopping by atomic inter- 
actions (v<v) and stopping by electronic interactions 
(v>vo). The recoil velocities in our work extend from 
the vicinity of v (2.2 10° cm/sec) to values approach- 
ing the velocities of fission fragments. It is our hope 
that this study of the transition region will aid in un- 
raveling the confusing array of phenomena that con- 
tribute to the stopping process. 

No theoretical treatment of the stopping process is 
available for the velocities that we observe. For lack 
of an appropriate theory we compare our results with 
equations derived for v< v9. 

The following expression has been given for »<v» and 
for Ar>A,.!*4 

Ro= BE, (23) 
where 
A,(A,+Ar) (Z,4+Z,!)! 
B=0.600- : 
Z.ZrR 





(24) 


Ar 


Here Z and A are atomic and mass numbers with sub- 
scripts s for the stopping atoms and R for the recoiling 
atoms. In Eqs. (23) and (24) Ro is given in mg/cm? and 
E in Mev. 

The experimentally determined ratio, Ro/E, from 
Tables I, III, IV, and VI is plotted versus E in Fig. 7. 
Here E refers to Ecn or Exg. The horizontal lines with 
values of the ratio given by Eq. (24) extend to values 
of E for which the recoil velocity is v=. The data on 
the stopping of Tb“ and At in Al seem to be approach- 
ing the theoretical value as the recoil energy decreases. 

Theoretical equations have been presented for 
Ar<A, but none for the stopping of At in Au, where 
Ar~A,.* For Ar<A, the recoil path deviates con- 
siderably from a straight line, whereas the projection 
of this path on the beam direction is actually measured 
here. It is therefore not surprising that the values of 
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Fic. 7. Range divided by recoil energy versus recoil energy. 
Closed points are for At (and Po); open points for Tb. The 
points are as follows: square, bombardment by C®; diamond, N"; 
triangle, O'*; inverted triangle, O'8; circle, Ne. The upper family 
of points is for stopping in Au; all other points are for stopping in 
Al. The lines, terminating at v=v, show the theoretical predic- 
tions from Eq. (24). 


R)/E for the stopping of At in Au (see Fig. 7) are 
smaller, by about 40%, than the values given by Eq. 
(24), compared to a 20% discrepancy for stopping in Al. 
The deviations from straight-line motion are expected 
to be smaller when Tb” and At are stopped in Al. 
Our values of the range may be compared with data 
from several other sources for the two general cases 
studied here, Ag>A, and Ar~A,. For the purpose of 
this comparison we convert the experimental results for 
various recoiling and stopping atoms to values for the 
range and energy of two “reference” systems: Xe re- 
coiling into Al, and At® into Au. The nuclide Xe 
represents the median-heavy fission fragment (actually 
(Z)=53.6, (A)=138.8) from slow-neutron fission of 
U5, Range-energy data are available for this case."! 
At the same recoil velocity a given value of the 
average range, R;, for an atom with atomic mass 4A; 
recoiling into any material can be converted into the 
value Ro of the reference system by the expression 


Ro _ v—oranenifl 


44D 


‘ (25) 


where B and B; are given by Eq. (24). The energy corre- 
sponding to the converted value, Ro, is, of course, 
E=(Ar/A,)Ei. (26) 

The use of Eqs. (25) and (26) is justified theoretically 
for initial velocities less than vp. Therefore, in the con- 
version to the reference system, larger errors are ex- 
pected for higher initial velocities. In order to minimize 
the conversion errors we chose Xe as the reference 
nuclide for the case A p>A,. The limits of applicability 
of Eqs. (25) and (26) can be tested by the experimental 
range data. In Fig. 8 we see that the data for Xe", 
Tb™, and At” in Al form a consistent pattern. How- 
ever, if the data for the median-light fission product 
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Fic. 8. Range-energy data con- 
verted to heavy fission product 
stopped in Al and At®* stopped in 
Au. Open points are for the heavy 
fission product “Xe!” (Z=53.6, 
A =138.8) and closed points are 
for At™®8, terminating at 
v=o, are from Eqs and (24). 
The points are as follows: square 
with vertical line above it, Tb™, 
this work; square, At®, this work; 
circle with horizontal line beside it, 
reference 5; star, reference 6; tri- 
angle, reference 7; diamond, refer- 
ence 9; inverted triangle, reference 
10; circle, reference 11 
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(Sr*? with recoil energy 17-98 Mev) are treated in the 
same way, the range values are about 25% less than 


the points shown in Fig. 8. 

The straight lines in Fig. 8 were calculated by means 
of Eqs. (23) and (24) and terminate at »= 1. It appears 
that the ratio of experimental values of the range to the 
calculated values is almost constant for recoil energies 
of about 0.1 to 10 Mev. 

The values of p, may be compared to an equation 
derived by Lindhard and Scharff,’ 


p= [24.A r/3(A.+Ar)*} 


for v<v and for Ag>A,. The value given by Eq. (27) 
is shown in Fig. 6 as a horizontal line terminating at 
the value of Ry for which »= 1. The measured values 
of p and those calculated by Eq. (27) are nearly equal 
for the smaller values of Ro, even for the stopping of 
At in Au where Ag~A,. One qualification must be 


(27) 


10 


made for the comparison in the case of stopping in Al. 
After correcting for p, and p.», we are left with (p,2+p/)!. 
We did not measure py. 

Almost all of the range straggling from the stopping 
process is expected to be due to atomic collisions for 
velocities less than vp and little or none from electronic 
interactions.'~* Therefore, for initial velocities greater 
than vo, the range straggling, ((R—Ro should be 
approximately constant, and p, should be inversely 
proportional to the range. This results from the relation 


2= ((R—Ry)*),/ Ro. ( 


9 } 


28) 


Ps 


According to Fig. 6 this situation is approached for 
stopping in Al. On the other hand p, should be inde- 
pendent of energy for initial recoil velocities less than 
vo.':? We can see from Fig. 6 that our measured values 
of p appear to become independent of recoil energy for 
low energies. 
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The mechanism of nuclear reactions induced by heavy ions was 
investigated by measuring the recoil ranges of Tb’, At?" and 
other alpha-emitting isotopes of At and neighboring elements and 
by determining the cross sections for the formation of Tb™® and 
At#!!, 

Recoil ranges were consistent with compound-nucleus formation 
at all energies studied for the following reactions: Pr'!(C",4n 
Tb, Ce(N4,x2n)Tb™, La(O!* 6n)Tb™, La®9(O!8,82) Tb, and 
Ba(Ne*,pan)Tb'. A similar result was obtained for the reaction 
Pr'41(Q!8 26n)Tb™ at 138 and at 146 Mev and for the reactions 
Au!*7(O!§,2pxn and 3pxn)At, Po at energies below 100 Mev. The 
excitation functions of the (HI,«n)Tb'® reactions seem to be 
characteristic of an evaporation process but have smaller peak 
cross sections than do the excitation functions of the reactions 
Ba(Ne™, pxn) Tb™ or Pr"! (O12 66n) Tb. We conclude that most 


reactions probably involve charged-particle emission. The reaction 


INTRODUCTION 


HE recoil properties of the products of a nuclear 
reaction provide direct evidence for the reaction 
mechanism. In the preceding paper we studied a number 
of reactions induced by heavy ions (HI) for the purpose 
of determining the energy dependence of the range and 
range straggling of heavy nuclei.' In this paper we use 
these results to study the mechanism of heavy-ion- 
induced spallation reactions by the recoil technique. 
The interpretation of many nuclear-reaction studies 
has been based on the assumption of compound-nucleus 
formation. In this model the incident projectile is ab- 
sorbed by the target nucleus to form an excited com- 
pound state.’ The subsequent decay of the compound 
nucleus has been described by evaporation theory.’ * 
For example, excitation functions and energy spectra 
of emitted particles have been analyzed with these 
models to determine the density of states in excited 
nuclei.** Many of these interpretations would be signi- 
ficantly changed by the presence of nuclear reactions 
that take place by noncompound-nucleus processes. 
However, few experiments have severely tested the 
limits of applicability of the compound-nucleus model. 
The measurement of the recoil properties of the pro- 
ducts provides a test of compound-nucleus formation. 
The products of low-energy nuclear reactions fall into 
three distinct groups: (a) the small particles, e.g., 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1L. Winsberg and J. M. Alexander, preceding paper [Phys. 
Rev. 121, 518 (1961) ]. 

2J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 

3I. Dostrovsky, Z. Fraenkel, and G. Friedlander, Phys. Rev. 
116, 683 (1959). Further references are given here. 

417. Dostrovsky, Z. Fraenkel, and L. Winsberg, Phys. Rev. 118, 
781 (1960). Further references are given here. 


Ba(Ne™,pxn)Tb' seems to occur with much greater probability 
than the reaction Ba(Ne™,pxn) Tb 

In many cases the compound-nucleus mechanism cannot 
account for our results. Partial momentum transfer is observed 
in the reactions Au’ (O!'*,2pxn and 3pxn) At, Po at energies above 
100 Mev. Partial momentum transfer also occurs when Bi is 
bombarded at energies 1.3 times the barrier energy or greater. 
Reactions of Bi with heavy ions (Ne® is possible exception) at 
energies near the Coulomb barrier produce At* with greater 
recoil energy than expected from a compound-nucleus mechanism. 
Apparently, particles are emitted in the backward direction. Near 
the barrier the cross section for the production of At?" by C#, O18, 
and Ne® bombardment comprises about } the value calculated 
for compound-nucleus formation. Therefore, the cross section for 
all noncompound-nucleus reactions must comprise a large fraction 
of the total interaction cross section. The experiments with Pb asa 
target are also consistent with this conclusion. 


nucleons, alpha particles, etc., (b) the fission products, 
and (c) the spallation products. 

The energies of recoil and the angular distributions 
of the small particles and fission products are strongly 
affected by the de-excitation process as well as the initial 
impact of the projectile and target. The interpretation 
of these measurements involves assumptions concerning 
the nature of the decay of excited nuclei. However, the 
average recoil energy of a spallation product is deter- 
mined mainly by the initial impact and is only slightly 
affected by the decay of the excited nucleus. The dis- 
iribuiion of recoil energies and the angular distribution 
of the spallation products are determined both by the 
initial interactions and by subsequent de-excitation pro- 
cesses. Therefore, measurements of these distributions 
can furnish information about the initial interaction and 
about the process of de-excitation. Donovan, Harvey, 
and Wade have made such studies of several reactions 
induced by deuterons and alpha particles.§ 

In this and the preceding paper' we present measure- 
ments of the range distribution of some spallation 
products from heavy-ion-induced reactions. These re- 
actions and the types of experiments that were per- 
formed are listed in Table I. The bombarding energies 
and the approximate values of the recoil energies are 
also given in the table. 


ANALYSIS OF RESULTS 


Two types of experiments were performed. In the 
differential method we used thin targets and thin Al 
catcher foils. In the integral method, targets of thick- 
ness comparable to the range were employed. Targets 
of compounds of Cs, Ba, La, and the elements Ce, Re, 

5 P. F. Donovan, B. G. Harvey, and W. H. Wade, Phys. Rev. 
119, 218, 225 (1960). 


529 





ALEXANDER 


AND L. WINSBERG 


Taste I. Summary of nuclear reactions studied. 





Type of 
experiment 


Nuclear reaction* Product 
Pri (C2 4n) 
Ce(N",xn) 
La! (O!* 6n) 
La!®(O!8 8n) 
Ba(Ne™, pxn) 
Ba(Ne”, pxn) 
Pri4l (O18 2 p6n) 


Tb9 
Tb? 
Tb 
Tb 
Th9 
Tbh 
Tb 


differential 
differential 
differential 
differentia! 
differential 
differential 
differential 


At 


Po 


{ (C32) 


\ (C2, pan) diff. and int. 


Au 


At 


Po 


N* ‘ . . 
Pt{ {Nu pen) diff.-int. 
At 


‘(O'8 xn) : 
Po 


‘ differential 
"\ (0%, pxn) 


I 


\t 


(Ne*, xn) 


| (Ne pxn) differential 


Re 


( (O'8,xn) 
Au!®?) to 
(O' 3 pxn) 


diff. and int. 


diff. and int. 


Approximate 
recoil energies 
(Mev) 


Beam energies 
(Mev) Reference 


55 to 82 4 to 1, this work 
66 to 112 1, this work 
87 to 104 1 

122 ‘ 1 

161 to 197 < this work 
166 to 223 


115 to 146 this work 


65 to 120 
90 to 143 
72 to 183 


12 


80 to 159 1, this work 


Bi®™(C? to Ne®, ?) 
Pb(C# and 0", ?) 


alpha emitters 
alpha emitters 


integral 


59(C) to 182(Ne”) 
76(C#2) to 135(0"*) 


this work 
this work 


® The notation indicates the maxin 


Ir, Au, Pb, and Bi were exposed to beams (C”, N%, 
O', O'8, Ne”, and Ne”) from the Berkeley heavy-ion 
linear accelerator. The reaction products, Tb'*’, At, Po, 
and several other alpha emitters were observed. These 
products were chosen because they are easily detected 
by direct measurement of the alpha radioactivity in 
the various foils. The experimental details are given in 
the preceding paper.’ 

The experiments employing the integral method give 
the average range, Ro. The analysis of the integral and 
differential experiments for Gaussian range distributions 
has already been described.' 

Many of the differential experiments indicated range 
distributions that are quite different from a Gaussian. 


Total 
degrader 
(mg/cm? 

Al) 


~ 34.5 
31.4 


Target Average 
thickness 
(ug/cm? 
Al) Al) 

47 


72 


Beam 
energy 9 
nuclear 
reaction 
Pri41 (C2 4) 
Pri41(C!2 4n)* 


Ey 
(Mev) 


76.4 
81.7 


0.60> 
0.50 
1.2 
1.4 
1.50 
0.540 
0.946 
0.987 


161.4 1 
180.0 

197.2 

115.2 2 
137.6 12. 
145.6 9.4 


65 


64 


Ba(Ne™, pxn)4 
Ba(Ne™, pxn)*4 
Ba(Ne™, pxn)*4 
Pr'41 (O!® 2 p6n) 
Prit (16 2.p6n) 
Pr!41 (O18 256m) 


; 70 
) 12 
47 
49 


3 
8. 
3. 
a, 


um number of protons that can be emitted. 


range, Ro 
(mg/cm? 


0.490 


Therefore we have analyzed these experiments in terms 
of three quantities: Ro, the average range, Ry, the 
median range, and py, a measure of the range distribu- 
tion. The average range was calculated from 


Ro 


1} 


2fi 


> i(t+44,) fi, 

where /, is the thickness of a given catcher foil, ¢ is the 
total thickness of other catcher foils before this foil, 
and f; is the fraction of the total activity found in the 
given foil. The median range, Ry, was obtained from a 
graph on a probability scale of F; (the fraction of the 
activity that passed through absorbers of total thickness 
t) as a function of ¢. Here Ry is the ¢ value for which we 
have F,=4 as obtained from a smooth curve drawn 


TABLE IT. Recoil properties of Tb™ in Al. 


Median 
range, Ru 
(mg/cm? 


Straggling 
parameter 
pM 


Fea 
(Mev) 
0.32 5. 
0.60> 7. 
0.36 6 1.0 
0.2 19 1.0 
0.2 22 1.0 
0.20 26.0 1.10 
6.7 0.60 
13.4 1.01 
14.2 1.01 


Eeq/Ecn pm /PCN 


1.01 
1.23” 


0.480 
0.53» 


0.20 


0.986 0.21 








* Some activity from nuclides of half-period other than 4.1 hr was also observed. 


b Some spurious alpha activity appeared to be present, possibly due to activation of the foils. The first entry is for the uncorrected datz 


was obtained with the “‘extra’’ activity subtracted. 


a; the second entry 


¢ Components of half-period about 19 hr and less than about 3 hr were also present. 
4 These values correspond to the long-range group only (see Fig. 1), for which a symmetrical range distribution was assumed. 





NUCLEAR REACTIONS 
through the experimental data. The tangent to the 
probability plot at ‘= Ry was used to specify pa (see 
“Analysis” section in preceding paper’). 

We have classified our experimental results (see 
Table I) into two groups. The experiments in group 1 
(given in the preceding paper’) satisfied the following 
requirements: (a) Gaussian distribution of ranges and 
(b) nuclear reactions of the type (HI,xn) and (HI,pxn). 
We assume that these criteria select those reactions that 
occur by compound-nucleus formation. In calculating 
the recoil energies for these cases the velocity of the final 
product was taken to be that of the center of mass. 
This, of course, is expected for a compound-nucleus 
mechanism if the average recoil velocity is not changed 
by the decay of the compound nucleus. From these 
experiments we determined the range and range 
straggling of the product nuclei as a function of energy.’ 
The internal consistency of the results justified the as- 
sumption of compound-nucleus formation. The experi- 
ments in group 2 do not satisfy one or both of the above 
requirements. In this paper we utilize all these results 
for an understanding of the nuclear-reaction mechan- 
isms. The results of the group-2 differential experiments 
for Ba and Pr targets are presented in Table II, for 
Au targets in Table ITI, and for Bi targets in Table IV. 
Results of integral experiments for Bi targets are given 
in Table V and for Pb targets in Table VI. 

From the range-energy curves (Fig. 4, reference 1) 
each value of Ro is associated with an energy designated 
E.q. The range measurements in Bi and Pb were con- 
verted to Au by means of Eqs. (23) and (24) in the 
preceding paper.' The quantity Een is the average re- 
coil energy if a compound nucleus is formed [Eq. (8), 
reference 1 ], i.e., Eon= EoAsAr/(Ast+Ar)? 

The approximate value of the straggling parameter if 
a compound nucleus is formed is denoted as pon. The 
value of pon was obtained from Fig. 6 of reference 1 
for the measured value of Ro. In the case of reactions 


INDUCED 


BY HEAVY IONS 


TABLE III. Recoil properties of At and Po in Al 


from O'* Bombardment of Au.* 





Beam energy 
(Mev) 


80.4 

90.8 
100.5 
104.8 
120.8 
140.6 
158.6 
158.8 


Eeq (Mev) Feq/ Eon 
8 1.00 
9 0.91 
0 0.98 
0 0.93 
8 0.92 
0.89 
0.84 
0.82 


pa /PCN 


| 
} 


oOnnn 


00 
te Go 

Sits pai Sets Hein ea Baik Saeco 

AEG HF BEE GE 


* See Table V and Fig. 5 of preceding paper (reference 1). 


leading to the formation of Tb’ a correction was made 
for the effect of the specific nuclear reaction by means 
of Eqs. (16), (19), and (20) of reference 1. In the case 
of the other reactions, pon was directly read off a curve 
drawn through the uncorrected experimental values of 
p in Fig. 6 of reference 1. If a nuclear reaction occurs by 
compound-nucleus formation, E../Ecn and pm/pon 
must be unity. 

The physical significance of the ratio E.g/Ecn can 
be illustrated by a simple example. Let us consider the 
reaction (O'* He‘). If the alpha particle is emitted along 
the beam direction with the velocity of the incident 
ion, then 2 of the incident momentum is transferred to 
the struck nucleus, and E.4/Ecn=¥9/16. Similarly, if 
the alpha particle is emitted in the direction opposite 
to the beam but with the same velocity, then 
Eeq/ Ecn==25/16. In either case, we would conclude that 
a compound-nucleus reaction did not occur. On the 
other hand, if the alpha particle is emitted with the 
velocity of the center of mass, E.,/Ecn will equal unity. 

The measured range straggling will also be influenced 
by the reaction mechanism. If the recoiling atoms have 
a unique recoil velocity along the beam direction, the 
straggling parameter will have the value caused by 
the stopping process and by foil inhomogeneities. The 


TABLE IV. Recoil properties of At and Po in Al from heavy-ion reactions with Bi. 











Beam Total Target Average 
energy, degrader __ thickness 
Ey (mg/cm? (ug/cm? (mg/cm? 


Projectile (Mev) Al) Bi) Al) 


range, Ru 


Median 
range, Ry  Straggling 
(mg/cm? parameter Exe 
Al) ; (Mev ) 


Eeq/Eon pu /pon 








44.0 0.237 
40.9 0.300 
38.7 0.274 
16.2 0.219 
35.2 0.409 
32.4 0.342 
ors 84.6 31.7 0.679 
o's 83.3 39.2 0.392 
01s 92.3 36.6 0.470 
; 0.304" 
Ne® 98.2 27.8 0:320 
(0.2988 
\0.280 
20 0.658 


Cc 58.8 
Oa 65.0 
Ce 69.2 
Cc 104.2 
Ni 75.9 
Ni 83.0 


119.4 23.5 


0.221 A 3.4 
0.277 A 4.3 1.28 
0.263 42 4.0 1.11 
0.198 3.1 0.57 
0.381 6.0 1.33 
0.333 5.0 1.01 
0.689 1.93 
0.318 0.94 
0.454 1.03 
0.291 0.56 
0.304 0.58 
0.275 0.45 
0.261 0.42 
0.634 0.99 


1.11 


a 
1 


AnNWanUOr UY 
NOSCUUNWwWR Yn 
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= 
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* The recoil properties changed with time. The first row gives the result of the observations ail less than 12 hours after the end of hentastinana: The 
second row gives the observations made 2 to 4 days later. 
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TABLE V. Integral-range data from heavy-ion reactions with Bi. 
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Beam Total Target Min av Max av 
energy, degrader thickness range, Ryo range, Ro Min Max 
Ey (mg/cm? (mg/cm? (mg/cm? (mg/cm? Eeq Feq Min Max 
Projectile (Mev) Al) Bi) Bi) Bi) (Mev) (Mev) Feq/Ecn Eeq/Eon 

Cc 63.2 41.9 1.143 0.54 0.54 4.2 4.2 1.28 1.28 
Cc 64.8 41.0 1.248 0.50 0.59 3.9 4.5 1.16 1.34 
Cs 67.3 39.7 0.990 0.53 0.55 4.1 4.3 1.17 1.23 
Cc Fie 37.6 1.049 0.50 0.51 4.0 4.0 1.08 1.08 
cz 80.4 32.2 2.945 0.42 0.47 3.3 3.7 0.79 0.89 
Cc 81.4 31.6 0.971 0.39 0.52 3.1 4.1 0.73 0.97 
cr 94.0 23.5 1.143 0.32 0.53 2.6 4.1 0.53 0.84 
cz 94.7 22.9 3.404 0.31 0.42 2.6 3.4 0.53 0.69 
ce 101.4 18.2 3.136 0.30 0.39 2.4 3.1 0.46 0.59 
Cc 105.5 15.3 1.049 0.35 0.49 2.8 3.8 0.51 0.70 
cz 107.4 13.8 1.058 0.36 0.48 2.9 3.7 0.52 0.67 
| On 116.5 6.6 3.136 0.35 0.49 2.8 3.8 0.47 0.64 
Cc 117.7 5.6 0.908 0.33 0.40 2.7 3.2 0.45 0.53 
N" 84.6 31.7 1.482 0.65 0.69 4.9 5.2 0.97 1.03 
N'# 111.9 19.1 2.26 0.42 0.52 3.4 4.1 0.51 0.62 
N4 135.2 6.2 2.461 0.32 0.45 2.6 3.6 0.33 0.45 
ols 110.0 23.5 2.26 0.52 0.56 4.0 43 0.54 0.59 
or 145.7 9.4 2.461 0.33 0.41 2.7 3.3 0.28 0.34 
Ne” 159.4 13.9 0.88 0.49 0.50 3.8 3.9 0.30 0.30 
Ne” 181.8 7.8 0.88 0.42 0.48 3.3 3.8 0.23 0.26 








evaporation process causes additional range straggling. 
This effect has been estimated for nucleon evaporation 
in reference 1. These combined effects are included in 
pen. If the distribution of recoil velocities is greater 
than that for nucleon evaporation from a compound 
nucleus, py will be larger than pen. This effect can arise 
in two ways: (a) evaporation of particles heavier than 
nucleons, or (b) a distribution of velocities from the 
initial impact, i.e, from noncompound-nucleus 
reactions. 

In addition to the recoil measurements, a limited 
number of cross-section measurements are reported 
below for the production of Tb'*® and At*". These nuc- 
lides were identified by observations of the half-life. 


DISCUSSION 


We have studied some reactions that lead to the pro- 
duction of Tb'® and several that lead to At and Po 
products. For the Tb'® studies it is possible to specify 
the number of nucleons emitted in the reaction and the 
maximum number of protons that could have been 
emitted. In the latter case it is not known whether pro- 
tons were emitted singly or in aggregates such as deu- 
terons, alpha particles, etc. In the reactions of Ba with 


Ne” and Ne” and of Pr with O'*, Tb’ is a cumulative 
product, i.e., may also have been formed indirectly 
from beta decay of Dy" in addition to direct formation. 
In these reactions nuclear fission is probably not a seri- 
ous competitor. The studies of At and Po are quite 
different in that identification of the observed nuclides 
was not usually possible with our techniques. Also the 
competition from the fission processes is certainly an 
important aspect of these studies. We will discuss the 
Tb™ studies first, then the At and Po experiments. 


(HI,xn)Tb'** Reactions 


Most recoil studies of the (HI,+n)Tb"® reactions re- 
sulted in Gaussian range distributions and, therefore, 
are in the group-1 classification. Three types of evidence 
point to a compound-nucleus mechanism for these 
reactions: (a) The measured ranges from several dif- 
ferent reactions give rise to one curve when plotted 
against Een. (b) The values of the range of each reaction 
extrapolated to the threshold also lie on this curve. 
(c) The measured values of p for these reactions are 
a function of the range and are in qualitative agreement 
with stopping theory.’ For other reactions the values 
of p vary widely (see below). 


TABLE VI. Integral-range data from heavy-ion reactions with Pb. 














Total Target Min av Max av 

Beam degrader thickness range, Ro range, Ro 
energy (mg/cm? (mg/cm? (mg/cm? (mg/cm? Min Max Min Max 

Projectile (Mev) Al) Pb) Pb) Pb) Euq Ee Feq/Eon Eeq/Ecn 

cs 75.8 34.9 0.968 0.49 0.50 3.9 3.9 0.98 0.98 
cz 91.1 25.4 0.967 0.55 0.55 4.3 43 0.90 0.90 
cz 109.2 12.4 0.974 0.53 0.54 4.1 4.2 0.71 0.73 
or 97.1 27.9 1.077 0.72 0.74 5.4 5.6 0.82 0.85 
or 134.9 13.9 1.077 0.52 0.60 4.1 4.6 0.45 0.50 











NUCLEAR REACTIONS 

Several studies of the reaction Pr'(C",4n)Tb™® did 
not result in Gaussian range distributions. In one ex- 
periment two successive foils far beyond the most active 
foil contained the same amount of activity (approxi- 
mately 10% of the peak value). We assumed that this 
activity was due to activation of these catcher foils 
and, therefore, that all the foils were similarly activated. 
The corrected data from this experiment are listed as 
the first entry in Table II. A similar correction was made 
for the second entry. The “raw” data and the data with 
the “extra” activity subtracted are given. Within this 
uncertainty the results of both experiments are con- 
sistent with compound-nucleus formation. 

The N* irradiation of CeO, targets was reported to 
result in products with short ranges and a non-Gaussian 
range distribution.* We have repeated these studies 
with Ce metal targets as well as the CeO, previously 
used. The energy of the alpha particles from the CeO, 
experiments was found to be greater than 6 Mev, com- 
pared to 3.95 Mev for Tb’.? The energy and decay 
period of the alpha activity produced from Ce-metal 
targets were characteristic of Tb™®. The range distribu- 
tions observed from Ce-metal targets were all Gaussian. 
These results are given in reference 1. The CeO: tar- 
gets must have contained heavy-element impurities: 
hence, the results reported with these targets® are 
incorrect. 


Ba(Ne” and Ne”, pxn) Reactions® 


The cumulative production of Tb"® recoil atoms has 
been observed in reactions of Ne” and Ne” with Ba. 
Of the several Ba isotopes in the target, Ba'®* with a 
71.7% abundance is probably the most important for 
the bombarding energies in this study. The Ne” experi- 
mental results were consistent with a Gaussian range 
distribution and were included in the group-1 experi- 
ments reported in the preceding paper.' The results of 
the Ne” bombardments, which are quite different from 
those for Ne”, are given in Table II and are shown 
in Fig. 1. 

Two very distinct range groups can be seen in Fig. 1 
for the Ne” experiments. Values of Ro and py were cal- 
culated for the longer range group by assuming it to 
have a symmetrical range distribution. The values of 
Eq/Ecx and pm/peon for the long-range group are ap- 
proximately unity. The products in the short-range 
group were stopped in the first catcher foil, which was 
0.9 mg/cm? Al thick. Therefore, these ranges are less 
than this amount. From Fig. 1 we see that the products 
are about equally divided between the two groups. 
These results are further complicated by the presence 


6 J. M. Alexander and L. Winsberg, Proceedings of the Second 
Conference on Reactions between Complex Nuclei, Gatlinburg, 
Tennessee [John Wiley & Sons, New York (to be published) ]. 

7D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, No. 2 (1958). 

8 For consistency of notation we denote each reaction by the 
maximum number of protons that can be emitted. 
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Fic. 1. Differential range studies of the reaction Ba(Ne™,pxn)- 
Tb™, Total absorber thickness is denoted by ¢. The average range 
of the long-range group is designated by the arrows labeled Ro. 
Average ranges expected for compound-nucleus formation are 
shown by the arrows labeled /en. 


of half-lives smaller and larger than 4.1 hr in both 
groups. We did not collect sufficient data to identify the 
shorter lived components. The longer lived component 
decayed with a half-life of approximately 20 hr. The 
nuclide Tb'® does decay with this half-life, but its 
branching ratio’ for alpha-particle emission (3X 10-*%) 
is too small to account for our results. No measurement 
was made of the alpha-particle energies. Therefore, 
heavy element impurities may account for the short- 
range products, as in the study of the Ce(N"“,«n)Tb" 
reaction. 

The cross section for the formation of Tb'® from Ba 
is about ten times greater for Ne” than for Ne” in the 
energy region that we have explored (see later discus- 
sion). We are unable to explain this striking difference. 


Pr"! (0'*,266n)Tb™ 


The production of Tb™® from Pr by O!* bombard- 
ment has a special interest because of the possibility 
of alpha-particle emission. The results of several studies 
of this reaction are given in Table II and shown in 
Fig. 2. At the higher bombarding energies, the range 
distribution is Gaussian and both E.4/Ecn and pm/pcn 
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Fic. 2. Differential range studies of the reaction Pr! (O'*,2 p6n)- 
Tb™. Total absorber thickness is denoted by ¢. Average ranges are 
designated by the arrows labeled Ro. Average ranges expected for 
compound-nucleus formation are shown by the arrows labeled 
Eon. 


are essentially unity. These results are evidence for 
compound-nucleus formation. 

For 115-Mev O"* ions, the range distribution is very 
broad and not Gaussian, and the value of E.,/Een is 
much less than unity. From the range distribution shown 
in Fig. 2, it appears that only about one-half the ob- 
served activity can be explained by compound-nucleus 
formation. The products with ranges less than the value 
of Ro may be due to heavy-element impurities (see 
above). 


Cross Sections for Tb'*® Production 


As a by-product of the range measurements, we also 
obtained values of the cross section for the formation 
of Tb"*. The branching ratio for alpha decay is approxi- 
mately 10%.° Complete excitation functions have not 
been obtained for any reaction. The beam intensity was 
monitored by a Faraday cup, which may have syste- 
matic errors as large as 40%. All of the Tb experiments 


*L. Winsberg, Bull. Am. Phys. Soc. 3, 406 (1958). 
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were of the differential-range type, and the targets were 
of necessity very thin. For these several reasons, the 
absolute values of the cross section may be in error by 
as much as 50%. Nevertheless, these fragmentary re- 
sults do shed some light on the nature of the reactions. 
The values of the cross section are shown in Fig. 3 
as a function of the quantity (E,A7r/(As+Ar)+Q)/n. 
The bombarding energy is denoted by £,, and the mass 
number by A, the mass difference between reactants 
and products by Q, and the number of nucleons emitted 
by n. The subscript 6 is for the bombarding particle, 
and T is for the target. The values of Q for Fig. 3 are 
calculated for reactions in which the nucleons are 
emitted singly. The points shown by open symbols repre- 
sent reactions in which charged particles can be emitted; 
closed symbols are for reactions in which only neutrons 
are emitted. The quantity £,A7r/(A,+Ar)+(Q is the 
energy left in the center-of-mass system after comple- 
tion of the reaction. If all of this energy is given to the 
emitted nucleons, the abscissa of Fig. 3 gives the average 
kinetic energy of these nucleons. Where the target 
element has several isotopes, the plotted points are 
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Fic. 3. The cross section for Tb'® production as a function of 
the maximum kinetic energy available in the center-of-mass 
system, E,47/(A,+Ar)+Q, divided by the number of nucleons 
emitted, m. Closed symbols are for (HI,xm) reactions: square, 
Pri41(C!2.4n)Tb™; diamond, Ce(N'‘,5n)Tb™; triangle, La™- 
(O'8,6n)Tb™; inverted triangle, La! (O'*,8)Tb'. Open symbols 
are for reactions in which charged particles can be emitted: 
pentagon, Ba8*(Ne”,»8n)Tb™; circle, Ba"**(Ne*,p10n)Tb™; tri- 
angle, Pr'*!(O'*,26n)Tb™. Values for reactions that occur by 
compound-nucleus formation, according to the recoil measure- 
ments, are connected by solid lines. The other cases are connected 
by dashed lines. 
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based on the most abundant isotope (mass 138 in the 
case of Ba and mass 140 in the case of Ce). 

Several features in Fig. 3 are noteworthy: 

(a) The (HI,«n)Tb' reactions have much lower peak 
cross sections than the reactions Pr''(O'*,2p6n)Tb' or 
Ba'*(Ne”,p10n)Tb™. In the latter two reactions, 
charged particles can be emitted. 

(b) The average available kinetic energy of the 
emitted nucleons at the peak value of the cross section 
is about 3 Mev for (HI,xn) reactions and is equal to or 
greater than 6 Mev for the reactions Pr (O'*,2p6n) Tb” 
and Ba®*(Ne*,p10n)Tb™. 

(c) The values of the cross section for the production 
of Tb’ from Ne”® bombardment of Ba are much smaller 
than those from Ne” bombardment of the same target. 

The recoil properties indicate that many of the re- 
actions studied occur by compound-nucleus formation. 
The cross-section values in Fig. 3 for those reactions 
that appear to occur by this mechanism are connected 
by solid lines. If we assume that the cross section for 
compound-nucleus formation is given by crude barrier- 
penetration calculations,’ it is possible to draw some 
conclusions about the nature of the decay of the com- 
pound nucleus. 

The maximum cross sections for (HI,x«n)Tb"™® reac- 
tions are all less than about 1/20 of the calculated 
cross section for compound-nucleus formation.!® We con- 
clude that reactions predominate in which one or more 
charged particles are emitted. Further evidence for this 
conclusion is the magnitude of the peak cross sections for 
thereactions Ba(Ne”, pan) Tb" and Pr"! (O'* 2 p6n) Tb" 
(cumulative production of Tb'’). These reactions ap- 
pear to be much more probable than those involving 
only neutron emission. Measurements of the cross sec- 
tion for neutron production also indicate that the emis- 
sion of charged particles is important." 


Au'*?(O'®, 2pxn or 3pxn)At, Po 


We have studied the formation of alpha-emitting 
isotopes of At and neighboring elements by O"* irradia- 
tion of Au. Decay curves indicate the presence of many 
components, and no attempt was made to identify 
individual products. We assume that most of these pro- 
ducts are isotopes of At and Po. The results are given 
in Table V and Fig. 5 of the preceding paper and in 
Table III here. For incident O'* energies of about 100 
Mev or less, the values of E.g/Ecn and pu/pcn are 
approximately unity. As the incident energy is increased, 
the value of E,,/Ecn decreases and of pu/pcen increases 
significantly. These results are evidence for the occur- 
rence of noncompound-nucleus processes which take 
place with increasing importance as the bombarding 
energy is increased. 


1 T. D. Thomas, Phys. Rev. 116, 703 (1959). 
11, L. Hubbard, R. M. Main, and R. V. Pyle, Phys. Rev. 118, 
507 (1960). 

































































INDUCED BY HEAVY IONS 535 
7 
lO [- | | | 
+ Teen = 5.4 Mev 
5 R, a 
i +104-Mev C'? 
ioe Bit si | — 
CE gy= 3.6 Mev + 
' 
ae oe . 
= 10° Ro a 
| is _— 
. Bi + 69-Mev C!2 
= E-u= 3.4 Mev 
a 10e— 3 a 
Ss ‘i t J 
2 g Ro 12 4 
= i + 65-Mev C 
= 10°} 8 - ny 
oO -— - 
ra a i 
m4 /— Eon= 3.0 Mev _ 
ere ' se See 
. te ‘ 
2 — 
wine 4 
\ObK— aed 
- Bi+59-Mev C!@ “ 
+ See pe re Eh ee 
O 0.2 O04 06 0.8 1.0 


t (mg/cm?) 


Fic. 4. Differential range studies of the reaction Bi®(C!?,?)At, 
Po. Total absorber thickness is denoted by ¢. Average ranges are 
designated by the arrows labeled Ro. Average ranges expected for 
compound-nucleus formation are shown by the arrows labeled 
Eon 


Bombardments of Bi and Pb 


In the experiments given here we have observed the 
gross alpha-particle activity produced in heavy-ion 
bombardments of Bi and Pb. From consideration of the 
decay periods and alpha-particle branching ratios one 
would expect most of the observed nuclides to be spalla- 
tion products of Po, At, Em, and possibly Fr. These 
species could be formed directly or from radioactive 
decay of short-lived parents. Indeed, we did observe very 
complex decay curves in many experiments. Fission is 
more probable from a compound nucleus with its high 
excitation energy than from the less excited products 
of interactions involving incomplete momentum trans- 
fer. Thus, these experiments are expected to be sensitive 
to noncompound-nucleus processes. 

The results of differential experiments with Bi targets 
are given in Table IV. Table V summarized the integral 
experiments. Integral experiments with Pb targets are 
presented in Table VI. The measured range values often 
varied considerably with time. The extreme values are 
given in Tables V and VI. 
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Fic. 5. Values of E.q/Ecn for the reaction Bi(HI,?)At, Po vs 
the incident energy divided by the barrier energy. Here Eeq is 
the recoil energy corresponding to a measured range and Een is 
the recoil energy if a compound nucleus is formed. Closed symbols 
are from differential experiments and open symbols are from 
integral experiments. The symbols for various projectiles are: 
square, C”, diamond, N™, triangle, O'*, inverted triangle, O'%, 
hexagon, Ne”, and circle, Ne®. 


In all of these experiments, the gross alpha radio- 
activity decayed with half-lives greater than about 10 
min. The decay curves indicated the presence of many 
nuclides when the incident-beam energy was greater 
than approximately 1.3 times that of the Coulomb bar- 
rier (ro taken to be 1.5 fermis). For bombarding energies 
less than this amount, the decay curves could usually 
be resolved to show the presence of a prominent 7.3-hr 
half-period. We assigned this activity to 7.3-hr At", 
which has an alpha-branching ratio of 41%.” Donovan 
has verified this assignment by measuring the energy 
of these alpha particles for a 65-Mev C® irradiation 
of Bi, 

We have studied the reactions of C” with Bi? at 
a number of bombarding energies. Histograms of the 
differential experiments are shown in Fig. 4. From this 
figure we see that all of the range distributions are very 
broad and unsymmetrical. For this reason the integral 
method was used only to measure Rp. In Fig. 4 we note 
that at the highest incident energy the measured average 
range is less than the range expected if a compound 
nucleus is formed. For incident C” energies of 59 to 69 
Mev, the observed value of the average range is larger 
than that expected from compound-nucleus formation 
(see Table IV and Fig. 4). We have confirmed this result 
by integral range measurements (see Table V). 

Very similar recoil behavior was observed for Bi?” 
reactions with N"™, O'®, O'8, and Ne”. The results are 
summarized in Fig. 5. For all projectiles studied, the 
value of E.,/Ecn is less than unity for incident energies 
more than about 1.3 times the barrier energy. For all 
projectiles, with the possible exception of Ne”, the value 
of E.q/Ecn is greater than or about equal to unity for 
incident energies near that of the barrier. In Fig. 6, 
range histograms for the reactions of O'* and N™ with 


2 P. F. Donovan, Bell Laboratories, Murray Hill, New Jersey 
(private communication). 
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Bi are compared to those experiments with similar 
values of Econ that were used to establish the range- 
energy relationship. Clearly, the average range and the 
width of the distribution are much greater for the Bi 
reactions. 

Further information concerning these nuclear reac- 
tions with Bi is provided by the excitation functions. 
The cross sections for the formation of At*" as a function 
of the bombarding energy divided by the barrier energy 
are given in Fig. 7. If no clear resolution of the decay 
curve was possible, an upper limit to the 7.3-hr activity 
was obtained, as indicated by the points with an arrow 
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Fic. 6. Differential range studies of At and Po produced in 
various reactions. Average ranges are designated by the arrows 
labeled Ro. For the Bi experiments, the arrows labeled Ecy show 
the average range expected for compound-nucleus formation. The 
experiments with Ir and Au targets were used to determine the 
energy dependence of range and range straggling. Hence, the 
arrows for Rp and Een coincide for these cases 


pointing downward. Although the measurements are 
fragmentary, except for C”, several statements can be 
made: (a) At energies near the Coulomb barrier the 
cross section for At®"' production by C, O"*, and Ne” is 
about one-fourth that calculated for compound-nucleus 
formation,” (b) For incident energies equal to or slightly 
greater than the barrier, C”, O'®, and Ne” form At®" 
in much higher yield than N™, O'8, and Ne”. 

The recoil measurements indicate that compound- 
nucleus formation is certainly not the major mechanism 
of these reactions (p/pcn>1 even though E.,/Ecn~1 
in some cases). This is not surprising because the fission 
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reaction is expected to result in high probability from 
compound nuclei that are formed. The products that 
we have observed are those that survive fission competi- 
tion. Therefore they are more likely to result from 
noncompound-nucleus processes. Several nucleons must 
be transferred from the projectile to the target to form 
the nuclides that we have observed. The high cross 
section for the formation of At®''—only one of the pos- 
sible products from multiple-nucleon transfer processes 

indicates that noncompound-nucleus reactions com- 
prise a large fraction of all the reactions. 

The projectiles, C”, O'®, and Ne”, which may have 
structures consisting of bound alpha particles, are par- 
ticularly effective in forming At*". This suggests the 
possibility of alpha-particle transfer to the target 
nucleus. 

The fact that E.q/ Fen is less than unity for the higher 
initial energies indicates that particles must be emitted 
preferentially in the forward hemisphere. In order to 
explain values of E.,/Ecn that are greater than unity, 
particles must be emitted in the backward hemisphere 
in the center-or-mass system. For this type of reaction, 
the recoil nucleus can obtain more momentum than the 
incident beam particle. This can result either from an 
angular distribution that is symmetric about 90° in the 
center-of-mass system [reference 1, Eqs. (10) and (11) ] 
or from a preferred emission of particles in the backward 
direction. Using the exact form of Eq. (10), we have 
calculated the maximum possible value of E.,/Ecn for 
the reaction of 84.6-Mev O'* with Bi? to be 1.38 (This 
value is obtained if the products are At™ and C™.) This 
is approximately 30% less than the experimental value 
of 1.93 (see Table IV). If the particles are emitted back- 
wards, the maximum possible value of £.4/Een is 3.45. 
We conclude that the particles are emitted preferentially 
in this direction. It is interesting that these reactions 
occur only for incident energies nearly equal to the 
energy of the Coulomb barrier. The projectiles with 


these low kinetic energies must have small impact 
parameters if they are to react. Therefore, the promptly 
emitted particles should be directed preferentially 
backwards. 


A few studies were made of heavy-ion reactions with 
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Fic. 7. Cross section for the reactions Bi®(HI,?)At*" vs the 
incident energy divided by the barrier energy. Symbols for various 
heavy ions are: square, C”, diamond, N%, triangle, O"*, inverted 
triangle, O'8, hexagon, Ne™, and circle, Ne®. Symbols with arrows 
attached designate upper limits. 


Pb (see Table V). The results are similar to those for 
Bi in that £.,/Een is less than unity for high incident 
energies. Also E,,/cn increases as the incident energy 
decreases. A further study of these reactions should 
prove very interesting. 
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Influence of Magnetic Interaction on Nuclear Orientation of Cobalt-60 
in Rare-Earth Double Nitrates* 
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The effect of ionic spin-spin interactions on nuclear orientation of cobalt-60 in cerous zinc nitrate has 
been investigated in single-crystal spherical samples cooled below 1°K by adiabatic demagnetization. An 
experimental demonstration is given that Ce-Co interaction is indeed the cause of the apparently anomalous 
alignment data. By hypothesizing the existence of a temperature-dependent internal magnetic field, exerted 
on cobalt ions by cerium dipoles, a simple but quantitatively satisfying description of the observed phe- 
nomena is obtained. In the theoretical calculations, measured values of g factors and hfs splittings of cobalt 
ions in the cerium salt are used. Crystal structure information is invoked only for the purpose of a symmetry 
argument. The effectiveness of Ce-Zn nitrate as a paramagnetic medium for nuclear orientation experiments 


is pointed out. 





INTRODUCTION 


HE popularity of cerous magnesium nitrate,' 
Ce.Mg;(NOs3)12-24H,O, as a paramagnetic me- 
dium for nuclear orientation experiments below 1°K 
depends on its striking thermal and magnetic proper- 
ties.2~* These are (a) its low specific heat, due only to 
dipole-dipole interaction between cerium ions,’ which 
makes possible the attainment of very low temperatures 
(near 3X10-*°K) by adiabatic demagnetization,‘ and 
(b) the extreme magnetic anisotropy of the individual 
cerium ions,’ a valuable property when small magnetic 
fields are to be applied.* 

Unfortunately, in spite of these advantages a general 
feature of the results is that the anisotropy of gamma- 
ray emission (a measure of the orientation) is signifi- 
cantly less than that predicted on the basis of the 
hyperfine structure splittings of the individual ions 
which contain the radioactive nuclei.5.® In addition, 
the temperature dependence is sometimes quite unex- 
pected, the anisotropy passing through a maximum and 
decreasing as the temperature is lowered.*:? Although 
it appears reasonable to ascribe such effects to magnetic 
interactions with the cerium ions which serve as cooling 
agents, theoretical treatments involving “high’’-temper- 

* Supported in part by the National Science Foundation and a 
contract for helium gas with the Office of Naval Research. 

7 Present address: International Business Machines Research 
Laboratory, Poughkeepsie, New York. This paper is based in 
part on a thesis submitted by M. W. L. to the Graduate School 
of the University of Kansas in partial fulfillment of the require 
ments for the Ph.D. degree. Some of these results were reported 
briefly at the Seventh International Conference on Low-Temper- 
ature Physics at Toronto, Canada, August 29, 1960 (unpublished). 

1 Abbreviated CMN. 

2 E. Ambler, M. A. Grace, H. Halban, N. Kurti, H. Durand, 
C. E. Johnson, and H. R. Lemmer, Phil. Mag. 44, 216 (1953). 

3A. H. Cooke, H. J. Duffus, and W. P. Wolf, Phil. Mag. 44, 
623 (1953). 

. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 
(1953). 

5 C. M. Schroeder, thesis, Ohio State University, 1957 (unpub- 
lished). We are indebted to Dr. Schroeder for sending us graphs 
of his calculations and experimental results. 

*E. Ambler, R. P. Hudson, and G. M. Temmer, Phys. Rev. 
97, 1212 (1955); 101, 196 (1956). 

™M. A. Grace, C. E. Johnson, N. Kurti, H. R. Lemmer, and 
F. N. H. Robinson, Phil. Mag. 45, 1192 (1954). 


ature approximations have failed to account for the 
discrepancies.*-” 

In order to study the influence of interactions on the 
orientation of a nuclide with a well-known decay 
scheme, we have chosen cobalt-60 incorporated into 
divalent sites in cerium zinc nitrate (CZN), a crystal 
isomorphous with CMN but having somewhat more 
favorable properties for this study, as explained below. 
The gamma-ray anisotropy has been studied as a 
function of temperature (or entropy), magnetic field, 
and concentration of cerium ions. The complete pattern 
of emission was also checked at the lowest temperature. 

We shall show that interaction effects may be 
quantitatively accounted for by the hypothesis of a 
temperature-dependent internal magnetic field acting 
upon the cobalt ions. This field is presumed to be set 
up by the cerium magnetic moments. Above ten milli- 
degrees interaction effects appear to be negligible.® 

In the succeeding sections we shall present the 
relevant properties of CZN, the theory appropriate to 
this experiment and our modification of it, and a 
complete comparison with the experimental results. 


I. THEORY 
A. Resonance Parameters 
A calculation of the expected nuclear orientation 
effects starts with the energy levels and eigenstates of 
the individual cobaltous ions containing Co nuclei. 
These may be deduced from paramagnetic resonance 
data expressed as values of the parameters in the spin 
Hamiltonian” : 
5C= g)\HS.+¢.8(H.S.+H,S, 
+AI,S.4+BS:4+1,S,), (1) 


appropriate to Co*+ ions, which have axial symmetry in 


this salt ; the effective spin S= 4}. A complication typical 

§N. R. Steenberg, Phys. Rev. 93, 678 (1954). 

9 J. M. Daniels, Can. J. Phys. 35, 1133 (1957) 

1 W. R. Wright, thesis, Harvard University, 1957 (unpub 
lished). 

A, Abragam and M. H. L. 
A206, 173 (1951). 


Pryce, Proc. Roy. Soc. (London) 
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TABLE I. Microwave resonance parameters of paramagnetic ions 
in CegLag—-aCopZn3-5 (NOs) 12° 24H,0. 





Ton a=0, b=0.005 
Co**X: 


a=2, b=0.025 


4.34+0.04 
4.28+0.04 
95+2 
95+2 
54.3 
54.3 


gu 4.37+0.01 
£1 4.31+0.01 
A (Co*®) & 104 cm=! 98.9+0.5 
B(Co*) X 104 cm=! 94.5+0.5 
A (Co®) & 104 cm 56.2 
B(Co®) < 104 cm 54.3 
CoV: 
gu .36240.010 
.337-+0.005 


7 7.18+0.10 
81 2 
A (Co®) X 104 cm= 92+1 

3 

7 

2 


2.38+0.08 
291+15 
<30 
5 166 


<20 


B(Co®) & 104 cm= ; 

A (Co®) & 104 cm ) 

B(Co®) X 104 cm < 
Ce**: 

gu tee 0.25+0.05 

&1 eee 1.823+0.007 








of the double nitrates occurs in CZN, namely that 
Co*+ ions (or rather hydrated complexes [Co-6H,O }**) 
occupy two different types of crystallographic sites 
called “X sites” and “Y 12 These sites give 
different distortions to the cobaltous ions and conse- 
quently different magnetic properties" which may be 
characterized as nearly isotropic and highly anisotropic, 
respectively.” Table I lists the g factors and hfs con- 
stants in Eq. (1) for small amounts of cobalt in CZN 
and isomorphous diamagnetic lanthanum zinc nitrate 
(LZN), and for cerium. Though broadened by the 
presence of cerium, the cobalt spectra in CZN were 
sufficiently resolved to determine the parameters to 
the precision specified. As Table I indicates, A and B 
are measured for Co® and have to be scaled for Co™ 
using the known spin and magnetic moment of each." 

In samples of LZN containing no Ce and 0.5% Co, 
the relative numbers of X and Y ions were calculated 
from the ratio of intensities of the two spectra, corrected 
for the relative sizes of the matrix elements for the 
transitions observed. The result obtained was Vx/Ny 
= 1.80+0.20. This ratio is more difficult to measure in 
crystals containing large amounts of cerium, for the 
reasons discussed in another paper.“ Thus it was not 
possible to determine directly the ratio for one of the 
samples actually used in these experiments. Nor were 
the resonance measurements sufficiently extensive or 
precise to show whether the ratio varies with cobalt or 
cerium concentration, conditions of crystal growth, etc. 
For these reasons we have allowed a restricted variation 
in the ratio to give a best fit of the orientation data. 

A comparison of Table I with resonance data for 
CMN®!5 shows a high degree of similarity, including 


sites. 


2 R. S. Trenam, Proc. Phys. Soc. (London) A66, 118 (1953). 
18 J. E. Mack, Revs. Modern Phys. 22, 64 (1950); also W. 
Dobrowolski, R. V. Jones, and C. D. Jeffries, Phys. Rev. 101, 
1001 (1956). 

4 J. W. Culvahouse, W. Unruh, and R. C. Sapp (to be pub- 
lished). 

165 W. B. Gager, P. S. Jastram, and J. G. Daunt, Phys. Rev. 
111, 803 (1958). 
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the value of Nx/Ny. This latter fact was somewhat 
disconcerting in that our original motivation for 
choosing the Zn salts, rather than Mg, was the hope of 
significantly influencing the Nx/Ny ratio by virtue of 
the near equality in size of cobalt and zinc ions. How- 
ever, when our initial orientation experiments showed 
that CZN produces substantially larger gamma ani- 
sotropies than does CMN,‘ we elected to continue work 
on the Zn salts because of their potentially greater 
usefulness. In addition, the fact that the anisotropy 
again passed through a maximum indicated that strong 
Ce-Co interaction might be present in CZN and could 
be conveniently studied in this salt. 
B. Energy Levels and Populations 

Eigenvalues E; of the energy matrix corresponding 
to Eq. (1) are easily obtained, since in all cases of 
present interest the matrix breaks up into 2X2 sub- 
matrices. Thus the eigenstates y; are linear combina- 
tions of two eigenstates y,, of J, with mixing coefficients 
Cim; m is the nuclear magnetic quantum number giving 
the projection of the nuclear spin on the symmetry axis 
(z axis). Assuming the cobalt ions are in equilibrium at 
temperature 7, a normalized Boltzmann population 
distribution (V;/N) over the energy levels of Co may 
be computed, where we have let V;=number in state 
y,;, and N=total number of nuclei. 


C. Angular Distribution 


Steenberg!® has shown that the angular distribution 
of either gamma ray emitted in the Co decay scheme 
[5(8,1)4(y,2)2(y7,2)0 ] is 


+5 
vo= > 


m=—5 


( N wi N)W al ); 


where the relative population of state y,, is given by 
(Nm/N)= Xi Cim?(Ns/N), (3) 


and the angular distribution of radiation from this state 


1S 


W m(@) = 1— (1/21) (m?— 10) J2P2(cosé) 


( 
— (1/252) (m*—25m?+-72)J4P4(cosé). (4) 


Here @ is the polar angle measured from the axis of 
orientation; P, and P, are Legendre polynomials. J2 
and J, are attenuation factors due to finite counter 
geometry, and were 0.9325 and 0.803, respectively, for 
our counters.!’ The effect of the preceding @ transition 
is included in Eq. (4), and it is assumed that no reori- 
entation effects occur in the intermediate states of the 
cascade. 
After calculating W(@) for the X and Y ions indi- 
vidually, we computed a weighted superposition : 
W (0)= (1/N)[NxWx(0)+NyWy(6) ] (Sa) 
= 1+ A oP2(cos@)+ A 4P4(cos@). (5b) 
ee ‘ 
16 N. R. Steenberg, Proc. Phys. Soc. (London) A65, 791 (1952). 


17See A. L. Stanford, Jr., and W. K. Rivers, Jr., Rev. Sci. 
Instr. 30, 719 (1959). 
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Finally, letting 2=0 and 2/2, one obtains the anisotropy 
€ as it is customarily defined'*: 
e=1—W(0)/W (r/2). (6) 
Such calculations were carried out as functions of 
(1/7) for externally applied fields of zero and 300 
oersteds, completely neglecting interactions and using 
the parameters appropriate to diamagnetic LZN. In 
Sec. III the results will be displayed along with the 
experimental data for direct comparison. Further 
presentation of theory, modified to include Ce-Co 
interactions by an internal-field model, will be post- 
poned to Sec. IV, after the relevant experiments have 
been discussed in Secs. II and ITI. 


II. EXPERIMENTAL DETAILS 


Since our experimental procedures are quite standard 
in the nuclear orientation field,'* we shall mention them 
briefly and concentrate our attention on those aspects 
which are most germane to the discussion of results. 


A. Samples 

About 60 uC of Co™ activity was incorporated in 
each of two spherical single crystals” of CZN weighing 
1.7 g. In one crystal, the activity was homogeneously 
distributed throughout the sphere; we shall call this 
the “homogeneous” sample. Actually, this sample was 
not exactly spherical, the surface having a flat spot and 
a small surface fissure resulting from handling. Also, 
the interior was cloudy so that it was difficult to 
distinguish the orientation of the crystal axis with any 
precision. In spite of these imperfections, we believe 
that the results fairly represent the behavior of Co™ in 
a clear, spherical crystal of CZN, more so than, for 
example, would an elongated or flat sample with shape 
corrections of dubious validity applied. Microwave 
resonance of this sample gave g factors and hfs splittings 
consistent with Table I. 

To test for the presence of interaction effects by 
reducing the concentration of cerium, we decided to 
effect a complete separation of the cobalt from the 
cerium.” This was accomplished by confining the Co™ 
to a thin layer (about 0.1 mm thick) of LZN grown into 
the equatorial plane of a CZN sphere. Growth of the 
sphere was necessarily in three stages: first the lower 
hemisphere was grown, then the layer was deposited on 
it,” and finally the upper hemisphere was grown. The 

18 See the review article by R. J. Blin-Stoyle and M. A. Grace, 
Handbuch der Physik, edited by S. Fliigge (Springer-Verlag, 
Berlin, 1957), Vol. 42, p. 555 ff. 

1? Round single crystals were produced by the method of C. M. 
Schroeder, Rev. Sci. Instr. 28, 205 (1957). 

*” The amount of cobalt present in our samples when finally 
prepared is believed to be about 0.005 atomic percent, of which 
most is of course Co™. 

#1 Other dilution experiments have been reported by N. Kurti 
[Phys. Today 11, 19 (1958)] who used a 10% concentration of 
cobalt ions for cooling Co® in LMN;; only small anisotropies were 
produced. C. M. Schroeder (reference 5) tried 50% replacement 
of cerium by lanthanum. 


* Independent tests had shown that redissolving of the crystal 
can be avoided if properly saturated solutions are used. 
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resulting specimen contained 60 uC of activity; it was 
clear inside so that the crystal axis could be easily 
distinguished when the sample was oriented for mount- 
ing. In this sample, termed the “layered” sample, 
Ce-Co magnetic interaction should be completely 
negligible. Of course, adequate thermal contact between 
the cobalt-doped layer and the bulk of the cerium ions 
is required to insure cooling of the layer to the temper- 
ature of the cerium spin system. (This requirement 
appears to be satisfied only at the lowest temperatures, 
from the data presented in Sec. III. We leave further 
discussion of the heat transport problem for that 
section.) 


B. Cryogenics 


The specimen was suspended by taut threads from a 
glass frame imbedded at either end in CrK alum guard 
salts in such a way that the crystal axis was horizontal 
and mutually perpendicular to the (horizontal) field of 
a large iron electromagnet and to the (vertical) axis of 
a pair of mutual inductance bridge coils. The entire 
assembly was placed inside the sample chamber in a 
demagnetization cryostat which could be translated 
from the electromagnet into an arrangement of two 
counters and a pair of electronically regulated pseudo- 
Helmholtz coils which could be rotated about a vertical 
axis. Warmup times of several hundred seconds oc- 
curred, leading us to estimate an average heat leak of 
about 2-3 erg/sec, of which 1 erg/sec was radioactive 
heating. This estimate is based on the expectation, 
confirmed by experiment,” that the thermal capacity 
of CZN is about that of CMN.*4 

A transistorized version™ of the electronic mutual 
inductance bridge designed by Pillinger, Jastram, and 
Daunt® was employed to monitor the susceptibility x’ 
of the sample at a frequency of 148 cps. The amplitude 
of the measuring field was about 0.05 oersted rms. 
Calibration in the 1-4°K temperature range yields the 
magnetic temperature parameter 7*; the 7*—T rela- 
tionship for CZN is unknown, although it is probably 
similar to that of CMN.**° Because of this uncertainty, 
we have plotted all experimental results as functions of 
1/T*, and shall simply ignore any differences between 
T* and T when comparing with theory. We feel the 
difference is probably not of crucial importance for 
our discussion here. It should be noted that 7* in our 
work refers to a round sample, for which the departure 
from T should be less than for other shapes in the 
paramagnetic region. On the other hand, the 7*—T 

% A plot of entropy S/R versus the square of reciprocal magnetic 
temperature 7* in the high-temperature region (see reference 4) 
yields for CZN the specific heat constant (6.20.2) X 10~&R. 

% Full details are given in M. W. Levi, PhD. thesis, University 
of Kansas, 1960 (unpublished). 

2% W. L. Pillinger, P. S. Jastram, and J. G. Daunt, Rev. Sci. 
Instr. 29, 159 (1958). 

26D. de Klerk has criticized the 7*—T relationship for CMN 
given by Daniels and Robinson in reference 4; see Handbuch der 
Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1957), 


Voi. 15, p. 118. 
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relationship will depend on the type of ordering at the 
lowest temperatures. Also, in the ordered region 7* 
measured at 148 cps may differ appreciably from 7* 
measured at lower frequencies, ballistically, or stati- 
cally.?? 

A large number of adiabatic demagnetizations from 
fields between 3 and 25.5 kg and bath temperatures from 
0.95 to 1.15°K have been carried out, and only data 
extrapolated back in time to the instant of demagnet- 
ization have been used. These procedures eliminate 
distortion of the data due to inhomogeneous heat 
transfer. The exact time of demagnetization was known 
to within about two seconds, causing an uncertainty 
in extrapolation of +2 in 1/7* but usually a negligible 
error in the counting rates; see Sec. II D. 


C. Counters 


Gamma radiation detection was accomplished with 
two scintillation counters employing 1X 1-inch NaI(T]) 
crystals, 6199 phototubes, and their associated linear 
amplifiers and pulse-height selectors. Electronic scaling 
strips with a capacity of 100000 counts per channel 
fed a printer, the read-out-and-reset operations being 
automatically triggered by a synchronous timer every 
25 seconds. 

Tests for counter drifts were carried out by occasional 
“dummy runs’; the equipment had adequate short- 
term stability of 1-2%, necessitating no important 
drift corrections. Interchange of counter position served 
as a further check. 

For work in external magnetic fields up to 300 
oersteds, Conetic®® shields provided quite satisfactory 
magnetic shielding for the phototubes, which were also 
fitted with Lucite light pipes. Though the resolution is 
poor with the light pipes, this is not important when 
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Fic. 1. Warmup curves showing inverse magnetic temperature 
and counting rates parallel and perpendicular to the crystal axis 
vs time for Co™ in the homogeneous specimen of Ce-Zn nitrate 
(Hext=0) following adiabatic demagnetization at an entropy of 
0.28R. The letters D, C, and G denote the times when the de- 
magnetization was completed, when the counting cycle com- 
mences, and when exchange gas was admitted to the sample 
chamber, respectively. 

27 C, W. Dempesy and R. C. Sapp, Phys. Rev. 110, 332 (1958). 

28 Trademark, Perfection Mica Company. 


ORIEN 


TATION 


| 58 
300 


t(sec) 


26 
) 200 


IC, 100 300 ° 


l 400 

Fic. 2. Warmup curves showing inverse magnetic temperature 
and counting rates parallel and perpendicular to the crystal axis 
vs time for Co™ in the layered specimen of Ce-Zn nitrate under 
the same conditions as those listed with Fig. 1; the letters D, 
C, and G have the same significance. 


working with Co®. Only the photopeaks of the pulse 
spectrum were accepted by the pulse-height analyzers, 
effectively discriminating background and 
scattered gammas. 

The front faces of the counters were 35 mm from the 
center of the source, leading to the counter geometry 
correction factors previously quoted in Sec. IC. No 
source extension or decentering corrections were 
applied; these are corrected in first order by the 
normalization described in the next section. 


against 


D. Data Analysis 


Counter and bridge readings were plotted as functions 
of time for each demagnetization, and extrapolated 
back to the time of demagnetization to obtain 1/7 * 
and the counter readings Co(@) under conditions of 
homogeneous equilibrium. Dividing Co(@) by the 
counting rate at the end of a warmup, C,,(0), gives a 
normalized counting rate directly proportional to W (6). 

Most of the extrapolations were straight lines, unless 
the'data points definitely indicated a curvature. Limits 
of reasonable variation in 1/7,9* and Co(@) were esti- 
mated by eye; in 1/7 >* these were negligible and in 
Co(@) they were usually no greater than the statistical 
spread calculated from the recorded number of counts 
per 25 second interval (30 10'—50X 10° counts). 

The validity of the extrapolation procedure is 
illustrated by Figs. 1 and 2 which show typical plots 
of the raw readings for the homogeneous and the layered 
samples, respectively. We dwell on this point because it 
illustrates a common problem ininterpreting adiabatic 
demagnetization data. Though it is necessary to extra- 
polate to get meaningful values of the parameters being 
observed, at the same time some uncertainty is intro- 
duced. Inspection of Figs. 1 and 2 show that little 
difficulty is encountered in dealing with 1/7*, or with 
the counting rates for the homogeneous sample. On 
the other hand, C(0) for the layered sample is harder 
to handle, since the extrapolation is curved and must 
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be extended over nearly 20 seconds. It is quite possible 
to make an incorrect estimate of Co(0) in such cases as 
Fig. 2 depicts, especially in the direction of over- 
estimating the gamma anisotropy by several percent. 

We should like to suggest a qualitative reason for the 
time dependences seen in Fig. 2. The transient behavior 
of both C(@) and 1/7* seems consistent with rapid 
initial cooling of the layer by at least a portion of the 
CZN in good thermal contact with it, within the time 
required to get the first readings. Further, we note 
that a change in d(1/7T*)/dt occurs at about 130 sec, 
at which time dC(0)/dé also reaches a steady value; 
this may indicate that a temperature difference large 
enough to conduct beta-ray heat out of the layer has 
evolved during this time. 


E. Misalignment Error 


Aside from the extrapolation problem, it is also 
necessary to estimate the possible error due to misori- 
entation of the counters relative to the crystal axis. This 
is particularly important along the axis, where the 
greatest change of counting rate is ordinarily observed 
with Co”. Experimentally, we could rotate our counter 
circle in the horizontal plane until the maximum 
anisotropy was reached; this procedure, however, did 
not enable us to establish whether the crystal axis was 
exactly in the horizontal plane. We believe that the 
counter misalignment did not exceed 5°, for which the 
effect on the anisotropy [ Eq. (6) ] does not exceed 1.5%. 


III. RESULTS 


In the following sections we shall present and discuss 
the results for the two samples investigated. The case 
of zero external field (nuclear alignment), being most 
sensitive to interactions, will be dealt with first. Some 
of the results for an external field (nuclear polarization) 
may also require internal field effects for interpretation, 
although the comparison is less sure because of influence 
of the field on the magnetic thermometer. 


A. Homogeneous Sample in Zero 
External Field 


In Fig. 3 the open circles show the dependence of the 
experimentally determined ¢ on 1/7*, together with a 
theoretical curve of « vs 1/T neglecting interactions, 
calculated as described in Part I. For this curve we 
took the ratio Nx/Ny=1.6 since this value gives a 
somewhat better fit at “high” temperatures (1/7 < 100) 
than does 1.8, the value obtained from microwave 
resonance on LZN. Note that this variation is not 
outside the limits of uncertainty in the microwave 
value, since as previously remarked, it was not possible 
to estimate Nx/Ny precisely for CZN from the reso- 
nance intensities. The sensitivity of ¢ to this change in 
Nx/Ny at 1/T=100 is only about 1.5%. 

We want to emphasize that the theoretical curves in 
Fig. 3 are based on single-ion resonance parameters 
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Fic. 3. Anisotropy of gamma radiation due to alignment of 
Co® in round single crystals of Ce-Zn nitrate in zero external field. 
The theoretical curve for ¢ is calculated, neglecting interactions, 
as a function of 1/T using the resonance parameters in Table I 
for this salt and taking Vx/Ny=1.6. The upper curve neglects 
interactions while the dashed curve includes Ce-Co interaction 
by the internal field model described in Sec. IV of the text. The 
experimental points, vs 1/7*, are plotted for the homogeneous 
sample as open circles, the size of which indicates the estimated 
uncertainty. The circles with lines through them represent data 
for the layered sample under similar conditions. 


measured in CZN (with a small sacrifice in precision) 
and therefore cannot reasonably be doubted as to their 
relevance.* Having chosen Vx/Ny as explained in the 
preceding paragraph, the only other important uncer- 
tainty is the T*—T relation, which should not affect 
the high-temperature fit. Since no physically reasonable 
T*—T relation could distort the e(1/T) curve in this 
manner, the phenomenon is attributed to Ce-Co 
spin-spin interaction.'® 


B. Layered Sample in Zero External Field 


Study of the layered sample represents an attempt to 
demonstrate experimentally that the temperature de- 
pendence of ¢ is indeed caused by Ce-Co interaction. 
Such a demonstration seems desirable since, as Daniels 
has emphasized,’ the mere fact the cerium broadens 
the cobalt resonance lines':'® is incomplete evidence for 
perturbation of the nuclear orientation by this mecha- 
nism. Keeping in mind the possibility of insufficient 
cooling, we see in Fig. 3 anisotropies for the layered 
sample which are in direct contrast with those for the 
homogeneous sample. In particular, note that at the 
lowest temperatures € equals (and even appears to 
exceed) the expected value. Part of this steep rise is 
undoubtedly due to the fact that 1/7* becomes rela- 
tively constant while 1/T is really considerably larger. 
Also, there is some danger of overestimating by several 
percent the value of e¢, for the reason explained in 
Sec. II D. 

At higher temperatures we feel that the small values 
of ¢ reflect inadequate cooling of the Co™-doped layer 
because the portion of the CZN in good thermal contact 
with the layer has too little heat capacity to cool the 
layer close to the temperature of the bulk of CZN. 
(In this connection it seems significant to us that the 
steepest rise of « occurs precisely in the temperature 
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range where the cerium specific heat is expected to 
become large.*) Since « and 1/7* represent average 
properties of different parts of the sample, anisotropies 
oi about 10% can be explained assuming that the layer 
comes to equilibrium with only a thin slice of CZN 
roughly 0.1 mm thick. Presumably this would be the 
distance through which heat is transported in a few 
seconds after demagnetization. Thereafter, heating by 
beta absorption would cause the temperature of the 
layer of rise. As these estimates are rather crude, and 
present information on heat transport in paramagnetic 
salts at very low temperatures is quite meager,” we 
can only claim to have suggested a reasonable quali- 
tative explanation for the temperature dependence of 
the layered-sample data. Nevertheless, the relative 
values of ¢ for the two samples at the lowest tempera- 
tures clearly indicate the extent of Ce-Co interaction 
effects, which was our primary objective. We have 
rejected as unlikely the hypothesis that thermal equi- 
librium between Ce and Co ions is achieved at the 
lowest temperature more rapidly in the layered sample 
than in the homogeneous sample, a possibility which 
could be invoked to account for the differences noted 
in Fig. 3. 


C. Radiation Pattern at Low Temperatures 


In order to see whether the anomalous temperature 
dependence of ¢ for the homogeneous sample might 
reflect the evolution of an unusual radiation pattern, 
we undertook some studies of the pattern itself. Such a 
procedure is particularly advisable when nuclear ori- 
entation effects depart from simple expectations.” The 
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Fic. 4. Angular distribution of Co™ gamma rays in directions 
perpendicular (upper part) and parallel (lower part) to the 
crystal axis of Ce-Zn nitrate in zero external field as functions 
of 1/7*. Theoretical dependence of W(0) and W(x/2) on 1/T is 
also graphed for Nx/Ny=1.6 with interactions neglected (solid 
curves), and included (dashed curves) by the internal field model 
described in Sec. IV of the text. 


29 Assuming that heat transfer is a diffusion process in para 
magnetic salts at very low temperatures, as is suggested by 
C. G. B. Garrett, Magnetic Cooling (Harvard University Press, 
Cambridge, Massachusetts, 1954), p. 90, a consequence of the 
very poor diffusivity of such media is that heat is propagated 
very inhomogeneously, essentially as a ‘thermal shock wave.” 

* In simple situations ¢ is a convenient single parameter which 
completely characterizes the nuclear orientation; from the 
experimentalist’s viewpoint its dependence on the ratio W(0), 
W (x/2) has the advantage of minimizing the effect of certain 
counting errors such as that due to random timing scatter. 
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Fic. 5. Angular distribu 
tions W(@) of Co™ gamma 
radiation from Ce-Zn ni 
trate at an entropy of 
0.28R; Hext=0. (a) Homo 
geneous sample results com- 
pared with theory including 
interactions (Sec. IV of 
text), 1/7=300. (b) Lay- 
ered sample results fitted to 
theory neglecting interac 
tions at 1/T=300. Solid 
curve is 

1—0.267P,—0.083P,. 
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reason for this is that the definition of e [Eq. (6)] 
involves only the ratio W(0)/W(x/2), and therefore in 
principle it conveys less information than do W (0) and 
W (x/2). In addition, if multiaxial spin alignments are 
developed, due for example to domains of spatially 
ordered spins, the values of W(0) and W (2/2) them- 
selves might not adequately characterize the complete 
radiation pattern W (8,6), where 6, @ are spherical polar 
angles relative to the trigonal axis (zg axis) and a 
hexagonal axis (x axis) of the crystal." 

Hence in Fig. 4 are displayed W(0) and W (2/2) as 
functions of 1/7* for the homogeneous sample. Further, 
we show the pattern W(6), with O<@<2/2, at the 
lowest temperature in Fig. 5(a). (No @ dependence in 
the 6=7/2 plane was found.) For comparison we have 
included Fig. 5(b), which shows the full pattern W (6) 
for the layered sample, under the same conditions as 
in Fig. 5(a). 

In Sec. IV we shall offer an internal-field model for 
magnetic interactions which provides a_ reasonable 
explanation of the data, as may be seen from the curves 
in Figs. 3, 4, 5(a) computed from that model. 


D. Orientation in Applied Magnetic Fields 


In order to determine the magnitude of gamma 
anisotropy produced by moderate applied magnetic 
felds, and to explore the possibility of interaction 
effects in this case, we undertook such experiments and 
shall next report the results for the case of 300 oersteds 
applied parallel to the crystal axis. 

In this investigation we encountered a typical experi- 
mental complication, namely, that the presence of the 
field had a strong temperature-dependent influence on 
the operation of the ac bridge. This field influence was 
particularly bad for the homogeneous sample, prevent- 
ing us from getting a precise calibration. Because of 
this difficulty we had to adopt the following procedure: 
the bridge readings were converted to 1/7* using cali- 
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Fic. 6. Anisotropy of 
Co gamma rays from Ce- 
Zn nitrate samples in Hext 
=300 oe as functions of 
1/T*. Upper data points 
are for the homogeneous 
sample, the lower for the 
layered sample. A_ theo- 
retical curve e¢(1/7) neg- 
lecting interactions is also 
shown, having been ad- 
justed to fit the experi- 
mental data at 1/7*=66. 
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bration constants chosen to make the observed and 
calculated anisotropies coincide at 1/7*=66, where we 
expect that misalignment and magnetic interaction 
effects should have negligible influence. The calibration 
constants thus required were not outside the rather 
broad range of possible values determined at helium 
temperatures. 

Results of this experiment are displayed in Fig. 6, 
which shows for the homogeneous sample a quite good 
fit, over the entire temperature range, to a theoretical 
curve computed without the inclusion of any internal 
fields at all. Though it is tempting to interpret this fit 
as meaning that our 300-oersted field was sufficient to 
erase magnetic interaction effects completely, we think 
it dangerous to rule out entirely the possibility of a 
fortuitous combination of external and internal fields, 
superimposed on a temperature change, for 1/7* 
greater than about 100, say. It is reasonable to expect 
some influence by an applied field whenever the g factor 
in the direction of the field is nonzero. Thus temperature 
shifts, susceptibility changes, and possible relaxation 
effects may all be present, rendering it extremely 
difficult to assess the validity of the apparently simple 
interpretation of Fig. 6. 

For completeness we have included comparable data 
for the layered sample in Fig. 6. Apparently the 
application of the field increased the heat capacity of 
the Co-doped layer without sufficiently improving the 
heat capacity of the adjacent CZN. Thus one might 
again attribute low values of ¢ to insufficient cooling 
of the Co™, for the reasons given in III B. 

It is perhaps appropriate to point out here that we 
have not established the existence of large degrees of 
nuclear “polarization,” as opposed to “alignment,” 
since ¢€ is sensitive only to the latter.’* One is justified 
in deducing the former from « only if the orientation 
mechanism and its perturbations are fully understood. 
Our reasons for emphasizing caution in this matter, in 
spite of the apparently good agreement seen in Fig. 6, 
may be appreciated by referring to the degree of 
circular polarization of gamma rays from Co® in CMN.*! 


"8. C. Wheatley, W. J. Huiskamp, A. N. Diddens, M. J. 
Steenland, and H. A. Tolhoek, Physica 21, 841 (1955). 
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This quantity, which directly reflects nuclear polar- 
ization, reaches a surprisingly low saturation value as 
the temperature is lowered, in spite of large and 
continuously increasing anisotropy. Therefore, it may 
be important to re-examine the interpretation of the 
parity experiments” in the light of possible perturbation 
by magnetic interactions. It would also be desirable to 
determine the degree of nuclear polarization of Co™ in 
CZN by means of a circular polarization experiment, 
in order to establish the actual degree of nuclear 
polarization. 


IV. DISCUSSION 


In the previous section we presented data which 
demonstrates the existence of perturbation of nuclear 
orientation by magnetic interaction, and shows quanti- 
tatively the magnitude of its effect on the gamma 
radiation pattern of Co® in CZN. Now we shall discuss 
a theoretical model in which interactions are treated as 
an equivalent internal magnetic field; the results of 
Fig. 3 will be interpreted on the basis of the model. 
This extension of the theory of Sec. I is necessitated by 
the insufficiently fast convergence of treatments based 
on expansions in powers of 1/7.°-" 


A. Internal Magnetic Field Model for 
Magnetic Interaction 


The internal-field model is founded on the known 
magnetic properties of cerous ions and their interaction 
with cobaltous ions in this crystal, using some recent 
paramagnetic resonance“ and x-ray powder diffraction 
work. (A more extended discussion of the x-ray data 
and a model for the CZN unit cell appears in reference 
14.) 

It suffices for the argument below to summarize the 
situation as follows: the cerium ions, in the equivalent 
hexagonal description of the rhombohedral lattice, lie 
in layers perpendicular to the trigonal axis; when 
occupying the general position at the center of the unit 
cell (Y site), a cobalt ion is halfway between planes of 
cerium ions; in the two special positions (X sites) 
cobalt ions are nearly in a cerium layer on an axis 
through the center of a triangle of cerium ions. 

Now the direction of the dipolar field cast by cerium 
ions at the cobalt sites" should be chiefly perpendicular 
to the crystal z axis. This follows from the cobalt 
positions mentioned in the preceding paragraph and 
the fact that for Ce*+g,>>g,, (Table I), so that effec- 
tively the ceriums are dipoles constrained to lie in the 
xy plane. 

Next, we suppose that at low temperatures, groups 
of cerium spins are statically ordered parallel to certain 
local axes in the xy plane, with the directions of these 
ordering axes showing the over-all trigonal symmetry 


2C.S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes, and 
R. P. Hudson, Phys. Rev. 105, 1413 (1957); 106, 1361 (1957). 
%3 J. W. Culvahouse and R. C. Sapp (unpublished). 
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of the whole crystal. Thus a random distribution of 
cobalt ions would experience dipolar fields in one of 
three possible directions in the xy plane, 120° apart, 
with equal probability. At present we are unprepared 
to go into such questions as the amount of long- or 
short-range order, whether the ordering is ferromagnetic 
or antiferromagnetic, what kind of domains might be 
present, what directions the cerium dipoles point in the 
xy plane, etc. In any case, our comparison with the 
results in Sec. III appears to be not particularly 
sensitive to such details. 

Taking the externally applied field to be zero, the 
calculation proceeds by obtaining Wx(6*,Hint) for 
three equal groups of X ions (with A=B), where 6* 
is the polar angle referred to the direction of Hint 
acting on that group. Y ions (A>B) are quite insensi- 
tive to small fields up to a few hundred oersteds in the 
perpendicular direction, so that Wy(@) is essentially 
unchanged. The over-all radiation pattern is thus seen 
to be a weighted superposition of three X patterns 
with their symmetry axes 120° apart in the xy plane, 
plus one Y pattern with symmetry about the ¢ axis. 
Relative to the z axis, then, the angular distribution is 

W (6=0)= (1/N)[NxW x (6*=2/2) 
+NyWy(6=0) |, 
W (0=2/2)= (1/N)[Nx{Wx(6*=0) 

+2W x (6*=2/3)}/3 
+NyWy(0=7/2) }. 


(/a) 


(7b) 


It is easy to verify that the value of {Wx(6*=0) 
+2W,(6*=2/3)} is independent of the particular 
choices of 6* so long as they are related with threefold 
symmetry; in other words, the superposition of three 
X patterns with trigonal symmetry is invariant under 
rotation about the z axis. From Eqs. (7) the anisotropy 
is computed as in Eq. (6). 

To minimize the computational labor, the calculation 
just outlined was programmed for an IBM 650 digital 
computer. Hint was varied in steps of 10 from zero to 


CO-60 in CZN 


Fic. 7. Anisotropy ¢ 
of gamma radiation from 
Co in Ce-Zn nitrate 
versus 1/7 for values of 
the internal magnetic 
field Hint, discussed in 
the text, from zero to 
200 oe in steps of 20 oe. 
The external field is 
zero, and Nx/Ny=1.6. 
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Fic. 8. Magnitude of the internal field, in oersteds, required 
to account for the anisotropy of gamma radiation from Co® in 
Ce-Zn nitrate below 0.01°K (Fig. 3). The dashed curve represents 
the “molecular field” approximation, with parameters T.=7 
X10-*°K, Ho=165 oersteds. 


200 oersteds; 1/T was also stepped by 10 from zero to 
420. The parameters in Table I appropriate to this 
calculation are those for CZN. Figure 7 is a graph of 
these results. The ratio Vx/Ny=1.6 for Fig. 7, since 
this value gives a much better agreement with experi- 
ment (Sec. IIIA) in the high-temperature region 
(1/T<100) than does 1.8. 

In order to deduce how Hint would have to depend 
on T in this model, we employed Fig. 7 to interpret 
the homogeneous sample data (Sec. III A) as follows: 
each value of «(1/7*) in Fig. 3 implies a value of Hint 
read from Fig. 7. Then Hint is plotted vs T* in Fig. 8, 
which shows only points below 0.01°K because ¢ is 
relatively insensitive to Hint at higher temperatures. 
A curve constructed by the “molecular field” approxi- 
mation is included for comparison; that is, Hint is 
proportional in magnitude to the average magnetic 
moment per cerium ion in the direction of the local 
ordering axis, which is assumed to vary with T accord- 
ing to the spontaneous magnetization curve of the spin-} 
molecular field theory.* 

A defect of the molecular field approximation, as 
well as of the internal field model discussed above, is 
that long-range order (one Hint) is assumed while 
short-range order is neglected. We know of no way to 
include the short-range order realistically, since the 
problem would be equivalent to calculating the distri- 
bution of values of Hin, at the various cobalt sites. 
Nor is our nuclear orientation data extensive or precise 
enough to show whether an ordered state exists between 
seven and three millidegrees, as Fig. 8 might seem to 
suggest. 

Principal feature of our proposed model of the effect 
of magnetic interactions is that cobalt ions are subjected 
to internal fields, due to cerium ions, which polarize 
groups of X ions in three directions perpendicular to 
the crystal axis but do not affect the Y ions. Except 


% See, e.g., F. Seitz, Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), pp. 609-10. 
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for the deficiencies just noted, the plausibility of the 
internal-field model for interactions rests on crystal 
structure and magnetic data“ for CZN. Referring to 
the curves calculated from this model and compared to 
the homogeneous sample data in Figs. 3, 4, and 5(a), 
we see that a satisfactory quantitive fit is provided, 
using the molecular-field approximation. 


B. Comparison with Ce-Mg Nitrate 


It is noteworthy that Co® in CZN shows larger 
gamma anisotropies than CMN under comparable 
experimental conditions. For example, at 1/7=300 
with Hest=0, «(CMN)'=7% while e(CZN)=26% 
(Fig. 3); the « of 60% in 300 oe (Fig. 6) is larger than 
any reported? for CMN, even for 430 oe. Thus we 
suggest that CZN is more attractive for polarization 
and alignment of cobalt isotopes than is CMN. 

One factor causing smaller anisotropies for CMN 
must be that A<B for X ions. Hence orientation 
effects for these ions oppose those for Y ions, in the 
sense that Wx(0)>Wx(xr/2) but Wy(0)<Wy(m/2) 
even in the absence of internal fields. Though it is 
reasonable to expect that the internal-field model 
should be applicable to CMN, we are unable to present 
to say whether the combination of A<B and Hint 
about 165 oe would be capable of explaining such low 
values of e as 7%. This is because, when A¥B as for 
an X ions in CMN, such an ion would not have cy- 
lindrical symmetry with respect to the internal-field 
direction. A general treatment* of the radiation pattern, 
and diagonalization of the full 22X22 energy matrix 
would seem to be necessary in that case. The limited 
amount of data on Co® in CMN presently available** 
does not seem to us to justify such an extensive theo- 
retical computation. It is possible that Nx/Ny is 
larger in CMN, as suggested by Schroeder.® 


C. Utility of Layered Samples 


Layered samples, which avoid interaction effects in 
nuclear orientation experiments, appear to have quite 
limited usefulness, on the basis of our experience. The 
limitation is imposed by the difficulty of cooling the 
radioactive layer due to the slow rate of heat transport 
at low temperatures. The utility lies in the possibility 
of demonstrating the influence of magnetic interactions 
when nuclear orientation effects appear attenuated. 


D. Gamma Anisotropy as a Thermometric 
Parameter 


The dependences of « on T shown in Fig. 3 for the 
two samples used in this study demonstrate the limita- 
tions of ¢ as a thermometer in the very low-temperature 


% Outlined by S. R. 


de Groot and J. A. M. Cox, Physica 19, 
683 (1953). 
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range. If our internal-field model is valid, the magnetic- 
interaction mechanism produces a rather complicated 
situation of temperature-dependent X-ion energy levels 
and multiaxial nuclear spin alignments in a homo- 
geneous specimen. Thus from a theoretical standpoint 
the situation is rendered sufficiently complex and 
uncertain to preclude the use of ¢ for Co™ in CZN as a 
simple, direct, and accurate indicator of 7. 

Again referring to Fig. 3 and the layered sample, it 
is apparent that the layer makes a poor thermometer 
for the rest of the sample. Possibly at the lowest 
temperature, where ¢ exceeds theoretical expectation, 
one could argue that even larger 1/7 is indicated; for 
the reason discussed in Sec. II D, however, such a 
suggestion would have to be accepted cautiously. Note 
also that «(1/7) is exceedingly flat in the most inter- 
esting temperature range (7<0.01°K). It would be 
better to determine the 7*—T relation for CZN by 
the customary calorimetric methods, rather than from 
nuclear orientation of Co®. 


V. CONCLUSIONS 


The results of this paper may be briefly summarized, 
more or less in the order of presentation, as follows: 

(1) An experimental demonstration that departure 
from ideal nuclear orientation behavior of Co in CZN 
due to Ce**—Co** interactions has been given by 
comparing a layered sample with a homogeneous 
sample. The usefulness of layered samples is limited 
by problems of poor heat transfer. 

(2) The observed behavior of a homogeneous sample 
in zero field can be quantitatively explained with the 
hypothesis of a temperature-dependent internal mag- 
netic field exerted on the Co**-ions (particularly X ions) 
by the Ce** spin system. The plausibility of the internal- 
field model is based on crystal structure and magnetic 
data. 

(3) CZN is recommended for nuclear orientation of 
cobalt isotopes, since it surpasses CMN in the magni- 
tude of gamma anisotropy that can be produced under 
comparable experimental conditions. 

(4) Nuclear orientation of Co® in an applied field 
of 300 oe appears to be much less sensitive to inter- 
actions, though considerable caution should be exercised 
in attempting to deduce the degree of nuclear polar- 
ization from gamma anisotropy. 
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The B'°(d,p)B" reaction was studied at a deuteron bombarding energy of 1.2 Mev. Angular distributions 
and proton-gamma correlations associated with transitions to the first and second excited states of B"™ 


were obtained. 


An analysis including the effects of heavy-particle stripping has been performed for the first excited 
state transition and is consistent with the observed distribution and correlation. 





I. INTRODUCTION 


HE reaction B'(d,p)B" has been the subject of 

many experimental and theoretical studies.'” 
Over a wide range of energies, the angular distributions 
of the proton groups resulting from transitions to the 
excited states of B" are not adequately explained by 
compound nucleus or deuteron stripping theories. This 
paper is concerned with the proposal that the heavy- 
particle or exchange stripping mode may be a con- 
tributing factor in the angular distributions and 
correlations in this reaction.*~> 

An analysis of this reaction using one exchange term 
was performed by French and Evans’; however, the 
primary heavy-particle stripping term was not included 
in the final analysis, and agreement was obtained by 
incorporating an arbitrary isotropic term (see Fig. 5 of 
the second paper). 

To review briefly, the deuteron stripping mode is 
evidenced, in cases of small capture angular momentum, 
by a peaking of the proton angular distribution in the 
forward direction relative to the deuteron beam direc- 
tion. In Born approximation the p-y correlation 
function maintains the form for the excited 
state transitions as the proton direction is varied. 
Peaking of the proton angular distribution in the 
backward direction relative to the deuteron beam axis 
may be taken as evidence of the heavy-particle stripping 
mode. Because each mode has a different orientation of 
preferred axes of quantization and different relative 
contributions to the reaction, the p-y correlation 
function for the excited state transition can be shown 
to change characteristics for different outgoing nucleon 
directions.5 

Angular correlations for the first and second excited 


same 


t Supported by the Atomic Energy Commission. 

* Now at the Los Alamos Scientific Laboratories, Los Alamos, 
New Mexico. 

1 J. Thirion, Ann. phys. 8, 489 (1953); S. A. Cox and R. M. 
Williamson, Phys. Rev. 105, 1799 (1957); 105, 1801 (1957); 
B. Zeidman and J. M. Fowler, Phys. Rev. 112, 2020 (1958). 

2A. P. French, Phys. Rev. 107, 1655 (1957); A. P. French and 
N. T.S. Evans, Phys. Rev. 109, 1272 (1958). Because this analysis 
utilized an expansion in terms of deuteron stripping amplitudes 
the heavy-particle stripping term was not readily calculated. 
The calculation presented incorporated the effects of distortion 
at the forward angles caused by proton “knock-on.” 

3G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 

‘T. Fulton and G. E. Owen, Phys. Rev. 108, 789 (1957). 

5S. Edwards, Phys. Rev. 113, 1277 (1959). 


states were measured at a deuteron bombarding energy 
of 1.2 Mev with the proton counter set at angles of 30, 
90, and 150 degrees relative to the deuteron beam axis. 

Experimental procedure, deuteron-heavy particle 
stripping theory, experimental results, and conclusions 
will be discussed in following sections. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


The B" targets consisted of a mixture containing 
92.1% B" which was evaporated onto 0.05-mil nickel 
foil. These target foils were mounted on copper frames 
which were then placed in an evacuated target chamber. 
Targets were located at 45 degrees relative to the 
deuteron beam axis. These had to be rotated through 
90 degrees to cover all proton angles. Proton distribu- 
tion runs were made on both sides of the deuteron 
beam axis to check the centering of the target after 
rotation. Foil-covered windows provided exit ports for 
the outgoing protons. 

For the p-y correlation measurements, limited anode 
pulses from both the proton and gamma-ray photo- 
multiplier tubes (RCA 6342A) were amplified in 
distributed amplifiers and passed into a standard, 
biased diode fast coincidence circuit. Resulting coinci- 
dence pulses were amplified and a pulse-height discrimi- 
nator was used to select coincidence pulses above a 
certain height. The discriminator output then passed 
into one side of a slow coincidence circuit. 

The output of the tenth dynode of the gamma-ray 
photomultiplier was used as a sidegate. The dynode 
output was amplified and an integral discriminator 
selected pulses of an appropriate height. The discrimi- 
nator output was fed into the other side of the slow 
coincidence circuit, and the output of the slow coinci- 
dence circuit was used to gate a forty-channel pulse- 
height analyzer. When gated the analyzer accepted the 
appropriate proton pulse from the tenth dynode of the 
proton photomultiplier tube. Figure 1 shows the 
electronic arrangement. 

The proton monitor, which supplemented a Faraday 
cup-current integrator system, consisted of a Nal 
crystal mounted on a photomultiplier tube. The tube 
assembly was fixed to a port in the target chamber 
cover. The output of this circuit was amplified and fed 
into an integral discriminator, the level of which was 
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set to accept only those pulses from protons which 
resulted from transitions to the ground state of B". 
Experimental p-y corrections were taken with the 
proton counter set at angles of 30, 90, and 150 degrees 
relative to the deuteron beam axis. The gamma-ray 
detector was rotated through 30 degree angles relative 


to the fixed proton angle. By requiring the p-y coinci- 
dence pulse to be in coincidence with the side gate 
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gamma-ray pulse in the slow coincidence circuit, a gate 
pulse was formed which then opened the 40-channel 
analyzer to accept proton pulses, and the appropriate 
proton pulse appeared in the proper channel range. 
The number of proton pulses appearing in each peak 
was considered as the number of proton-gamma ray 
coincidences. The gated and ungated proton spectra 
are shown in Figs. 2 and 3. 
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Fic. 2. Proton pulse-height spectra taken at a scattering angle of 90° with an incident deuteron 
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Fic. 3. Proton pulse-height spectra in coincidence with the 2.13-Mev gamma ray. 


A measure of the accidental coincidences occurring state of B". Consequently, any coincidence pulse 
during a run was made by use of the coincidence pulses appearing in the ground-state channel during a proton- 
appearing in the ground-state peak. There isno gamma gamma ray correlation run represents an accidental 
ray associated with the reaction leading to the ground _ coincidence. If ¢, and a, are the respective cross sections 
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Fic. 4. Angular distribution of the protons from the reaction B'(d,p)B" to the first excited state of B'™ corresponding to an incident 
energy of 1.2 Mev. The solid curve represents the theoretical fit incorporating both deuteron and heavy-particle stripping according 
to Eq. (24). 
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for the excited and ground-state proton groups, and .V, 
is the number of coincidence pulses appearing in the 
excited state peak, then V,.Xo,./c, is taken to be the 
number of accidentals for the excited state. This 
method for determining the accidentals was checked at 
the three proton detector angles by inserting approxi- 
mately 45 feet of additional cable between either 
distributed amplifier and the fast coincidence circuit. 
Under these conditions, all coincidence pulses were 
accidental and the number so recorded was in agreement 
with those determined above. 


III. THEORY 


The angular correlation and distribution functions 
are developed according to Edwards.* 

For the purposes of analysis it is assumed that the 
J-J coupling scheme and shell model are valid for the 
B"(d,p)B" reaction. The choice of coupling scheme is 
arbitrary, and the Z-S or channel spin coupling could 
have been used. In this reaction under study the B" 
target nucleus is considered as a Be® core plus a pj 
proton. Although there is a possible choice between the 
three protons in the outer shell of B", Edwards has 
shown® that the same contribution for the exchange 
process is expected from any one of the three. Conse- 
quently, including the three protons only introduces a 
constant factor. 

The final-state nucleus for deuteron stripping mode 
will consist of a B" nucleus plus a neutron, while that 
for the heavy-particle mode will consist of a Be® core 
plus a proton and a neutron. The coupling of the 


$0 


ANGLE 


for a bombarding 


angular momenta for the two modes must be such that 
the correct final-state angular momenta result. 

The angular correlation for the first excited state is 
isotropic if one assumes the following quantum numbers: 


ln=3; JIn=3; 1-=2; 
r ja= 1. 


Ja=3; 


Je=4; j.=3; J 


1 
Be = 
ae 


“p 7 


The subscript B refers to B"; f refers to the ground 
state of B"; e to the first excited state of B''; m to the 
captured neutron; c to the Be® core for the proton in 
B”; and p to the outgoing proton. The J;’s are total 
angular momenta, and the j,,’s are spin angular 
momenta. 

Using the development of Edwards the correlation is 
of course isotropic and the angular distribution is of 
the form 
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is the angle between k,; and Kg. ‘The remaining quanti- 
ties are defined elsewhere.*~* 
IV. RESULTS AND CONCLUSIONS 


A. Transitions Leading to the First 
Excited State 








The theoretical curve shown in Figs. 4 and 5 for the 
angular distributions of protons suggests that heavy- 
particle stripping is a consistent picture of the formation 
of the state at low bombarding energies. The measure 
of the relative contributions of the heavy-particle and 
deuteron stripping modes given by A;/A2=2 indicates 
a large contribution from heavy-particle stripping. This 
view is further supported by the necessary use of /,=3 
for deuteron stripping, which means that there is a low 
probability for the occurrence of this mode. 

In the heavy-particle stripping mode, the core of the 
target nucleus and the deuteron must approach close 
enough for capture to occur. In the case for 1.2-Mev 
deuterons, the bombarding energy is approximately 
0.7 Mev below the Coulomb barrier. Consequently the 
plane wave distortions are rather large, since both core 

; ey . and deuteron are positively charged. To account for 
150 120 90 0 30 60 90 I20 150 these distortions in the theory, a large radius Rg is 
SOUTH | 8, NORTH required to fit the data. 

DEUTERON BEAM At bombarding energies greater than 3 Mev, a 
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Fic. 7. Angular distribution of the neutrons corresponding to the second excited state transition at Ey=1.2 Mev. The data of Goro- 
detzky et al. [S. Gorodetzky, M. Crossiaux, A. Gallman, P. Fintz, J. Samuel, and G. Frich, Compt. rend. 248, 550 (1959)] have been 
included as the filled circles. 
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Fic. 8. Proton-gamma ray correlations for the second excited 
state transition at Ez=1.2 Mev. 








that competing reactions at higher energies are forcing 
the radius of the interaction to larger values in the case 
of deuteron stripping. This view, however, does not 
explain the peak centered about 70 degrees. This peak 
becomes more prominent at higher bombarding energies. 
The forward peak may be due to a process such as 
“spin-flip” which could become important at higher 
energies.':?:* The peak at 70 degrees would then result 
from the deuteron stripping contribution, while the 
large fill-in at backward angles would result from 
heavy-particle stripping contributions. 

The experimental correlation was found to be iso- 
tropic for three proton angles (Fig. 6). The most 
significant result is that the angular distribution can 
be accounted for by such a simple approach. The 


6 J. E. Bowcock, Phys. Rev. 112, 923 (1958). 
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primary analysis still will require a distorted-wave 
analysis. 


B. Transitions Leading to the Second 
Excited State 


The simple curves in Fig. 7 for the proton distribu- 
tions imply that heavy-particle stripping might also be 
important in the formation of this state. Experimental 
observations of Marion and Weber’ at a bombarding 
energy of 2 Mev show a strong peak in the backward 
direction. This backward peaking of the angular 
distributions is characteristic of the heavy-particle 
stripping mode. 

It should be noted here that no inference as to the 
magnitude of the interference term or angular coeffi- 
cients can be made. The calculations must be carried 
out in their entirety to determine the sizes. In the case 
of the first excited state of B"', the interference term 
was small relative to the deuteron and heavy-particle 
stripping terms; Edwards has found that for the case 
of B"(d,n)C” the term is very large. The same state- 
ments hold for the angular coefficients also. 

Additional evidence for heavy-particle stripping 
contributions in the formation of the second excited 
state comes from the experimental correlations at a 
bombarding energy of 1.2 Mev. As pointed out previ- 
ously, the introduction of the heavy-particle stripping 
mode means that the correlation function may be a 
sensitive function of the proton detector angle. The 
experimental observations shown in Fig. 8 indicate 
strong changes when the proton counter is moved. 

It should be noted that the preceding interpretations 
of the angular distributions and correlations in terms 
of combined deuteron and heavy-particle stripping 
modes are not unique. Compound nucleus effects 
which may contribute to the results have been neg- 
lected. 

The fact that the correlation changes as the setting 
of the nucleon counter is varied does not uniquely 
determine the presence of a second mode in the reaction. 
As has been demonstrated by Satchler and Tobocman,* 
a polarization of the outgoing proton could also cause 
the form of the correlation function to change, since 
the coefficients of the correlation expansion are polar- 
ization dependent. 


7 Jerry B. Marion and Gustav Weber, Phys. Rev. 103, 1408 


(1956). 
8G. R. Satchler and W. Tobocman, Bull. Am. Phys. Soc. 5, 
30 (1960). 





PHYSICAL REVIEW 


VOLUME 121, 


NUMBER 2 JANUARY 15, 1961 


Directional and Polarization Correlation Studies in the Decay of 5-hour Sb" 


M. K. Ramaswamy, W. L. Skeet, D. L. Hutcutns, anv P. S. JASTRAM 
Physics Department, Ohio State University, Columbus, Ohio 
(Received September 13, 1960) 


Directional and polarization correlation measurements have been carried out on the gamma rays accom- 
panying the decay of 5-hour Sb"'8. These measurements lead to the following spin and parity assignments 
for excited levels in Sn"®: 1.22 Mev (2+), 2.25 Mev (4+), and 2.51 Mev (5-). A search for positrons was 
made, and an upper limit on positron emission was set at 0.2% of the 1.22-Mev decays, giving a lower limit 
of 2500 hours for the partia! half-life of positron emission to any of the excited levels in Sn'8. The level 


scheme is discussed in terms of various nuclear models. 


I. INTRODUCTION 


_ decay of 5-hour Sb''* has been recently studied 

by McGinnis and Kundu,! who found that the 
decay proceeded by electron capture, 10° feeding the 
2.55-Mev level and the remainder feeding the 2.51-Mev 
level in Sn"'’. Gamma rays of 0.260, 1.03 and 1.22 Mev, 
all in cascade, as well as conversion electrons corre- 
sponding to a 40-kev transition, were observed. The 
K-conversion coefficient of the 0.260-Mev gamma ray 
was determined to be 0.039+0,.003. The decay scheme 
shown in Fig. 1 was proposed with levels in Sn" at 
1,22, 2.25, 2.51, and 2.55 Mev. The only spin and parity 
assignments made were 2* for the 1.22-Mev level, from 
Coulomb excitation.2 The present investigation was 
undertaken to assign spins and parities for the other 
levels, by means of directional and polarization corre- 
lation studies of the cascaded gamma rays, and to 
compare the level structure of Sn"™* with 
neighboring even-even tin isotopes. 


those of 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


Five-hour Sb''’ was produced by bombarding 99.99 
pure natural indium metal with 24-Mev alpha particles 
for 2-2.5 hours. This reaction also produces 2.5-hour 
Sb"? which decays mainly by electron capture to the 
0.160-Mev level in Sn"’ and a single gamma ray of this 
energy. The production of Sb!’ was reduced by de- 
grading the alpha-particle beam by means of aluminum 
absorbers. A typical gamma spectrum of Sb"® as 
observed in a 1 in.X2 in. NaI(T1) detector mounted on 
an EMI 9536B photomultiplier tube is shown in Fig. 2. 
Gamma rays at 0.260, 1.03, and 1.22 Mev are clearly 
seen, 

For the angular correlation experiments, the equip- 
ment consisted of four counters all employing 1 in. x2 
in. NaI crystals mounted on EMI 9536B phototubes, 
with one fixed and the other three permuted successively 
through angular positions of 90°, 135°, and 180° with 
respect to the fixed counter. The counters all had energy 
resolutions of 8-11%. A resolving time of 16 nano seconds 


+ Supported by the U. S. Atomic Energy Commission. 

'C. L. McGinnis and D. N. Kundu, Bull. Am. Phys. Soc 
62 (1958). 

2P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 
69 (1957). 


was employed, which kept the chance coincidence rate 
below 3% of the prompt rate. Singles and coincidence 
counts were simultaneously recorded for all counters 
in each of the permutations of the movable counters. 
With this procedure, the source strength, the differences 
in efficiencies and solid angles of the detectors, and 
inequalities in the fast coincidence circuit efficiencies 
cancel in the expression for the correlation. 


A. 1.03—1.22 Correlation 


The first correlation measurement was made on the 
1.03-1.22 Mev cascade, in order to establish the spin 
of the 2.25-Mev level and the character of the 1.03-Mev 
transition. The above transitions follow the 0.260-Mev 
photon in the cascade, and for convenience we designate 
them as the “second” and “third” transitions. The 
pulse-height discriminators in all counter channels were 
adjusted to accept the photopeaks of both gamma rays; 
counts were accumulated in each detector permutation 
for 1000 seconds, long enough to obtain statistically 
significant results at each position, but also short 
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. Decay scheme of Sb"8 showing levels in Sn™® at 1.22, 
1, and 2.55 Mev with spins and parities determined from 
the present work. 
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Fic. 2. Gamma spectrum of 5-hour Sb"® observed in a 1 in. x2 
in. NaI(Tl) detector, showing gamma rays at 0.260, 1.03, and 
1.22 Mev. 


enough so that instrumental drift during the counting 
period was negligible, and so that the counting rate, 
decreasing due to source decay, remained nearly the 
same for the three permutations which comprised a 
“run.” The cumulated data from four separate runs, 
after correction for finite detector solid angle, yield the 
following values for the coefficients in the Legendre 
polynomial expansion for the correlation, 


W (@) _ 1+A.P2(« 080) + A 4P4(cos6) : 
A2=0.137+0.012, A,=0.014+0.010. 


In Fig. 3, the experimental point is compared with the 
parametric A, vs A: plots’ which correspond to spins 
of 0 and 2 for the ground and first excited states of 
Sn", The measured coefficients are consistent with the 
following spin sequences and 1.08-Mev transition mixing 
ratios: 


3(1,2)2(2)0, 
4(2,3)2(2)0, 
2(1,2)2(2)0, 


6=—0.1; 
5=+0.02: 


6= —0.18. 


Only the 1(1,2)2(2)0 spin sequence is eliminated; the 
second-third correlation alone is not sufficient to give 
unique assignments. In order to resolve this ambiguity 
the first-third correlation between the 0.260-Mev and 
1.22-Mev gamma rays was measured. 


3P.S. Jastram, G. T. Wood, and J. P. Hurley, Bull. Am. Phys. 


Soc. 3, 65 (1958). 
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B. 0.260—-1.22 Mev Correlation 


For the first-third correlation, the fixed-counter 
discriminator was set to accept the photopeak of the 
0.260-Mev gamma ray, while the movable counters 
accepted only the 1.22-Mev photopeak. In this case 
it is necessary to estimate and correct for the contri- 
bution of the 1.03-Mev gamma ray to the observed 
correlation. The resulting values for the expansion 
coefficients are 


Ao=0.121+0.015, A,=0.029+0.013. 


Experimentally the first-third correlation presents no 
greater difficulty than that between contiguous tran- 
sitions. Biedenharn and Rose‘ have treated the general 
triple correlation problem as well as the special case of 
the first-third correlation for a triple gamma-cascade 
in which the transitions are pure multipoles. If the 
cascade is designated by j;(11) jo(L2)j3(Ls) J the first- 
third correlation function assumes the simple form 


W@=N>, even Fy (L111 )ijJ2) Fy (L3L3J47s) 
X W ( 72727372; vl2)P,(cosé), 
where 


N= (—1)"-*-#((2j.+1)(2j3+1) }}. 


The F coefficients are tabulated® as are also the Racah 
coefficients® W(j2j2j3j3; vL2). The extension to triple 
correlations with mixed multipoles is straightforward ;* 
thus, if the first transition is mixed with multipolarities 
L, and L,’/=L,+1, one obtains 


W (@) _ N pan even [FALL jij) + 26,F (Li L)' r Jo) 
+62F,(Ly'L1' jije) Fo (L3L3jajs) 
» W (Jejejsja3 vL2)P,(cos@), 


where 6, is the reduced intensity ratio of the LZ,’ to the 
L, multipole. If the second (unobserved) radiation is 
mixed, then the correlation is given by a simple weighted 
average of the correlations corresponding to the two 
multipoles that contribute to the mixture’: 


1 
[W(L2)+62W (L2’) 
1+6-’ 


where L.’= 1.+1, and 6, is the mixing ratio. The third 
radiation could in principle also be mixed, but in the 
present case it is in fact pure electric quadrupole. The 
still undetermined parameters on which the first-third 
correlation depends are the spins of the second and 


‘L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

5K. Alder, B. Stech, and A. Winther, Phys. Rev. 107, 728 
(1957). M. Ferentz and N. Rosenzweig, Argonne National 
Laboratory Report ANL-5324 (unpublished). 

61. C. Biedenharn, Oak Ridge National Laboratory Report 
ORNL-1098, 1952 (unpublished) 

7 The absence of an interference term linear in 52 is due to the 
nonobservance of the intermediate radiation, with consequent 
summation over all emission directions. 
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third excited states, and the mixing ratios 6, and 4» of 
the first and intermediate transition, respectively. 

Figure 4 shows a set of plots of A4 vs Az as a function 
of the mixing ratio 6, of the first transition (0.260 
Mev), corresponding to the spin choices and par- 
ticular values of the mixing ratio 4, of the unobserved 
1.03-Mev gamma ray which are consistent with 
the previously measured second-third correlation. The 
experimental point at once permits elimination of the 
4(1,2)4(2,3)2(2)0 and 3(1,2)2(1,2)2(2)0 possibilities 
and leaves a choice between the 5(1,2)4(2,3)2(2)0 
and 6(2,3)4(2,3)2(2)0 sequences, with mixing ratios 
6,=0.33 and 0.1, respectively. 

The A-conversion coefficient of the 0.260-Mev 
gamma ray has been measured! to be 0.039+0.003, 
consistent with the transition being E1-M2 with a 
mixing ratio 6,=0.35. The only assignment consistent 


with both this result and the first-third correlation is 
the 5(1,2)4(2,3)2(2)0 sequence. This implies that either 
the spin-4 level or the spin-5 level must have odd parity. 
The mixing ratio 6.=0.02 for the 1.03-Mev gamma ray 
is nearly zero; hence odd parity seems unlikely for the 
2.25-Mev (spin-4) level, and correspondingly probable 
for the 2.51-Mev (spin-5) level. In order to obtain a 
decisive answer a measurement was made of the polari- 
zation correlation of the 1.03-Mev gamma ray in the 
second-third cascade. 


C. Polarization Direction Correlation of the 
1.03—1.22 Mev Gamma-Ray Cascade 


The polarization direction correlation of the 1.03- 
1.22 Mev gamma cascade was measured by means of a 
conventional gamma polarimeter using Compton scat- 





Fic. 4. Set of plots of A, vs Azas 
a function of the mixing ratio 4, of 
the 0.260-Mev gamma ray (first 
transition) corresponding to the 
spin choices and particular values 
of the mixing ratio 62 of the un 
observed intermediate transition 
which are consistent with the 
second-third correlation. The ex- 
perimental point is the result of the 
0.260-1.22 Mev (first-third) cor 
relation. 
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tering, with the 1.03-Mev photon accepted in the 
polarization-sensitive detector. The detection sensi- 
tivity of the polarimeter to the degree of plane polari- 
zation was determined empirically from a corresponding 
measurement on the well-known Co™ gamma cascade— 
particularly applicable in this case because of the 
similarity in energy of the relevant gamma transitions. 
The result may be expressed in terms of a parameter ?, 
the ratio of the degree of polarization (of the 1.03-Mev 
photon) parallel to the plane of the emission directions 
of the two photons to that perpendicular to this plane 
(t,/m): 


p= 1.46+0.17, 
1/p=0.69+0.08. 


The value of p is plotted against the directional cor- 
relation coefficient A» in Fig. 5, where it may be com- 
pared with the locus of pairs of value of (p, A2) which 
correspond to the various spin and multipole assign- 
ments, and mixtures of the 1.03-Mev transition. The 
significance of considering 1/p is that p(EL,ML’) 
=p"(ML,EL’); i.e., interchanging the electric and 
magnetic multipole assignments in the mixed radiation 
converts p into 1/, reflecting the curves in Fig. 5 in 
the line p=1. Instead of plotting all the curves twice, 
we may look for agreement between a measured value 
of p and also of 1/p with some part of one of the p vs A2 
plots; if agreement is found for p, the corresponding 
assignment is as indicated on the various curves; if for 
1/p, the assignment holds with E and M interchanged. 
The present result evidently corresponds uniquely to 
a pure electric quadrupole assignment for the 1.03-Mev 
transition. Consequently, the parity of the 2.25-Mev 
(spin-4) level is even, and, in the light of the results of 
the preceding sections, that of the 2.51-Mev (spin-5) 
level must be odd. The level scheme of Sn", including 
spin and parity assignments from the present work, is 
shown in Fig. 1, and also in Fig. 6. 





Fic. 5. Plots of the 
polarization parame- 
ter p vs Ag for vari- 
ous possible multi- 
pole radiations and 
spin sequences. The 
experimental point 
for Sb" is seen to 
correspond uniquely 
to a pure electric 
quadrupole assign- 
ment for the 1.03- 
Mev gamma ray. 
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D. Search for Positrons 

Since the Sb"8-Sn"’ decay energy is at least 2.55 
Mev, there is sufficient energy available for positron 
emission to both the ground and first excited state. An 
attempt was made to detect positrons by looking for 
triple coincidences between the two annihilation radi- 
ations and the 1.22-Mev gamma ray. No positrons 
could be found, and consequently an upper limit of 
0.2% of the 1.22-Mev decays can be placed on positron 
emission to the first excited state. It if is assumed, as is 
indicated by the present decay-scheme results, that all 
excited states in the Sn''’ that are populated de-excite 
via the 1.22-Mev level, the lower limit of the partial 
half-life for positron decays to any of the excited levels 
of Sn"8 is 2500 hours. The corresponding lower limit 
of logft for positron decay directly to the 1.22-Mev 
level is 12. 


III. DISCUSSION 


The fact that the lifetime of the first excited level of 
Sn"8 as determined from Coulomb excitation is 8 times 
shorter than the single-particle estimate disfavors a 
purely single-particle description. This is not sur- 
prising in view of the large number of neutrons (18) 
outside the shell at 50. The energy ratio 
E,,/E2,=2 suggests that these levels may be due to 
quadrupole vibrations; on the other hand, the ratio 
E¢,/E2,~=2.1 indicates that the 6+ level is not a 3- 
phonon state. The nature of the excitation which forms 
the 5~ level is an open question. An argument can be 
made against a simple coupling of single-particle 
orbitals as follows: Assuming that the 50 protons in 
Sn"'8 form an inert core, the state requires the coupling 
of at least two neutron orbitals, including /j,)2. The 
only available pair that can couple to a 5~ state is 
(51/2,411/2). The corresponding (proton and neutron) 
orbitals that can account for the 6~ (or 5-) Sb" 
ground-state spin assignment derived from our work 
are (ds/2,/41/2) and (g7/2,/11/2). The first of these gives 
the least required change in the / value for the beta- 
decay (AJ=2). The resulting log ft value for such an 
allowed (/-forbidden) transition is ordinarily found to 
lie in the range 7.5 to 8.5. Our experimental estimate 
of this number is, however, between 5 and 6. It therefore 
appears unlikely that the single-particle configuration 
gives a good description of the 5~ level in Sn""*. It is 
possible that this is a collective state corresponding to 
a A=5 deformation. The level scheme of Sn"° becomes 
almost identical to that of Sn"'’ if we reinterpret the 
7~ level as 5~, and assign a spin of 6~ (or 5~) to the 
ground state of Sb”. 

The assignment of 5~ to levels in Sn"'* and Sn” and 
its possible interpretation as a collective state due to 
a A=5 deformation raises the question whether there 
are any similar states known in other nuclei of this type. 
Table I lists all the known 5~ levels. 

We may note the following points: (1) The excitation 
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Nucleus Level (Mev) 
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Pp 2.8 
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Po2i0 2.91 
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energy of the 5~ levels varies very little with mass 
number; (2) No 5~ level is known for A <90. This is 
consistent with a breakdown of collective motion 
characterized by a given number of nodes when the 
corresponding wavelength at the nuclear surface be- 
comes comparable with or less than the internucleon 
distance; (3) If the proposed vibrational description of 
the 5 
be possible and in fact favorable by electron inelastic 
scattering. 

It is instructive to compare the level schemes of 
Sn''6 Sn"!8, and Sn" (Fig. 6). In Sn''® there appears 
to be a doublet (2+ and 4*) at about twice the energy 
of the first excited state, as predicted by the Goldhaber- 
Weneser model. It is not unlikely that similar 2* levels 
exist in Sn"8 and Sn”, but that they are not excited 
because of an unfavorable combination of spin and 
energy position in the decay scheme. It would be 
interesting to determine whether a 2+ and possibly a 


states is correct, excitation of these levels should 
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l'1G. 6. Comparison of level structures of Sn™®, Sn”8, and Sn™, 


O* level in the neighborhood of the 4+ level in Sn"® are 
populated in the decay of Sb"*", which has presumably 
a spin and parity of 1* (the positron decays from this 
level to both the 0* ground state and the 2+ state of 
Sn"'§ are allowed®). 

In conclusion, we may remark that Sn'§ and Sn” 
both appear to be examples of structures in which the 
low-lying excited states are formed by distinctly 
different modes of excitation. 

We are indebted to Professor Bernard Margolis for 
a number of stimulating and illuminating discussions 
of these results. We should also like to express our 
thanks to Professor H. J. Hausman for providing the 
considerable number of cyclotron bombardments neces- 
sary to make possible the correlation measurements 
with a 5-hour source; and to Mr. H. C. Vanderleeden 
for his assistance in carrying out these experiments. 


8C. L. McGinnis, Phys. Rev. 109, 888 (1958). 
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Radioactive Pm™ was oriented at low temperatures in a single crystal of neodymium ethysulfate. The 
gamma rays at 475, 615, and 695 kev were found to be anisotropic. The results confirm the decay scheme 
previously proposed as well as crystal field calculations for Pm** in this lattice. It is not possible to decide 
between spin 5 and 6 for Pm™. Values were obtained for | A|/k and |u| of 0.0091°K and 1.68+0.14 nm for 
IT =5, or 0.0079°K and 1.75+0.14 nm for J =6. The lowest doublet of Pm** was found to be split, presumably 


due to Jahn-Teller distortion. 


INTRODUCTION 


HE known isotopes of promethium cover the range 
from a closed neutron shell at N=82 into the 
region where nuclei exhibit collective rotational be- 
havior. Because there are no stable isotopes, relatively 
little is known about the atomic spectroscopy, and hence 
the hyperfine structure, of this element. Tripositive 
Pm** has the configuration 4 /* and, according to Hund’s 
rules, the ground term should be °J,. Using the theory 
of Elliott and Stevens! with crystal field parameters 
interpolated from other rare earth ethylsulfates, it can 
be predicted that the ground state of Pm** in the ethyl- 
sulfate lattice is a doublet composed of an admixture 
of |J,=+4) and |/J,= +2). If the hyperfine structure 
is large enough, the sensitive techniques of low-tempera- 
ture nuclear orientation can be employed to study the 
nuclear properties of promethium. Ofer,? and Toth and 
Nielson* have studied the 300-day electron capture 
isotope, Pm"*, and the nuclear level scheme of Nd™ 
has been established. In the present work promethium- 
144 was aligned and polarized in a crystal of neodymium 
ethylsulfate. 


EXPERIMENTAL 


Promethium-144 was made by bombarding a thick 
target of Pr’ with 20-Mev helium ions in the Berkeley 
60-inch cyclotron. The promethium was separated from 
the praseodymium by elution of the tripositive ions 
with 0.4M alpha hydroxyisobutyric acid adjusted to 
pH~4.0 from a Dowex 50 cation exchange column.‘ 
About 10 uC of Pm™ activity were grown into a 5-g 
single crystal of Nd(C:HsSO,)3-9H.O. The crystal was 
mounted on a 2-mm glass rod to which a thermal guard 
of compressed MnSO,- (NH4)2SO,4-24H,0 was attached, 
and the whole assembly was placed in a demagnetiza- 
tion cryostat and cooled to 1.1°K by contact with liquid 
helium. The magnetic field used in cooling the crystal 
by adiabatic demagnetization was applied parallel to 
t+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Bureau of Standards, Washington, D. C. 

1R. S. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, 553 (1953). 

2S. Ofer, Phys. Rev. 113, 895 (1959). 

3K. S. Toth and O. B. Nielson, Phys. Rev. 115, 1004 (1959). 

4S. G. Thompson et al., J. Am. Chem. Soc. 76, 6229 (1954). 


the crystalline c axis. In order to obtain the temperature 
dependence of the anisotropies, the crystal was de- 
magnetized from various magnetic field strengths. Thus, 
the counting could be done immediately following de- 
magnetization, minimizing errors caused by inhomo- 
geneous warming of the crystal. During each counting 
period the absolute temperature changed by no more 
than 1%. 

The temperature of the crystal was measured through 
its paramagnetic susceptibility by means of an ac 
mutual inductance bridge. This ‘““magnetic temperature” 
was corrected to absolute temperature using the data 
of Meyer® and an appropriate demagnetization 
correction. 

The gamma radiation was detected by 3 X3-in. 
cylindrical Na(Tl) crystals with a 100-channel differ- 
ential pulse-height analyzer. The sequence followed dur- 
ing most runs was (1) demagnetization, (2) immediate 
counting for a short period of time (generally five 
minutes), simultaneously determining the magnetic 
temperature of the crystal, (3) warming the crystal to 
the temperature of the liquid helium reservoir by ad- 
mitting helium gas to the cryostat, and (4) counting 
of the now isotopic gamma radiation for the same period 
as before. Although warming of the crystal by stray 
heat leaks was slight, a check on the possibility of 
inhomogeneous warming was made by determining 
the anisotropy in successive counting periods of one 
minute and of twenty-five minutes duration. The 
anisotropy was the same in each case. Additional im- 
portant information was gained by making anisotropy 
measurements on the magnetically-cooled crystal while 
a small polarizing field was applied along the ¢ axis, 
using a battery-powered iron-free magnet. Fields of 
100, 200, and 400 gauss were used in these polarization 
measurements. Finally, the experiment was repeated 
using a second crystal, and consistent results were 
obtained. 


RESULTS 
The gamma-ray spectrum of Pm™ consists of three 
gamma rays of similar intensities and of energies 475, 
615, and 695 kev. Pulse-height analysis of the spectrum 
with a 100-channel analyzer (Fig. 1) permitted the 


5 Horst Meyer, Phil. Mag. 2, 521 (1957). 
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anisotropies of the individual gamma rays to be de- 
termined simultaneously allowing direct comparison 
among them. It was found that the anisotropies 
e=[W(90°)—W (0) ]/W (90°) of the 615- and 695-kev 
gamma rays were identical, while that of the 475-kev 
gamma ray was about 20% less. The temperature de- 
pendence of the anisotropy of the two higher energy 
gamma rays is shown in Fig. 2. The square root of 
the anisotropy is plotted against the reciprocal of the 
absolute temperature to show that the anisotropy is 
very nearly a linear function of (1/T)?. 

Figure 3 shows the anisotropy as a function of the 
angle between the crystalline c axis and the direction 
of propagation at the lowest temperature. The uncer- 
tainties indicated for the data points plotted in Figs. 
1, 2, and 3 are just those due to the statistical error 
in each count. In each case any necessary corrections 
have been made for background, finite source and 
counter size, drift in the scintillation spectrometer 
energy calibration, and change in block time of the 
100-channel pulse-height analyzer. The uncertainty in 
the corrections was much less than the statistical error, 
and the corrections were never more than 1% of the 
total counting rate. 


DISCUSSION 
The relevant spin Hamiltonian® for Pm** is 
H _ Sl BH,S,+A S,f,t+ AS: + AS, 
+PUI2- tT (1 +1 ) J+eS.(Si12+ Seek th) 
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Fic. 1. Gamma-ray spectrum of Pm™ taken during a typical 
run. The counter was placed along the crystalline c axis. The lower 
curve is a plot of the difference between “warm” and “cold” 
counting rates. 


6 J. M. Baker and B. Bleaney, Proc. Roy. Soc. (London) A245, 
156 (1958). 
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Fic. 2. Temperature dependence of anisotropy of the two 
higher entrgy gamma rays. Error flags represent rms statistical 
errors. 


where the last term represents dipole-dipole interaction 
with the nearest neighbor neodymium ions and the 
other terms have their usual significance. 

For a quadrupole moment of ~0.5 barn, estimated 
from nuclear systematics, P is easily shown to be 
negligible on the theory of Elliott and Stevens, and 
may be neglected. Using this theory and interpolated’ 
crystal field parameters with estimated limits of 
error A2*¥*=(60+10) cm", A,o*=—(80+10) cm”, 
Agf*= — (40410) cm, and A,¥*= (600+20) cm—, 
the ground state is calculated to be 0.63|J,=+4) 
+0.78|J,= 2), with g,,=0.47+0.04, and A/k= (0.027 
+0.002) |u| /7. Here » and J are the nuclear magnetic 
moment and spin, respectively, and the off-diagonal 
terms (A,S,+A,S,) are due to the Jahn-Teller distor- 
tion effect,* and they tend to decrease the nuclear 
orientation. These terms split the lowest doublet and 
cause the hyperfine structure splitting to be unequally 
spaced. In the limit of AA the energies of the hyper- 
fine structure levels are proportional to J,? rather than 
as I, as in the case A=0. It is easily shown’ that the 
nuclear alignment parameter By is unaffected by appli- 
cation of an external magnetic field along the crystalline 
c axis in the absence of off-diagonal terms in the Hamil- 
tonian. In the presence of a Jahn-Teller interaction, 
however, the alignment can be substantially increased, 
with a consequent enhancement of the gamma-ray 


7B. R. Judd, Proc. Roy. Soc. (London) A251, 407 (1959). 
8 J. M. Daniels, Proc. Phys. Soc. (London) A66, 673 (1953). 
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Fic. 3. Angular distribution of the two higher 
energy gamma rays at 0.02°K. 


anisotropy, on application of a magnetic field along the 
¢ axis. 

The term in c is introduced to account for spin-spin 
interactions between the promethium ion and the two 
nearest neighbor neodymium ions which lie at d= 7.07 A 
in either direction along the c axis. The six next nearest 
neighbors lie at angles giving rise to negligible spin-spin 
interaction. S;, and So, are the effective electronic spin 
projections of these neodymium ions (taken as +} 
according to “spin Hamiltonian” convention), and 
c= — 2gy,(Pm)gi(Nd)6*/d*. The value of ¢ can be calcu- 
lated from existing data!’ and the value of g,,(Pm) 
derived earlier in this paper. The value of c/k used in 
all our calculations is 0.0056°K. 

Using the above Hamiltonian, and neglecting P, the 
energies of the 2*(27+1) hyperfine states of the lowest 
doublet (5.= +4) are given by the formula 


E (SS 1252212) 
=S.{A°+[gu8H.+Al,+c(Sizt S22) P}4, (2) 


where A?=A?+A,’. The effects of the various terms 
governing the level spacing are illustrated in Fig. 4. 
The gamma-ray intensity in this type of experiment 
depends on both the temperature of the crystal and the 
angle @ between the direction of propagation and the 
crystalline c axis. Thus it is always necessary to separate 
these functional dependences experimentally before the 
maximum information can be obtained from such an 
experiment. The procedure employed in this laboratory 
is described below. First it is noted that in most nuclear 
alignment experiments the angular distribution of 


® M. A. Grace, C. E. Johnson, R. G. Scurlock, and R. T. Taylor, 
Phil. Mag. 3, 456 (1958). 

1K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 

uJ. A. A. Ketelaar, Physica 4, 619 (1937). 
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gamma radiation is given by the expression 
W (0)=1+ B.U2F 2P2(cos@)+ ByU FP 4(cosé). 


The parameters B,, U,, and F, are described else- 
where,” and P, is the Legendre polynomial of order ». 
The important point here is that the entire dependences 
on T and 6 are contained in B, and P,, respectively. 
The experimental procedure is the following: (1) 
Measure the complete angular distribution at the lowest 
temperature attainable, where the relative contribution 
of the term in B, is expected to be greatest, (2) calculate 
from these data the approximate magnitudes of the 
Bz and B, terms at all temperatures, and (3) measure 
the temperature dependence of W(@). If, as is often 
the case, the B, term is negligible even at the lowest 
attainable temperature, then the angular distribution 
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Fic. 4. Partial energy level diagram of Pm" in neodymium 

ethylsulfate, showing the effect of each term in the spin 
Hamiltonian. 


goes as P.(cos@) at all higher temperatures and need 
not be studied as extensively at these temperatures. 

In the present experiment it was found that the term 
in P2(cos@) provided an adequate description of the 
angular distribution at the lowest temperature (Fig. 3). 

It is clear from the form of the spin Hamiltonian 
that states of maximum |J/,! lie lowest. Thus the signs 
of the anisotropies are meaningful for establishing the 
signs of the F2 coefficients. Then from the signs and 
relative magnitudes of the anisotropies alone it is pos- 
sible to confirm substantially the level scheme of Nd" 
proposed by Ofer? (Fig. 5). The spins and parities of 
the ground state and first excited states are well estab- 
lished as 0+ and 2+ because the nucleus is even-even 
and the 695-kev transition is £2. The sign of the anisot- 

2R. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 
ag = by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42, 
p. S55. 





y-RAY ANISOTROPIES 


ropy of the 695-kev gamma ray also supports these 
assignments. 

The sign and relative magnitude of the anisotropy 
of the 615-kev E2 gamma ray proceeding from the 
1.31-Mev level definitely rules out all spin and parity 
assignments other than 3+ or 4+ for this level. Spins 
and parities of 1+ or 2+ would require F.>0 contrary 
to experiment for both the 615- and the 695-kev transi- 
tions, and a spin and parity of 0+ would of course 
allow no anisotropy. Ofer obtained an unambiguous 
assignment of 4+ for this level. 

Interpretation of the anisotropy of the 475-kev gamma 
ray is less straightforward because the unobserved 
preceding electron capture transition affects this anisot- 
ropy in a different way than those of the other gamma 
rays. The observed anisotropy is 20% less than that of 
the other two gamma rays, and the only plausible expla- 
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nations seem to be (a) the 1780-kev level has a lifetime of 
the order of 10~* second and the changing extranuclear 
fields following electron capture decay attenuate the cor- 
relation by a factor G:0.7, or (b) a considerable frac- 
tion of the decay to the 1780-kev level isof the L=2 type, 
thus reducing the alignment in this state substantially. If 
(b) is correct, the sequence 5—"~*— 6 for the electron 
capture decay to the 1780-kev state would fit the align- 
ment data quantitatively. Regardless of this ambiguity, 
the anisotropy definitely excludes all possible spins and 
parities other than 6+ and 2+, in support of Ofer, 
who obtained an unambiguous assignment of 6+. 

The existence of a Jahn-Teller distortion is estab- 
lished by an increased anisotropy in the presence of 
an external axial magnetic field. The accuracy of the 
temperature measurement in the field, which involves 
a 10% saturation correction, was checked by observing 
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the anisotropies of gamma rays following the decay 
of Nd‘ in the same lattice in several fields. The effect 
of magnetic fields on this anisotropy is readily calcu- 
lated, and good agreement was obtained. 

The anisotropy data were fitted using the Hamilton- 
ian [ Eq. (1) ] and the decay scheme proposed by Ofer* 
(Fig. 5). The value of A depends on which spin is 
assumed for Pm™, The results are 


|A|/k=(0.0091+0.0003)°K, for I=S, 


|A|/k= (0.0079+0.0003) °K, 
A/k= (0.020+0.010)°K. 


for I=6, 


The nuclear magnetic moment of Pm™ may be 
calculated from A using the theory of Elliott and Stevens 
and the value of (1/r°)=36.8X 10" cm." The result 
is |u| = 1.68+0.14 nm for 7=5 or |u| = 1.75+0.14 nm 
for /=6. 

The error in the calculated value of |u| is principally 
due to considerable uncertainty in the estimation of 
the crystal field parameters. Since A is proportional to 
gi, a direct determination of g,, for any promethium 
isotope in the ethylsulfate lattice by paramagnetic 
resonance would be very desirable. The present experi- 
ment verifies the approximate value g,,&0.47 and the 
finite value of A suggests that the transition probabilities 
for resonance should not be too small. 

Shell-model considerations suggest that the odd neu- 
tron is in an f72 orbital and that the odd proton is in 
either a dso or a g7/2 State. The magnetic moments ex- 
pected on the simple vector-coupling model are listed 
in Table I. Thus the ds/2 proton state is favored, al- 
though a strong admixture of g7/2 is likely in view of the 
proximity of these two states in the heavier odd isotopes 
of promethium." 
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Thermal-neutron capture-gamma radiations for the V*'(n,7)V®* reaction have been observed with a fast- 
coincidence scintillation spectrometer recently developed for the Livermore 1-Mw pool-type reactor. 
The added-neutron binding energy in V™ was measured as 7.30-+-0.05 Mev and a decay scheme was 
established which verifies a previously proposed V*!(d,p)V®* level scheme. Several low-energy crossover, 
without stopover, transitions were observed: two from the 0.78-Mev level to the ground and 0.13 levels 
(the latter being the more intense) but not to the 0.42 level, and one from the 0.83-Mev level to the ground 
state only. The 0.42-Mev level makes both crossover and stopover transitions to the ground and 0.13-Mev 
levels (the former being the stronger). Some evidence exists to suggest that the low-lying V™* states arise 
from excitations of the (1/7/2)* proton configuration alone. 





INTRODUCTION 


XCITED states in V®* have been determined 

principally by results from the V®*'(d,p)V°* 
reaction and interpretation of gamma rays observed in 
V®*'(n,y)V@* experiments. Considerable disagreement 
existed in the early work,’* the capture-gamma 
experiments showing a much more complicated spec- 
trum than would be expected from the initial (d,p) 
studies. In order to clarify these earlier discrepancies, 
Schwager and Cox® studied the V*"(d,p)V** reaction 
with higher resolution apparatus than had been 
available to other workers and observed 23 proton 
groups corresponding to V** levels up to 3.31-Mev 
excitation. This work was in good agreement with the 
V*(n,y)V"* high-energy capture-gamma studies per- 
formed by Bartholomew and Kinsey® as well as the 
more recent extensive (,y) work by Groshev ef al.7~* 
Also El Bedewi and Tadros” have currently completed 
a (d,p) study of V* which, with the exception of some 
complex levels that their lower resolution apparatus 
was not able to probe, is in good agreement with 
Schwaiger and Cox. 


* Work was performed under the auspicies of the U. S. Atomic 
Energy Commission. 

+ These results are taken from a thesis submitted by the author 
to the University of California in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy in Physics. 

~ Commander, U. S. Navy, on special assignment at the 
Lawrence Radiation Laboratory. 
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Most of the previous extensive investigations of 
gamma rays following thermal neutron capture have 
concentrated on obtaining the singles spectra of the 
the emitted radiations under as high a resolution as 
possible. Although some features of a decay scheme 
are often inferred from the energies and intensities 
of the gamma rays present, usually it is impossible to 
deduce an unambiguous scheme even with excellent 
resolution because the spectra are so complex. Since 
there is particular interest in the lower excited states 
of nuclei for theoretical reasons, it is desirable to es- 
tablish decay schemes to help determine level char- 
acter. Furthermore, it is interesting to compare the 
low-excitation behavior of V*'* vs V®* so as to 
observe the change in (1f7/2)* proton configuration 
coupling of V*'* introduced by the additional coupling 
of a (23/2) neutron in V®*, Unfortunately Bartholomew 
and Kinsey® were restricted to observations of gammas 
>3 Mev (pair spectrometer); but Groshev ef al.,7~* 
using a Compton-recoil beta spectrometer, are able to 
observe low-energy singles radiation. The latter 
instrument, however, magnetically analyzes Compton- 
recoil electrons emerging in the forward direction and 
consequently cannot be sensitive in the low-energy 
region because the differential cross section is small 
for such Compton electrons. Additionally, V™ is not 
stable and beta decays to Cr® with the emission of 
1.43 radiation" which makes conventional exploration 
of this energy region impossible. Consequently, it was 
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Fic. 1. Schematic of the experimental geometry. 


" All energies in this paper are reported in Mev units. 
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thought desirable at Lawrence Radiation Laboratory 
(LRL) to explore the low-energy region of V™* radiation 
with a gamma-gamma coincidence spectrometer to 
establish the decay scheme and to check those portions 
of the (d,p) level scheme that have not yet been 
confirmed. 


EXPERIMENTAL TECHNIQUE 


High-resolution beta-ray spectrometers and crystal 
diffraction spectrometers unfortunately have an in- 
herent low yield which, with the neutron fluxes presently 
available, makes them impractical for gamma-gamma 
coincidence investigations. Thus, in spite of the 
relatively poor resolution obtained, a scintillation 
technique must be used for this application. Scintillation 
detectors, however, produce a complex response 
(Compton tails, escape peaks, bremsstrahlung smears) 
for incident monoenergetic radiation which makes it 
difficult to interpret complicated spectra. An especially 
promising solution for this problem is to employ 
the sum-coincidence technique recently proposed by 
Hoogenboom.” 

Figure 1 (not to scale) is a schematic of the experi- 
mental geometry showing the target being irradiated by 
a narrow external thermal neutron beam which is 
piped from the thermal column of the Livermore 
1-Mw pool-type reactor. For reactor operations at a 
given power level, the desired neutron beam intensity 
is obtained by a proper choice of cavity depth in the 
thermal column and/or by positioning the target. The 
neutron collimator section in the target assembly is a 
canister of Li® sealed between two thin-walled aluminum 
tubes. This provides a #-in. diam neutron beam at the 
target and protects the Nal crystals from scattered 
neutrons. For coincidence work, the crystals can be 
placed to within # in. of the target center line. A pair 


22 A. M. Hoogenboom, Nuclear Instr. 3, 57 (1958). 
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of 2-in.-diam by 2-in.-long NaI(T1) cylindrical crystals 
with RCA 6655-A photomultipliers are used. 

Figure 2 is a block diagram of the spectrometer 
showing the fast-slow coincidence system with con- 
ventional and sum-coincidence options. A fast signal 
is taken from the anode of the photomultiplier and 
passed through a limiting stage in the tube base which 
is adjusted to limit all but the weaker pulses associated 
with less than 0.6-Mev gammas. For a facing crystal 
geometry, conical lead shields reduce but do not 
eliminate unwanted coincidences caused by secondary 
radiation produced in the shielding and by back- 
scattered or annihilation quanta from the opposing 
crystal. These unwanted spurious coincidences can be 
further controlled by setting the trigger level of the 
fast-coincidence unit to eliminate them when gammas 
of interest have energies greater than 0.51 Mev. The 
fast-coincidence unit is operated with resolving times 
between 3X10-* and 5X10~* sec, depending upon the 
trigger setting. 

A slow signal is taken from the seventh dynode, 
delay-line-clipped to produce a well-formed 10~®-sec 
wide pulse, and fed in parallel to a linear amplifier and 
an adding circuit (a simple resistor network). Proper 
operation of the adding network for the sum-coincidence 
mode depends upon identical (and completely linear) 
energy calibration of both photomultipliers. Linearity 
is assured by individually stabilizing the anode and the 
last five dynode voltages of the photomultiplier. 
Calibrations are matched through a coarse adjustment 
with the attenuator strip and a fine adjustment with the 
high voltage. Each photomultiplier spectrum is individ- 
ually stabilized by applying correction voltages to the 
photomultiplier cathode from a countingrate-difference 
feedback network of the de Waard type.” 

The sum-coincidence method for capture-gamma 


13 H. de Waard, Nucleonics 13, No. 7, 36 (1955). 
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work is based upon the simple fact that in any nuclear 
decay scheme caused by gamma de-excitation from a 
thermal neutron capture state to the ground state, the 
energies of all gammas related in cascade must sum to 
the neutron binding energy. In particular, a _ two- 
crystal apparatus looks primarily at double cascades 
with sums equal to the neutron binding energy. As a 
consequence, the sum-coincidence spectrum shows only 
the full energy peaks of the double cascade gamma rays 
(the order in which the cascade occurs will be unknown, 
however) and removes most of the ambiguity faced 
in trying to determine distinct nuclear levels. 

Unfortunately, the sum-coincidence method just 
outlined did not work well in practice at the LRL 
installation. One of the two radiations involved in a 
capture-gamma double cascade is always >4 Mev 
because the neutron binding energy is ~8 Mev. Since 
pair production is the dominant mode for electron 
production in the detection of such energetic radiations, 
each associated full energy peak is accompanied by two 
lower energy peaks corresponding to the escape of one 
or both of the 0.51-Mev annihilation quanta. Addi- 
tionally, the relative intensity of these peaks is a 
function of crystal size and detection geometry. The 
low yield of full-energy contribution from high-energy 
radiation obtained with the small crystals used in the 
LRL installation produced a negligible sum-coincidence 
counting rate with the sum-discriminator window set 
at the binding energy. The solution is obvious: When 
looking for energy levels below ~3 Mev (or >5 Mev 
for nuclei with added-neutron binding energy ~8 Mev), 
the sum-discriminator window must be set 0.51 Mev 
down from the added-neutron binding energy so as to 
trigger on sums formed with the much more intense 
1-escape annihilation peak of the high-energy 
radiation. When looking for energy levels between 
~3 and ~5 Mev, the sum-discriminator window must 
be set 1.02 Mev down from the added-neutron binding 
energy so as to trigger on sums formed with the much 
more intense 1-escape annihilation peak from each of 
the high-energy radiations of the double cascade. 


CONTAMINANTS 


A cylinder of vanadium metal (naturally occurring, 
hence 0.24% V™ and 99.76% V*') of diam } in. and 
length ¢ in. was used for a target. The sample was cut 
from the center of a vanadium billet to avoid surface 
contaminations from a copper electrode used to 
prepare the solid metal. A chemical analysis revealed 
only negligible amounts of Si, Ca, Fe, and Cu. As a 
further test for purity, a small amount of the metal 
was irradiated in a 10 neutron flux and the residual 
gamma radiation was analyzed. Radiation following 
beta decay was observed for Cu®, Mn**, and V® 
showing that the sample contained a small amount of 
Mn in addition to the chemically determined con- 
taminants. For the capture-gamma experiments the 
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target was suspended in a 10° thermal neutron beam at 
the end of a thin tube of plastic. Thus, other than 
negligible spectrum contamination from hydrogen and 
Al? capture gammas (aluminum is used in the beam 
collimator), the radiations found should be principally 
from V**, 


EXPERIMENTAL RESULTS 


The capture-gamma singles spectrum in Fig. 3(a) 
clearly shows responses at 0.13, 0.42, 0.82, and 1.77 
Mev (a possible Al** beta-decay radiation contaminant) 
corresponding to ground-state transitions from (d,p)- 
determined V*** levels.’ Notice that the 0.82-Mev 
indication is quite broad and thus may contain mulitple 
radiations (e.g., 0.78 and 0.83 Mev). An intense V™ 
beta-decay radiation occurs at 1.43 Mev (verified by 
checking half-life with beam “off” after a prior irradia- 
tion) thus hiding ground-state transitions from possible 
1.40, 1.48, and 1.55 Mev levels. Additionally, the strong 
Compton tail and lower energy plateau beginning at 
1.25 Mev (which originates from the intense 1.43-Mev 
radiation) successfully masks V*  interlevel 
radiations which might have energies within this region. 
The strong 0.51-Mev peak is probably due to pair 
production in the target, shielding, or Nal crystals by 
high-energy V®* radiation as well as by high-energy 


any 


CHANNEL 


CHANNEL 


Fic. 3. (a) V®* low-energy singles spectrum. The number 
beside the plot is counts per unit of NV scale. (b) V®* low-energy 
spectrum in total fast coincidence. 
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core gammas streaming down the neutron collimator 
and striking the target. Compton 180° backscattering 
may cause the buildup at 0.23 Mev, and the peak 
at 0.085 Mev has the right energy for Pb fluorescent 
radiation. The remaining strong peak at 0.65 Mev and 
the weak responses at 0.29, 0.34, 1.58, and 1.64 Mev 
are tentatively assigned to V°* interlevel transitions. 

In Fig. 3(b) a total fast-coincidence requirement 
(i.e., gating the analyzer to record only those quanta 
that are in fast coincidence with any other radiation 
in the spectrum) removes the 0.085-Mev Pb fluorescent 
radiation and the 1.43-Mev V® beta-decay response. 
Now it is possible to see gamma evidence for transitions 
from 1.40- and 1.55-Mev levels to the ground state as 
well as additional buildups at 0.97 Mev (a possible Al’* 
radiation), 1.00, 1.15, and 1.95 Mev (possible interlevel 
radiation). Also the 0.23-Mev Compton 180° back- 
scattered peak is strongly degraded whereas a strong 
peak is now formed at the 0.29-Mev region. An addi- 
tional total fast-coincidence experiment was made 
with scintillators oriented at 90° to each other for 
which the 0.23-Mev response disappeared and the 
0.51-Mev peak was degraded thus showing that these 
radiations are not related to V** cascades. 


Energy-discriminated fast-coincidence experiments 
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lic. 4. (a) V®* low-energy singles spectrum. The number 


beside the plot is counts per unit of N scale. (b) V* low-energy 
spectrum in fast coincidence with 0.130 Mev. 
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lic. 5. (a) V®* total singles spectrum. The number beside 


the plot is counts per unit of V scale. (b) V®* total spectrum in 
fast coincidence with 0.51 Mev. 


were made in the low-energy spectrum to explore the 
decay scheme. As a shorthand notation for the following 
cascade discussions, a transition from level A to level B 
with the release of radiation having energy (A—B) 
Mev will be written as A(A—B)B. Triggering on 
0.13 Mev, Fig. 4(b), strong coincidences were found 
with 0.29, 0.51, and 0.65-Mev radiations and a weaker 
1.96 response (not shown), thus suggesting 0.42(0.29) 
0.13, 0.78(0.65)0.13, and 2.09(1.96)0.13 Mev transi- 
tions. The strong 0.51 peak in the coincidence spectrum 
can be expected from pair production by high-energy 
gammas in coincidence with 0.13. Only a very weak 
indication of coincidence with 0.70 was observed for a 
possible 0.83(0.70)0.13 Mev de-excitation. Other very 
weak responses (such as at 0.20, 0.34, and 1.01 Mev) 
were observed for possible coincidences with 0.13; 
these were not accepted as 
significant because they are not strong enough to be 
clearly outside of statistical fluctuations. The 0.42 
x (0.29)0.13 and 0.78(0.65)0.13 cascades were checked 


however, indications 


by triggering on 0.29 and 0.65 Mev separately, for 


which only strong 0.13 and 0.51-Mev coincidences 
(but 0.13-Mev 
response was received for triggering on 1.96 Mev to 
2.09(1.96)0.13 transition. 


were obtained. A weak sufficient) 


establish a low-intensity 
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Fic. 6. (a) V®* low-energy singles spectrum. The number 
beside the plot is counts per unit of NV scale. (b) V®* low-energy 
sum-coincidence spectrum (sum=7.31—0.51=6.80 Mev). 


Setting the discriminator on 0.42 Mev, weak coin- 
cidences were observed with 0.98, 1.06, and a broad 
1.40 Mev but there was no evidence for a 0.78(0.36)0.42 
cascade. Other coincidence experiments suggested very 
weak 1.84(0.44)1.40, 1.84(1.06)0.78, 1.79(1.37)0.42, 
1.48(1.06)0.42, 1.48(0.70)0.78, 1.40(0.98)0.42, and 1.40 
X (0.62)0.78 transitions, but these cascades were too 
doubtful to be assigned. Energy resolution was not 
adequate to probe with a narrow discriminator window 
for a 0.83(0.41)0.42 de-excitation. A broad window 
covering 0.39 to 0.44 Mev, however, did not indicate 
coincidence between 0.41 and 0.42 Mev and con- 
sequently this cascade must be very weak if it exists 
at all. 

Figure 5(a) presents the total singles-radiation spec- 
trum which is difficult to interpret because of multiple 
(i.e., escape) peaks inherent in high-energy scintillation 
spectroscopy. The full energy peak for the 7.31-Mev 
ground-state transition is barely discernible; however, 
the full energy peak for a 7.18-Mev transition to the 
0.13 level is very apparent. Strong peaks occur at 
6.0 and 5.5 Mev which appear to be 1- and 2-escape 
peaks (the full energy peak is obscure) for 6.5-Mev 
transitions to the 0.78- and 0.83-Mev levels. Similarly 
the peaks at 4.75 and 4.2 Mev must be 1- and 2-escape 


peaks for 5.2-Mev radiation to the multiple levels in 
the 2.1 region, and the much weaker indications at 5.0 
and 4.5 Mev are probably 1- and 2-escape peaks for 
5.5-Mev de-excitations to the 1.8-Mev multiple level 
region. Here the 5.2-Mev radiation appears markedly 
more intense than the 5.5-Mev radiation, whereas 
Groshev ef al.7~* measured absolute intensities of 6.5 
and 7.2 photons/100 captures, respectively. Figure 5(b) 
shows an improvement for the high-energy spectrum, 
obtained by converting the coincidence spectrometer 
into a 2-crystal pair spectrometer (i.e., triggering on 
0.51 radiation in the conventional coincidence mode) 
thus eliminating full energy peaks. Only 1- and 2-escape 
peaks appear in the upper stpectrum of Fig. 5(b) and 
it is now possible (but not profitable) to analyze this 
portion of the display. Both Bartholomew and Kinsey 
and Groshev ef al. have thoroughly explored the V** 
high-energy radiations with vastly more suitable 
equipment and have reported very similar findings. 
Upper spectrum displays are presented here merely as 
a matter of interest and to demonstrate the experimental 
problem. The lower spectrum of Fig. 5(b), however, is 
profitable to examine and shows V** radiations at 
1.00, 1.10, 1.40, 1.55, 1.78, 1.96, 2.10, 2.35, 2.42, 2.53, 
2.65, 3.05, 3.19, 3.40 Mev, and higher energies. 

Although the scintillation coincidence spectrometer is 
not intended for high-energy work, it is very suitable 
for checking the neutron binding energy in nuclei by 
electronically summing the output of the two detectors 
and then observing the sum spectrum (i.e., the output 
of the adding network) with a fast-coincidence require- 
ment. The asymptotic intersect of the high-energy 
sum response with the base line indicated a binding 
energy of 7.30+0.05 Mev for the added neutron in 
V®, which agrees with the values of 7.305+0.007 and 
7.30+0.015 Mev obtained by Bartholomew and Kinsey 
and Groshev e al., respectively. Additionally, the 
low-energy portion of the sum spectrum showed a 
prominent peak at 0.78 Mev and only the suggestion 
of a buildup at 0.83 Mev. This evidence indicates that 
very few if any 0.83(0.41)0.42 or 0.83(0.70)0.13 
transitions occur. 

A particularly helpful experiment was made with the 
Hoogenboom sumcoincidence technique for observing 
double cascades.” Unfortunately the counting rate was 
impractically low with the sum discriminator set at the 
binding energy, and it was necessary to set the dis- 
criminator 0.51 Mev below the binding energy (i.e., 
7.31—0.51=6.80 Mev) for triggering from the more 
intense 1-escape peak. A reasonable counting rate was 
then obtained with a 0.25-Mev-wide discriminator 
window which, after three days running time, produced 
the results shown in Fig. 6(b). In order to interpret 
this spectrum it must be realized that the 0.25-Mev-wide 
discriminator window permits sums with transitions 
from excited levels to the 0.13 Mev level as well as to 
the ground state. Notice in particular how level 
structure in the 1.4-Mev region now becomes evident 
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whereas this region is saturated in the singles spectrum 
by the 1.43-Mev V™ beta-decay radiation. A detailed 
study of the sum-coincidence spectrum and associated 
data reveals the radiations listed in Table I and the 
decay scheme (which was matched to fit the level 


scheme suggested in reference 5) presented in Fig. 7. 


DISCUSSION 


E] Bedewi and Tadros” have recently studied angular 
distributions for the V"(d,p)V®* reaction and report 
that the 29th neutron carries one unit of orbital 
angular momentum into the ground state and conse- 
quently is captured in the 25/2 state. This important 
work shows that, at least in V®, the 23/2 state occurs 
at a lesser energy than the 1/52 state. 


TABLE I. Low-energy V® capture gamma rays. Energies in Mev. 





Groshev e al. 
(reference 7) 


Schwiger 
3.40+0.03 
(3.19-++0.04)* 
3.05+0.03 
(3.00+0.04) 
2.85+0.03 
(2.73+40.04) 
2.65+0.03 
2.53+0.03 
2.48+0.03 


Reier and Shamos* 





2.85+0.02 


ome 2.44+-0.02 
(2.42+0.04) we 
(2.36+0.04) ad 
2.3240.03 2.30+0.02 tee 
side le 2.25+0.03 
(2.19+-0.03) an 
2.15+0.02 sate 
ding 2.13+0.01 
(2.12+0.03) oa 
(2.08+0.03) 
(2.00+0.03) 
1.95+0.02 
(1.85-+0.03) 
.78+0.02 
(1.73+0.03) 
.70+0.02 
(1.67+0.03) 


2.02+0.02 
1.930.015 


1.77+0.01 


- 1.65+0.01 
(1.63-+0.03) : 
.56+0.02 
1.48+0.02 
1.43+0.02 
1.42+-0.02 
1.38+-0.02 
1.15+0.02 
1.10+0.02 
(1.06+0.02) 
1.00+0.02 
(0.83+0.02) 
(0.78+0.02) 
(0.70+0.02) 
0.64+0.02 
(0.62+0.02) 
(0.44+0.02) 
0.42+0.02 
0.34+0.02 
0.29+0.01 
0.13+0.01 


1.55+0.01 


1.434+0.005> 1.46+0.03> 


0.84+0.01 0.84+0.03 
0.79+0.015 tee 


0.652+0.005 0.63+0.03 


0.42+0.01 


0.42+0.03 





*® Parentheses indicate weak or unresolved response. 
> Gamma ray following beta decay of V®. 
eM. Reier and M. H. Shamos, Phys. Rev. 95, 636 (1954). 
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The shell model assures us that V® must have an 
even-parity ground state, but the spin (not yet meas- 
ured) is ambiguous because reliable coupling rules 
have not yet been established for odd-odd nuclei. 
However, V®™ is unstable and beta decays“ with 
log fi=5.5 to the Cr®* 1.43-Mev level (even-even 
nucleus, hence even spin and parity). This is an allowed 
transition and, according to Gamow-Teller selection 
rules, the spin change can be 0 or +1 for the decay. 
Since El Bedewi and Tadros'® report 2+ spin for the 
Cr®* 1.43 level, the V™® ground state might have 1*, 2t, 
or 3* spin, all of which are possible for coupling between 
a (1/7/2)* proton configuration and a 23/2 neutron. A 
spin of 1+ is improbable, however, because otherwise 
V® should decay to the Cr® 0* spin ground state. Also, 
the V®* capture state must be 3~ or 4~ spin and the 
reported 7.31-Mev ground-state transition seems too 
intense for M2 or £3 radiation. Thus a ground spin of 
2+ or 3* is expected for V™ and, when established, will 
be a test of Nordheim’s rule which indicates the spin 
should be 3*. 

All of the low-lying V** levels are expected to have 
even parity. It was not possible in the present work to 
suggest spins for any of these levels; however, some of 
the experimental findings may help later to make spin 
assignments. Since the fast-coincidence unit has a time 
resolution of 4X10-* second, the 0.13-Mev radiation 
observed in the coincidence spectrum may be an M1 
transition although one hastens to add that £2 transi- 
tions are known to occur often with comparable 
transition time. Several crossover, without stopover, 
transitions are observed: two from the 0.78-Mev level 
to the ground and 0.13-Mev levels (the latter being 
the more intense) but not to the 0.42-Mev level, and 
one from the 0.83-Mev level to the ground state only. 
On the other hand, the 0.42-Mev level makes both 
crossover and stopover transitions to the ground and 
().13-Mev levels (the former being the stronger). 

Coupling between a (1/7/2)* proton configuration and 
a 23/2 neutron produces 2 states with spin 0+, 1 of 1*, 
3 of 2+,3 of 3+, 5 of 4+, 3 of 5+, 3 of 6+, 2 of 7+, 1 of 8, 
and 1 of 9* for a total of 24 possible states. One might 
argue that it is reasonable to expect the interaction 
energy to be small between particles that differ con- 
siderably in radial and azimuthal quantum numbers 
(i.e., 17/2 vs 23/2) compared with the interaction of 
particles in the same orbit (otherwise the shell model 
would not be a good approximation), and thus the low 
excited states could arise from excitation of the (1/7/2)* 
proton configuration alone. There is weak evidence to 
infer that this situation occurs. First, El Bedewi and 
Tadros” found from V*'(d,p)V** proton distributions 
that the 29th neutron appears to have orbital angular 


4 Nuclear Shell Schemes, compiled by R. N. King, C. L. 
McGinnis, and R. van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington 
D. C., 1955). 

15 F, A. El Bedewi and S. Tadros, Nuclear Phys. 6, 434 (1958). 
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momentum of unity in the ground and first eight levels. 
Second, there is surprising consistency in the relative 
level spacing between the four lowest excited states 
of V*'* and V®* (the author shows in another paper 
that the ground and four lowest levels in V*'* belong to 
the (1/7/2)* configuration), which might represent 
similar states that have been depressed by the additional 
(i.e., 29th) neutron. Third, all but one of these levels 
(0.42 Mev) show large (d,p) capture probability®:'” 
which suggests that these levels have proton configura- 
tions the same as in V™. 

Additional work, such as gamma-gamma angular 
correlations, is needed to clarify the data. 
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A fast-coincidence scintillation spectrometer has been developed 
for thermal-neutron capture-gamma studies at the Livermore 
1-Mw pool-type reactor. The added-neutron binding energy in 
V*! was measured as 11.1+0.1 Mev. Cascade radiations for V*!* 
were observed and a decay scheme is established which verifies a 
previously proposed (p,p’) level scheme. Spin assignments for 
most of the V°'(p,p") reported levels below 4.0 Mev are proposed 
and the level order for the (1/7/2)* proton configuration levels is 
established as 7/2- (ground state), 5/2-, 3/27, 11/27, 9/2-, 
and 15/27- spin with excitation energies of 0.32, 0.93, 1.61, 1.81, 
and 2.70 Mev, respectively. Of the various nuclear force assump- 
tions that can be made, the short-range force approximation 
(é-type interaction) and weak surface-coupling effects for V*!* 


INTRODUCTION 


HE (1/7/2)' configuration allows six states with 
spins 3/2, 5/2, 7/2, 9/2, 11/2, and 15/2. If only 
the potential energy of interaction among 1 /7/2 nucleons 
splits the levels, the theory of holes assures that the 
level order for » identical particles is the same as for 1 
identical holes and the (1/7/2)* and (1if7/2)~* configura- 
tions should have identical behavior. Several authors 
have made theoretical calculations on level spacing 
and order for these configurations as functions of the 
range of various assumed nuclear forces.'~? Experi- 
mental evidence needed to check theories for the 
(1 f7/2)** multiplet is best obtained from Ca** or Ca** 
with 20 protons in closed shells and 3 or 5 (1/7/2) 
neutrons, and V** or Mn** with 3 or 5 (1/7/2) protons 
and 28 neutrons in closed shells. 

We know that Ca*, V*', and Mn* all have a measured 
ground-state spin of 7/2 as predicted by the Mayer- 
Jensen model.''*® With a 7/2- ground state, theory 
clearly indicates spins of 5/2, 3/2-, and 15/2> for the 
first two and last of the possible (1/7;2)' excited states, 

* Work was performed under auspices of the U. S. Atomic 
Energy Commission. 

t These results are taken from a thesis submitted by the author 
to the University of California in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy in Physics. 

t Commander, U. S. Navy, on special assignment at Lawrence 
Radiation Laboratory. 

1 Maria G. Mayer, Elementary Theory of Nuclear Shell Structure 
(John Wiley & Sons, Inc., New York, 1955). 

? Dieter Kurath, Phys. Rev. 80, 98 (1950). 

8 Igal Talmi, Phys. Rev. 82, 101 (1951). 

4B. H. Flowers, Proc. Roy. Soc. (London) A210, 497 (1951). 

5 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952). 

6 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A215, 120 (1952). 

7 Dieter Kurath, Phys. Rev. 91, 1430 (1953). 

8 Nuclear Shell Schemes compiled by R. N. King, C. L. McGin- 
nis, R. van Lieshout, and K. Way, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington 
25, D. C., 1955). 


*D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 


configuration states appear to give the best match between 
theory and experiment. A previous calculation using experi- 
mentally measured splittings of the j? configuration together 
with tabulated coefficients of fractional parentage gives excellent 
agreement with experiment. Evidence is also found for (1/7/2*) 02 p3/2- 
and (1f7/2")olfs/2-proton single-particle levels at 2.41 and 2.55 
Mev, respectively, as well as for additional low-spin states 
between 2.70 and 3.38 Mev which possibly represent even states 
resulting from excitation of a lower shell proton to give a (1f7/2*)o 
configuration plus a proton hole in the vacated shell. Experimental 
results suggest that the V*!* 20-28 core is a more rigid structure 
than the Ca** 20-20 core. 


respectively, but the predicted spins for the third and 
fourth configuration states are not unanimous. Calcula- 
tions by Kurath’ suggest only the order 9/2 and 11/2 
whereas Levinson and Ford'®:" as well as Lawson and 
Uretsky” predict the order 11/2 and 9/2. Edmonds and 
Flowers® contribute a happy compromise by finding a 
crossover which permits either order, depending upon 
the assumed force range. Kurath makes his predictions 
for strong spin-orbit coupling with “‘Majorana plus 
Bartlett” interaction while Levinson and Ford base 
their calculations on Ca* and Ca“* using an additional 
weak particle-coupling to the nuclear surface. Lawson 
and Uretsky make use of experimentally measured 
splittings of the 7? configuration together with tabulated 
coefficients of fractional parentage-® Additionally, Nuss- 
baum" indicates that single-particle odd levels should 
also occur at higher energies in the order 23/2, 1f6/2, 
and 21/2. 

Previously existing knowledge on the excited states 
of V°'* has come from inelastic scattering experiments 
and from beta decay of Ti and Cr*!, Although poor 
agreement occurs for the Ti®! beta-decay energy, all 
experimenters concur on observations of a 0.323-Mev 
gamma ray.’ Additionally, Jordan'® e al. and Bunker 
and Starner'®!" report 0.928- and 0.605-Mev gammas, 
the latter in coincidence with a 0.323-Mev quantum, 
whereas Schardt and Welker'® observed singles radiation 
only at 0.325 and 0.94 Mev. Since the shell model 
indicates that Ti®' should have a 3/2- ground state, 
these data suggest levels in V°!* at 0.323 and 0.93 Mev 
with 5/2- and 3/2 spins, respectively. Several authors® 

© K. W. Ford and Carl Levinson, Phys. Rev. 100, 1 (1955). 

1 Carl Levinson and K. W. Ford, Phys. Rev. 100, 13 (1955). 

2 R. D. Lawson and J. L. Uretsky, Phys. Rev. 106, 1369 (1957). 

13 R. H. Nussbaum, Revs. Modern Phys. 28, 423 (1956). 

14 All energies in this paper are reported in Mev units. 

16 W. C. Jordan, S. B. Burson, and J. M. LeBlanc, Phys. Rev. 
96, 1582 (1954). 

16 M. E. Bunker and J. W. Starner, Phys. Rev. 97, 1272 (1955). 

17M. E. Bunker and J. W. Starner, Phys. Rev. 99, 1906 (1955). 

18 A, W. Schardt and J. P. Welker, Phys. Rev. 99, 810 (1955). 
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report a 0.325-Mev gamma from electron capture of 
Cr, while Ofer and Wiener” see 0.65- and 0.325-Mev 
gamma rays, the latter in coincidence with 0.320-Mev 
thus suggesting a level at 0.65 Mev. Other authors”! 
have observed a lower energy quantum which they 
relate to a possible level at 0.237 or 0.267 Mev. 
Several experimenters have employed inelastic proton 
scattering to study excited states in V®'*. Using 8-Mev 
protons, Hausman ¢ al.” assigned levels at 0.32, 0.48, 
1.16, 1.84, 2.22, 2.43, 2.65, 3.11 Mev, and higher 


19S. Ofer and R. Wiener, Phys. Rev. 107, 1639 (1957). 

*H. L. Bradt ef al., Helv. Phys. Acta 18, 259 (1945). See also, 
however, D. Maeder, P. Preiswerk, and A. Steinemann, Helv. 
Phys. Acta 25, 461 (1952). 

7B. D. Kern, A. C. G. Mitchell, and D. J. Zaffarano, Phys. 
nan 94 (1949). See also W. S. Lyon, Phys. Rev. 87, 1126 

52). 
#2 H. J. Hausman e¢ al., Phys. Rev. 88, 1296 (1952). 


energies, but only the first state agrees with the 
beta-decay data. Concurrently, Schwager and Cox” 
observed levels at 0.32, 0.93, and possibly at 0.48 Mev 
during a limited (f,p’) survey for purity of a V™ 
target to be used in a V*!(d,p)V®™ reaction. Buechner 
et al.> completed the work initiated by Schwager and 
Cox and reported levels at 0.322, 0.931, 1.609, and 
1.819 Mev. Higher levels were observed but could not 
be assigned because of an intense background. Repeat- 
ing this work at a later date with the same target, 
Buechner’s group”® was able to remove the background 

% J. E. Schwager and L. A. Cox, thesis, Massachusetts Institute 
of Technology, 1953 (unpublished). 

* J. E. Schwager and L. A. Cox, Rev. Sci. Instr. 24, 986 (1953). 

25 W. W. Buechner, C. M. Braams, and A. Sperduto, Phys. Rev. 
100, 1387 (1955). 


26M. Mazari, W. W. Buechner, and A. Sperduto, Phys. Rev. 
112, 1691 (1958). 
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by better alignment of beam slits and again observed 
V** levels at 0.320, 0.930, 1.609, 1.813, plus 31 others 
at 2.409, 2.545, 2.675, 2.699, 2.790, 3.082 Mev, and 
higher energies. Coulomb excitation of V™ by alpha 
particles?’* produces gamma rays with energies of 
0.33, 0.97, and 1.67 Mev. 

Clearly the existing experimental data are conflicting 
and not adequate to test theory. Consequently, a 
neutron capture-gamma program was hopefully initiated 
at the Lawrence Radiation Laboratory (LRL) to 
help resolve some of the existing controversy and to 
provide additional data on level spins to check theoret- 
ical predictions for this important nucleus. The 
spectrometer and the experimental procedures devel- 
oped for its use are discussed in a preceding paper. 


SPECTRUM CONTAMINANTS 


Vanadium exists almost monoisotropically in nature® 
as 99.76% V* and only 0.24% V®™. Thus it is not 
surprising that no previous (d,p) or (m,y) work has 
been performed with a V™ target. The present work 
was accomplished with 714 mg of V2.0; of maximum 
purity (obtained from Oak Ridge National Laboratory) 
containing 400 mg of vanadium with 44.1% enrichment 
of V® irradiated in a 10° external thermal neutron beam. 
Capture cross-section measurements on V™ using the 
pile oscillator technique have not been completed ; how- 
ever, it can be inferred from the capture-gamma experi- 
ments that the cross section must be of the order of 100 
barns. Since this “precious” sample represented con- 
siderable financial liability, it was necessary to provide 
positive containment even at the risk of handicapping 
the experiment. Consequently, the sample was tamped 
into a thin plastic vial, then sealed and encased in a thin- 
walled aluminum canister. Thus contaminants from Al?’, 
V", and hydrogen capture gammas” as well as strong 
gammas following beta decay of V™ and Al’* were ex- 
pected. Figure 1(a) shows the low-energy singles spec- 
trum of the background with V™ target in place and 
reactor “‘on’”’ but neutron beam “off” (following an im- 
mediately prior neutron irradiation) in which the 1.43- 
and 1.78-Mev beta-decay gammas of V™ and Al** are 
prominant (a check of the decay half-lives verified this 
identification) as well as a peak from annihilation quanta 
and an intense lower energy background (always present 
in reactor experiments). Particular care was taken in the 
design of collimation and shielding for this experiment 
with the result that most of the low-energy background 
comes from high-energy core gammas streaming down 
the narrow neutron collimator aperture and hitting 


27 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). 

28 V. E. Scherrer, B. A. Allison, and W. R. Faust, Phys. Rev. 
96, 386 (1954). 

In this paper, radiations specified as “capture gammas” are 
identified by the parent nuclide whereas excitation radiations 
refer to the product nuclide of the capture reaction. Thus for 
V5!(n,v)V®*, one speaks identically of V™ capture gammas or 
of V®* gammas. 
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the target to form annihilation quanta or Compton 
scattered radiation. This was demonstrated by beam- 
off, reactor-on comparative runs with target “in” 
and ‘‘out.” Figure 1(b) presents the low-energy V®*!*- 
plus-contaminants singles spectrum in which the above- 
named quanta as well as indications of hydrogen 
capture radiation appear. Here the 0.51-Mev peak 
gets additional intensity from high-energy target 
capture gammas causing pair formation in the crystals 
and shielding. 

One way to clean up the low-energy V*'* spectrum is 
to gate the spectrum with a total fast-coincidence 
requirement, i.e., only analyze pulses which are in 
fast coincidence with any other pulse in the spectrum. 
This is demonstrated in Fig. 1(c) for the low-energy 
region (the high-energy portion will be discussed later) 
where it is observed that the 1.43-Mev beta-decay 
gamma from V™ is removed as well as the broad peak 
in the 2.23-Mev hydrogen capture-gamma region. 
Equivalently, it can be expected that the 1.78-Mev 
beta-decay gamma from Al** has also been removed 
and the remaining peak in the 1.8-Mev region is due to 
V*'*, Coincident annihilation radiation is always 
present for the facing crystal geometry used because of 
pair conversion by the target or because of escape 
annihilation quanta from the other crystal. The 
coincident annihilation radiation is degraded for 90° 
angular separation between crystals, but a facing 
geometry was selected in order to be close to the target. 
Attention is also invited to the 0.24-Mev coincidence 
peak which probably originates from 180° Compton 
backscattering (one crystal to the other for this crystal 
facing geometry) since it disappears for 90° orientation 
between crystals. Furthermore, the prominent 0.085- 
Mev peak in Fig. 1(b) singles spectrum which disap- 
pears in the coincidence spectrum can be ascribed to 
fluorescent radiation from the Pb shielding. Al?** 
probably causes very weak coincidence peaks at 0.97, 
2.11, and 2.27 Mev. Not much contamination is 
expected from V®* in view of its weak appearance at 
high energy (to be shown shortly) and the compara- 
tively low intensity of the V® beta-decay peak, but 
V** contaminants would occur at 0.13, 0.29, 0.42, 0.65, 
0.78, and 0.83 Mev. The 0.13-\Mev coincidence peak is 
prominent whereas only a hint of response exists at 
0.42 and 0.65 Mev. The indication at 0.83 Mev is 
probably too strong to be caused by V®*. None of the 
remaining prominent coincidence wpeaks have energies 
that would attribute them to 180° Compton back- 
scattering for the more intense singles peaks. Conse- 
quently the stronger coincidence peaks at 0.32, 0.83, 
1.09, 1.18, and 1.30 Mev, and the broad 1.60, 1.79, 
and 2.02-Mev regions, are tentatively assigned to the 
V*'* spectrum. 

A separate survey was made of the Al*’ capture- 
capture-gamma spectrum [Fig. 1(d)] which showed 
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features previously reported by other experimenters.” *! 
AP** provides a prominent 7.73-Mev ground-state 
transition from the capture state (~24 photons/100 
captures). Thus Fig. 1(d) is of further interest in this 
paper because it shows the relative intensities of the 
full energy vs one- and two-escape annihilation peaks 
at this energy for the 2-in. diam by 2-in. long cylindrical 
NalI(Tl) crystals used. The crystal faces were placed 
¢ in. from the target center line at 180° from each 
other in a plane perpendicular to the 10° thermal 


*B. B. Kinsey, G. A. Bartholomew, and W. H. Walker, 
Phys. Rev. 83, 519 (1951). 

31 L. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. 
Pelekhov, Atomnaya Energ. 3, 187 (1957). 


neutron beam. These peaks were also used for calibra- 
tion of other high-energy spectrums by stabilizing the 
system on the always present and prominent 0.51-Mev 
annihilation peak to prevent gain shifts and then 
making comparative runs. Calibration of low-energy 
spectrums was made in an identical manner using 
various radioactive sources as standards. 

The V*'*-plus-contaminants singles spectrum reveals 
indications of radiation up to as high as 9.9 Mev; 
however, this spectrum is only shown up to 9.0 Mev 
in Fig. 1(e) because of space limitations. Comparing 
this spectrum [ Fig. 1(e) ] with the Al?™* singles spectrum 
LFig. 1(d)], one sees that except for a prominent peak 
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at 6.2 Mev and the hint of peaks at 6.0 and 5.5 Mev, 
the spectrum between 1.8 and 7.7 Mev has the general 
character of an Al?** contaminant spectrum. Since V* 
produces its most intense high-energy radiation at 
6.5 Mev with 19 photons/100 captures, it is possible 
that the 6.0- and 5.5-Mev indications could be the 1- 
and 2-escape annihilation peaks of V™* 6.5-Mev 
gammas. The prominent 6.2-Mev peak must be a 
2-escape peak from 7.2-Mev radiation because no 
prominent peak is observed at 5.7 Mev whereas the 
6.7- and 7.2-Mev one-escape and full energy peaks 
could be buried in the intense Al?** peaks of that region. 
Although V®* has a 7.31-Mev ground-state transition 
as well as a 7.18-Mev cascade gamma with intensities 
of 6 and 10 photons/100 captures, respectively, the 
observed 7.2-Mev radiation is much too intense relative 
to the identified V* 6.5-Mev contaminant to be caused 
by V®* 7.31- or 7.18-Mev radiations. Accordingly, the 
6.2-Mev peak is assigned as the 2-escape peak of 
7.2+0.05 Mev V®*'* radiation. These deductions are 
supported in Fig. 1(/), which shows only one- and 
two-escape peaks in the high-energy region obtained by 
gating the fast coincidence spectrum with a 0.51-Mev 
requirement. 

An attempt was made to explore the Al?** peaks for 
hidden V*'* radiation by subtracting contaminants 
contributed from an identical target holder filled with an 
equivalent amount of naturally occurring vanadium 
in the form of V2O5. A series of experiments was made 
in which varying amounts of the contaminants were 
subtracted from the initial spectrum and it was found 
in every case that prominent 6.2, 6.7, 7.2, and 7.7 Mev 
residual peaks remained. This substantiates assignment 
of a V*!* 7.2-Mev gamma. Furthermore, Bartholomew 
and Kinsey® observed weak radiations at 7.67, 7.83, 
and 7.89 Mev of 0.25, 1.3, and 0.5 photons/100 captures, 
respectively, as well as a very weak undulation of 
gammas with higher energies extending up to 9.5 Mev, 
during their investigation of V®*' capture gammas 
(7.31-neutron binding energy) using a V.2O; target of 
naturally occurring vanadium. They concluded (after 
eliminating the possibility of contaminants) that they 
had seen high-energy V*'* gamma rays following 
neutron capture in the rare isotope V®. Groshev e/ al.,*! 
however, report they could not detect the alleged V*!* 
gammas even though they examined their natural 
vanadium capture spectrum with special care in this 
region. The presently observed indication of a 7.7-Mev 
residual radiation may well be the 7.67-Mev V®*!* 
radiation reported by Bartholomew and Kinsey. If this 
is true, it is puzzling that the more intense 7.83- and 
7.98-Mev V®*!* quanta assigned by these experimenters 
do not appear in the present experiment. All indications 
of responses with energies greater than 7.73 Mev 
disappear when the target is removed and consequently 


#2 G. A. Bartholomew and B. B. Kinsey, Phys. Rev. 89, 386 
(1953). 
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are assigned to V°!* 
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radiation. They will be discussed 
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Two measurements*:* of the V*!(y,2)V™ threshold 
give a V®* neutron binding energy of 10.8+0.5 and 
11.15+0.2 Mev, while Johnson® obtained the value 
10.95+0.11 Mev. These data were checked for the 
present paper (Fig. 2(a)) by electronically summing 
V*'* fast-coincidence cascade radiation. Ignoring the 
very weak high-energy responses which are probably 
due to signal pileup, the sum-spectrum asymptotic 
intersect with the base line at 11.1+0.1 Mev is in 
good agreement with the previous measurements. 
Notice also the structure in the sum spectrum at 1.8, 
2.7, 3.4, 3.9, 7.2, and 7.7 Mev which suggests prominent 
cascades from levels represented by these energies. 

The measured ground-state spin® of V® is 6, which 
very likely accounts for its anomalous stability. Both 
positron and negatron beta decay are energetically 
possible for V® such that 


23V — Bt+o2Ti+2.4 Mev, 
23V — 6B +o,Cr+1.2 Mev, 


but neither of these radioactive transitions has yet 
been detected. A reasonable explanation is that both 
beta-decay products have zero ground-state spin 
(even-even nuclei), and a spin change of 6+ would be a 
highly forbidden transition. Bauminger and Cohen,** 
however, have recently found some positive evidence 
to indicate that V* decays by K capture to the 1.58 
excited state of Ti* (spin and parity 2+) with a half-life 
of (4.81.2) 10" yr. 

The V*!* thermal neutron capture state must have 
spin and parity 11/2* or 13/2*. Since the V™ ground- 
state spin has been established as 7/2-,8 an 11.1-Mev 
ground-state transition could occur. The V** total- 
singles spectrum only gave indications of weak gammas 
up to 9.9 Mev, however, and hence a capture to ground- 
state transition either does not occur or is too weak to be 
detected in the present experiment. 

The observed 0.32, 1.60, and 1.79-Mev V*!* radiation 
(Fig. 1(c)) could correspond to ground-state transitions 
from corresponding levels previously reported in the 
(p,p’) work. No coincidence peaks were observed at 0.48 
Mev (even with the crystals set 90° apart to reduce the 
0.51-Mev annihilation coincidence peak) or at 0.93 Mev. 
Recall that the Ti*' and Cr*! decay experiments did not 
show a 0.48-Mev level but did suggest a V*"* first level 
at 0.32 Mev with spin and parity 5/2~ and a second level 
at 0.93 Mev with 3/2-. In the present work, observation 
of 0.32-Mev radiation but none for 0.93 (or 0.48) Mev is 


%R. Sher, J. Halpern, and W. E. Stephens, Phys. Rev. 81, 
159 (1951). 

% R, Sher, J. Halpern, and A. K. Mann, Phys. Rev. 84, 387 
(1951). 

85 W. H. Johnson, Phys. Rev. 87, 166 (1952). 

3° EF. R. Bauminger and S. G. Cohen, Phys. Rev. 110, 953 (1958). 
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also consistent with a (1/7/2)° 
for V*"*, 

Levels at 1.16 and 2.22 Mev were reported by 
Hausman e/ al.” but not observed in the Massachussetts 
Institute of Technology (MIT) investigations.?>.* The 
intense 1.09-Mev response (Fig. 1(c)) seems too far 
outside of possible experimental errors to be related to 
a 1.16 state, but the weaker 1.18-Mev structure is a 
more likely candidate and will be discussed later. 
The remaining prominent coincidence radiations (withjn 
the energy span being discussed) at 0.83, 1.30, and 2.05 
Mev do not correspond to any of the level energies 
previously reported and may therefore be due to 
interlevel transitions. 

A series of energy-discriminated fast-coincidence 
experiments showed the 1.60- and 1.79-Mev regions to 
be in fast coincidence thus suggesting transitions from 


configuration level order 


20 40 60 


a possible 3.39 level to either or both of the 1.60- and 
1.79-Mev levels. The width of the responses at 1.60 
and 1.79 Mev, however, indicates multiple structure 
which can be best fitted in the 1.60-Mev region by 
peaks at 1.57, 1.61, and 1.64 Mev, and by peaks at 1.77, 
1.81, and 1.84 Mev in the 1.79-Mev region. Further- 
more, experiments with a very narrow discriminator 
window indicate that 1.81 Mev is separately in fast 
coincidence with the 1.57-Mev and 1.64-Mev pair 
and similarly 1.61 Mev is separately in fast coincidence 
with the 1.77-Mev and 1.84-Mev pair. Accordingly, 
cascade assignments are tentatively made for transitions 
from 3.38- and 3.45-Mev levels to both of the 1.61- 
and 1.81-Mev levels. Since the 1.61-Mev peak is also in 
coincidence with 0.83, 1.09, 1.18, and the broader 2.02, 
2.30, and 2.40-Mev regions, additional cascade assign- 
ments are tentatively made for transitions to the 1.61- 
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Mev level from a 2.70-Mev level and possible multiple 
levels at 3.6, 3.9, and 4.0 Mev, but an assignment of 
0.83 Mev will be temporarily deferred. Although it is 
within experimental error to speculate that the 0.83- 
Mev radiation originates from de-excitation of the 
(p,p’) 2.409-Mev level to the 1.609-Mev level, evidence 
will be presented later to deny this transition. Coin- 
cidences were also found between 1.18 Mev and both 
1.09 and 1.61 Mev (jointly) indicating that all three are 
related in cascade. Since ground-state transitions from 
a substantiated 1.61-Mev level were observed, it seems 
likely that the 1.18-Mev radiation is derived from a 
level at 3.88 Mev de-exciting to 2.79 or 2.70 Mev. 

The entire spectrum was also examined for fast 
coincidence with 1.61 and 1.81 Mev (separately) in 
order to further determine how these levels are pop- 
ulated [Figs. 2(b) and 2(c) ]. Details discussed in the 
previous paragraph are evident in the low-energy 
region of these experiments, but the high-energy region 
is difficult to interpret because of multiple (escape) 
peaks. The general indication is that the 1.61- and 
1.81-Mev levels are fed by different transitions, and 
both are apparently reached from all points of the 
spectrum. By the nature of the experiment, the region 
above 6 Mev is free from Al*** and V®* contaminants 
and should be given particular attention. One distinctive 
general difference between the spectra is that the 1.61- 
Mev level is fed by relatively more very high-energy 
transitions (>8 Mev) than is the 1.81-Mev level, and 
it appears that 7.2, 7.5, 7.7, 8.8, 9.1, and 9.4-Mev 
radiations are in coincidence with 1.61 Mev. Another 
distinction is the relatively strong coincidence between 
7.7 and 1.81 Mev. It is within experimental error to 
postulate a cascade from the capture state to the 
3.38-Mev region from which, as determined earlier, 
de-excitations take place to both the 1.61--and 1.81-Mev 
levels. A triple-coincidence experiment was performed 
(three scintillation detectors oriented 90° apart in the 
same plane) to see what is in fast coincidence with the 
3.38>1.61 or 1.81 Mev cascades [Fig. 2(d)]. After 
22 hours running time, several peaks appear to be 
forming in the region below 2 Mev. Nothing definitive 
can be observed in the higher energy region except 
that no responses were received above the isolated 
indication at 7.2 Mev which could be the 1-escape 
peak from 7.7-Mev radiation. In Fig. 2(e), however, 
the V°* low-energy spectrum in fast coincidence with 
1.8 Mev gammas shows a prominent peak at 1.6-Mev 
thus demonstrating transitions from the 3.38 and 3.45 
Mev levels to the 1.61 Mev level. 

In order to improve the high-energy singles-spectrum 
display, the coincidence spectrometer with 180° 
crystal separation (i.e., facing geometry) was converted 
into a two-crystal pair spectrometer by gating with the 
annihilation peak from one detector and analyzing the 
spectrum of the other with a fast-coincidence require- 
ment. Thus annihilation quanta escaping from one 
crystal and being detected in the other will record only 
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one- or two-escape high-energy peaks. A systematic 
analysis of this region [Fig. 1(f)] indicates V"'* radia- 
tion with 7.2, 7.5, 7.7, 8.4, 8.8, 9.3, 9.5, and 9.8-Mev 
energies. 

For additional data to help clarify the decay scheme, 
fast coincidences were also triggered from various 
points of interest in the high-energy region (Figs. 2(f)- 
3(f)). Referring again to the Al’* singles spectrum 
(Fig. 1(d)), it is evident that coincidence scintillation 
data obtained in this way requires special interpretation. 
Since any pulse falling within the window setting will 
trigger the differential discriminator, gates will be 
obtained from the Compton tails or escape peaks of 
any higher energy pulses as well as from full energy 
peaks at the discriminator setting. Consequently the 
displays are somewhat subtle in that coincidences with 
full energy peaks (the information sought) are super- 
imposed on top of a background from higher energy 
coincidences. For the crystals and geometry of these 
experiments, Fig. 1(d) shows that triggering will be 
predominantly from one- and two-escape peaks. In 
practice, duplicate runs are made with the discriminator 
set in the valley immediately above the peak being 
investigated (if a peak exists) to get comparative 
information for interpretation. An excellent solution 
for high-energy triggering experiments is to use a 
three-crystal pair spectrometer for this purpose. Such 
a spectrometer was built at LRL but the extreme 
spectrum stability needed (lower coincidence efficiency 
requires longer data runs) was not attained in time to 
use the apparatus with the coincidence spectrometer for 
the data presented in this paper. 

Several cascades become apparent by analyzing 
Figs. 2(f)-3(f) in sequence. As a shorthand aid for the 
following discussion, energies are understood to be in 
Mev and the level transitions will be denoted by 
A(A—B)B, where level A de-excites to level B with 
the release of (A—B) radiation. 

(a) 4.00(2.39)1.61. The 2.39-Mev radiation apparent 
in Figs. 2(f) and 3(a) disappears in the remainder of the 
sequence thus indicating that for discriminator settings 
>7.2 Mev the 4.00-Mev level is no longer populated. 

(b) 3.92(2.31)1.61. The 2.31-Mev relative intensity 
decreases with increasing discriminator settings and dis- 
appears for >7.2-Mev triggering. 

(c) 3.88(1.18)2.70 and 3.88 (2.07) 1.81. Observe the 
mutual weakening of 1.18 and 2.07 Mev in the sequence 
of Figs. 2(f), 3(a), and 3(b), and finally its disappear- 
ance for >7.2-Mev discriminator settings. 

(d) 2.70(1.09)1.61. The 1.09-Mev response disap- 
pears as the discriminator is set >8.3 Mev, thus show- 
ing that the 2.70-Mev level is no longer being populated. 

(e) No 2.41(0.60)1.81 or 2.41(0.80)1.61. If these 
transitions exist, neither 0.60- or 0.80-Mev-gammas 
should appear for >8.7-Mev triggering. Thus the ap- 
pearance of this radiation in Figs. 3(e) and 3(f) denies 
that they originate from de-excitation of a 2.41 Mev 
level. 
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All of the level assignments made here correlate 
with the (,p’) levels reported by the MIT group.?*”® 
Other coincidence radiations appear (notice particularly 
those at 0.39, 0.44, and the region of 0.6, 0.8, 1.25, 
and 1.30 Mev), however, which can not be explained 
by transitions between the low-lying (f,p’) levels and 
would require the introduction of several additional 
low-energy states to which no other transitions are 
observed. An alternate and more plausible explanation 
is that these radiations originate between higher levels 
in multiple cascades and are likely caused by initial 
small energy jumps from the capture state (high level 
density) to adjacent states of lower spin and then to 
the ground state or to the reported (p,p’) states. This 
situation would also help account for the prominence 
of the 0.32-Mev peak for high-energy triggering, 
particularly in Fig. 3(f) where triggering is by >9.3- 


CHANNEL 


ic. 4. (a) V*'* low-energy 
spectrum in fast coincidence 
and sum >10.5 Mev. (b) V** 
low-energy spectrum in fast 
coincidence and sum >1i0.0 
Mev (c) V"* low-energy 
spectrum in fast coincidence 
and sum >9.15 Mev. (1.2 in 
the ordinate should read 1.6.) 
d) V** low-energy spectrum 
in fast coincidence and sum 
> 8.1 Mev. (e) V*!* low-energy 
spectrum in fast coincidence 
vith 0.32 Mev. (f) V*!* low- 
energy spectrum in fast coin 
cidence with 0.40 Mev. The 
number beside the plots is 
counts per unit of N scale. 


Mev radiation and the 0.32-Mev level could be pop- 
ulated by direct transitions from levels >9.6 Mev 
following small jumps from the capture state. 
Additional level-structure data is obtained with the 
Hoogenboom sum-coincidence technique® for detecting 
double cascades. Unfortunately this method was not 
workable with the sum-discriminator window positioned 
for the 11.1-Mev binding energy (negligible photo 
peaks for high-energy radiation) and it was necessary 
to use an integral setting triggered by all pulses with 
sums between the discriminator base line and the 
binding energy. Figures 4(a)-4(d) show in sequence 
a series of experiments in which gating was initiated 
for sums >8.1 through >10.5 Mev and consequently 
are free from Al’** and V** radiations. Peaks in these 
sum-coincidence spectrums are expected to have 


37 A. M. Hoogenboom, Nuclear Instr. 3, 57 (1958). 
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Compton-like tails with length approaching the 
discriminator window width and to also originate from 
escape peaks or multiple cascades. Only the lower 
spectrum is presented (the upper is a mirror image). 

Although the statistics are poor for the experiment 
with sums >10.5 Mev [negligible counting rate; Fig. 
4(a) ] responses are evident at 0.32, 0.51 (escape anni- 
hilation quanta), 1.61, 1.8, 3.38, 3.45, 3.63, and 3.9 Mev 
which correlate with levels previously deduced. A more 
practical counting rate was obtained with sums > 10.0 
Mev [Fig. 4(b) ], which verifies these indications. Here 
the Compton-like tail can be seen below the 1.6- and 
3.4-Mev peaks; however, the buildup at 3.1 Mev 
appears to be somewhat stronger than would be 
expected from the tail alone It is possible that this 
response is augmented by gammas originating from 
the 3.45-Mev level and de-exciting to the 0.32-Mev level 
as well as the ground state. 

Indicated intensities must be converted to true 
intensities (by correcting for crystal efficiency, photo- 
fraction, and peak width) in order to make intensity 
comparisons. This correction the 1.61-Mev 
peak to be still the most intense; however, the 3.4-Mev 
region intensity does not appear to be very much 
weaker. It is difficult to give a reliable quantitative 
intensity comparison between the peaks because of the 
poor statistics; however, the situation is much better 
for the 1.81-Mev response which is 0.6 times the 
intensity of the 1.61-Mev peak. Since the capture-state 
spin and parity must be 11/2* or 13/2* and the ground- 
state spin is 7/2-, strong transitions can be expected 
from the capture state down to lower levels with spins 
between 9/2 and 15/2. Furthermore, ground-state 
transitions from intermediate levels with spins >11/2 
are probably negligible if lower levels exist with spins 
9/2 or 11/2. Consequently, double cascades observed 
in these sum-coincidence experiments can be expected 
primarily to reveal spin 9/2 and 11/2 levels and allow 
the important conclusion that the 1.61- and 1.81-Mev 
levels are the third and fourth high-spin levels of the 
(1 /7/2)* proton configuration states. Additionally, spins 
11/2- and 9/2- are tentatively assigned to the 1.61- 
and 1.81-Mev levels, respectively, because the spin 11/2 
state is probably more highly populated by capture 
transitions. 


shows 


There is now also accumulated evidence that the 
2.70-Mev level which does not respond in the sum- 
coincidence spectrum (hence spin <7/2 or >11/2) is 
the (1/7/2*)15/2- proton configuration state. Indications 
were shown earlier for a strong 2.70(1.09)1.61 transi- 
tion but no 2.70(0.89)1.81 de-excitation was observed. 
This would be expected if the 2.70-Mev level spin were 
15/2- and the spins of the 1.61- and 1.81-Mev levels 
were 11/2- and 9/2-, respectively. Furthermore, the 
3.87-Mev level seems to appear in the sum-coincidence 
spectrum (hence spin 9/2 or 11/2) and coincidence 
indications were observed for 3.87 (1.17)2.70, 3.87 (2.06) 
1.81, and 3.87(2.26)1.61 transitions which would most 
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probably occur for the tentative spin assiguments if the 
3.87-Mev level had spin 11/2. The remaining levels at 
3.38, 3.45, and 3.63 Mev could have spin either 9/2 
or 11/2, but it is not possible at this point to be more 
specific. Additionally, the other (p,p’) levels between 
1.81 and 3.38 Mev can be expected to have spins > 11/2 
or <7/2 since they do not occur in these sum-coin- 
cidence experiments, and more than likely their spins 
because no coincidence transitions were 
observed from the 2.70-Mev level (spin 15/27) or to 
the 1.61- or 1.81-Mev levels (spins 11/2- and 9/27). 
Several points of interest occur when the discrim- 
inator is set to trigger on pulses with sums >9.1 Mev 
(Fig. 4(c)). Responses which now begin to occur (but 
which were absent for the higher discriminator settings) 
must correspond to escape peaks for the previously 
observed double cascades or be related to multiple 
cascades for which any two transitions of the sequence 
have >9.1-Mev sum. Thus signals are expected (and 
indications observed) for 2:70(1.09)1.61, 3.63 (2.02)1.61, 
3.87(2.06)1.81, and 3.92(2.31)1.61 transitions. Notice 
the buildup at 3.13 Mev which suggests that the 
earlier-conjectured 3.45(3.13)0.32 transition does occur 
and consequently the 3.45-Mev level must have a 9/2 
spin. All of these inferences are further substantiated 
in the next experiment for sums >8.1 Mev [Fig. 4(d) ], 
and previous hints of other formations now become 
clearly evident. Here a strong response has developed 
at 2.54 Mev which has the correct energy for a ground- 
state transition from the (p,p’) 2.545-Mev level and, if 
correct, would have to be related to a multiple cascade 
for which short jumps occur at higher excitations. This 
behavior might happen if the last level of the cascade 
were a low-spin state. By previous conclusion, this 
level would have <7/2 spin and should consequently 
show de-excitation to the 0.32- or 0.93-Mev level (spins 
5/2- and 3/27) as well as to the ground state and will be 
checked shortly. Furthermore, single-particle proton 
states in the order of 293 2-, 1f5,2-, and 21,/2- should begin 


are <//2 


appear at about these energies” and according to shell 
o- and Ifs/2- states 


model interpretations'** the 2p; 


would be very close together. Accordingly, there 
is evidence to suggest that the 2.409-Mev level is a 
(1f;/2-)e2(2p3/2-) proton state and the 2.545 level is a 
(1f;/2-)e?(1fs/2-) proton state. 

There is no reliable evidence to show that the (p,p’) 
levels between 2.70 and 3.38 are populated. By default 
this suggests they have spins <7/2 in concurrence with 
the sum-coincidence deductions. It is interesting to note 
that high-energy even states with low spins can occur 
if a proton from a lower shell is excited to give a 
(1f/72-*)o configuration plus a proton hole in the 
vacated shell. If there are no inversions in level order, 
these states would appear in the inverse order of their 
observed filling of the states in the previous shell 


38 Hisashi Horie and Akito Arima, Phys. Rev. 99, 778 (1955). 
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(1ds/2*, 2512+, 1d52+) thus giving excitations with spins 
and parities in the order 3/2+, 1/2+, and 5/2*. 

Assignment of spin 11/2 and 9/2, respectively, to 
the 1.61- and 1.81-Mev levels by intensity arguments 
alone is risky particularly since experimental evidence 
was shown to suggest that these levels are also being 
fed by multiple cascades involving small energy changes 
near the capture state as well as by direct transitions. 
One way to test the spin assignments is to look for a 
transition from these levels to the 0.32-Mev level to 
identify the 9/2 state. Figure 4(e) (V™ low spectrum in 
fast coincidence with 0.32 Mev) clearly shows a response 
at 1.49 Mev. As further proof of this transition, the 
spectrometer discriminator was positioned at 0.40 Mev 
in the valley above the 0.32-Mev response [Fig. 4(f) ] 
for which the 1.49-Mev indication disappears from the 
fast-coincidence spectrum. Thus there is strong evidence 
to support the spin assignments for these levels. 

Coincidences between 0.32 Mev and higher levels 
also gave responses at 2.22 and 3.13 Mev to indicate 
2.54(2.22)0.32 and 3.45(3.13)0.32 transitions. This is 
in agreement with the 5/2 and 9/2 spins suggested 
earlier for the 2.54- and 3.45-Mev levels, respectively. 
Furthermore, the lack of coincidence between 0.32 and 
3.06 Mev indicates that the 3.38-Mev level may have 
11/2 spin. The remaining unassigned levels above 3.45 
Mev reported in this paper appear to have 9/2 or 11/2 
spin. 


CONCLUSIONS 


Conclusions about V*"* levels based upon the experi- 
mental evidence just presented are summarized in 
Fig. 5 using the level scheme suggested in reference 26. 
It is both appropriate and interesting to compare these 
results with relevant theory and related nuclei. 

Kurath’ made theoretical calculations for the (1 /7,2)* 
configuration level order and energies using strong 
spin-orbit coupling with ‘“Majorana plus Bartlett” 
interaction and no surface effects. This produced an 
excitation level order with spins 5/2, 3/2, 9/2, 11/2, 
and 15/2 (for all force ranges associated with a 7/2 
ground state) which now conflicts with experimental 
spins of 11/2 and 9/2, respectively, for the third and 
fourth V* configuration states. Furthermore, the 
theoretical level spacing does not seem to fit the 
remaining V°'* data when assumptions of various spin 
misassignments are made. On the other hand, calcula- 
tions by Edmonds and Flowers*'* for short-range forces 
are in agreement with this experimental level order but 
do not match the observed level energies. It is also 
interesting that an extensive calculation by Hitchcock® 
for the V® ground state provides a correct spin of 6 in 
the short-range approximation (6-type interaction) 
whereas a spin of 5 results for forces of the “expected” 
range. As pointed out by Edmonds and Flowers, the 
distinction between Majorana and Wigner forces as 


8 A. Hitchcock, Phys. Rev. 87, 664 (1952). 
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well as Bartlett and Heisenberg forces disappears if they 
have vanishing range. Bohr and Mottelson® have 
discussed the effects of surface coupling on the /* 
configurations, and very promising results with a weak 
coupling approximation have been obtained in calcula- 
tions for a predicted level scheme of Ca** by Ford and 
Levinson.’’" The latter authors have shown that weak 
surface interaction can depress the higher spin states to 
give a level order which is now observed for V*'*. Their 
calculations for Ca**, however, were based on an 
earlier single-particle level-structure assumption for 
Ca“* which now appears to warrant revision. Further- 
more, the calculations were normalized to fit a Ca** 
level scheme proposed by Lindquist and Mitchell*-* 
assigning an expected 9/27 level at 0.81 Mev for which 
there is now some doubt.“ Lindquist and Mitchell 
point out that the exact agreement of theory with their 
observations is to be expected since three parameters 
were used to fit three levels, and a proper test of the 
theory would be attained if the two unobserved 11/2 
and 15/2 states were to be found. Determination of 
these levels and adjustment of the theory to revised 
calcium data as well as similar calculations for V°!* 
would appear to be very profitable. 

Goldstein and Talmi** have suggested that an applica- 
tion of experimentally measured splittings of the 7? 
configuration plus tabulated coefficients of fractional 
parentage® can often make it possible to determine the 
excitation energies of a 7" configuration. Using this 
technique, Lawson and Uretsky” computed the level 
order and energy splittings for the (1/7/2)~* configura- 
tion based on measurements” of the (1/7/2)~* configura- 
tion for Fe**. These calculations should also apply to 
the (1/7/2)* configuration of V*'*. Their results predict 
level order in exact agreement with the present experi- 
ment and, with the possible exception of the 15/2- 
level, provide level spacing which is very close to the 
observed spacing. 

Observations by Bartholomew and Kinsey® of three 
possible V*'* gamma rays representing capture transi- 
tions to ~3.4-Mev levels rightfully led to early conjec- 
tures that they were high-spin configuration states. 
The present experiments confirm the high-spin character 
of these levels, but the configuration states appear to 
be at much lower energies (~ 1/2). Reliable data needed 
on the comparable Ca“* states may be difficult to 
obtain. Unfortunately a proposed*-* Ca** 9/2- level 
at 0.81 Mev does not appear in the (d,p) work,“ but 


A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab, 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

41 T, Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 444 (1954). 

@ T. Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 612 (1954). 

T. Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 1535 
(1954). 

“C. M. Braams, Phys. Rev. 95, 650 (1954). 

4C. M. Braams, Energy Levels of Calcium Isotopes, thesis 
(Excelsior, Oranjeplein 96, The Hague, The Netherlands, 1956). 

46S. Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956). 

47W. W. Buechner and A. Sperduto, Bull. Am. Phys. Soc. 1, 
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evidence was found by Braams" for a Ca®* high-spin 
level at 1.678 Mev. Judging by the energies of the 
accepted 5/2- and 3/2- Ca®* (1/f;,2)® levels, the V*'* 
20-28 core may be more rigid than the 20-20 Ca** 
structure thus indicating that the high-spin Ca** 
configuration levels should appear at lower energies 
than the comparable V*'* levels. Other supporting 
evidence for a tighter core is the possible higher excita- 
tion energy in V*'* for the 23,2 single-particle level 
plus even levels (representing breakup of the 20-proton 
shell core) that are low-lying in Ca“* and Ca** vs 
apparently high-lying in V*'*. This conclusion is also 
suggested by the greater excitation energy of Ca** 
vs Ca®* or the difference® in Ca“* and Sc** excitation 
energies from those of Ca** and Sc. 

If the tentatively assigned 15/2 level at 2.70 Mev 
exists, one wonders whether it corresponds to the 
(p,p’) 2.675- and 2.699-Mev doublet (angular momen- 
tum high for excitation). It would be useful to perform 
angular distribution measurements with stripping 
reactions on a V™ target to help distinguish between 
single particle (seniority s=1) and mixed V*™ states 
(s>1). Definite assignments might be possible from 
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such (d,p) work to check the tentative proposals of the 
present work. Schwager and Cox™ developed a technique 
for preparing thin vanadium targets requiring a mini- 
mum amount of mother material which should help 
produce appropriate V® targets from a very limited 
amount of the enriched isotope. This would also permit 
(p,p’) investigations of V* levels thus giving data on 
the coupling between (1/7/2)* proton configurations and 
a (1f7;2)~ neutron hole. 
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Elastic Scattering of Alpha Particles from Helium? 
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(Received September 9, 1960) 


The elastic scattering of alpha particles from helium has been investigated at laboratory energies of 6.43, 
6.84, and 7.78 Mev. Complete angular distributions from 20° to 90° in the center-of-mass system were 
obtained. Analysis of the data suggests somewhat smaller values for the D-wave phase shift then previously 


reported. 


INTRODUCTION 


HE elastic scattering of alpha particles from 
helium has been frequently studied in an attempt 

to better understand the structure of Be*. The lower 
energy data have been quite completely reviewed in the 
work of Nilson, Jentschke, eé a/.! and more recently of 
Jones, Phillips, and Miller.2? The energy region from 4 
to 8 Mev (laboratory) is of particular interest in terms 
of extracting parameters relative to the quite broad first 
excited state in Be* at about 3 Mev. Utilizing the excita- 
tion curves at three judiciously chosen angles, specifi- 
cally the zeros for the second and fourth order Legendre 
polynomials, Jones et a/. have investigated this state in 


t This work was performed under the auspices of the Office of 
Naval Research. 

1R. Nilson, W. K. Jentschke, G. R. Briggs, R. O. Kerman, and 
J. N. Snyder, Phys. Rev. 109, 850 (1958). 

2C. M. Jones, G. C. Phillips, and P. D. Miller, Phys. Rev. 117, 
525 (1960). 


terms of a single-level dispersion theory. As is to be 
expected, the parameters obtained would appear to be 
a rather sensitive function of the D-wave phase shifts 
selected. Specifically, the use of somewhat smaller 
values than those chosen would tend to decrease the 
reduced width of the state and to increase the accom- 
panying hard sphere radius. Such a lowering is indeed 
implied by an extrapolation of Nilson’s data into this 
energy region. The data of Berk, Steigert, and Salinger*® 
would likewise seem to support 
values. 

The various attempts to connect the experimental 
phase shifts with theoretical potentials are briefly re- 
viewed by Butcher and McNamee.‘ Utilizing a force 
law combination observed to give good results in esti- 


somewhat smaller 


3N. Berk, F. E. Steigert, and G. L. Salinger, Phys. Rev. 117, 531 
(1960). 

‘A.C. Butcher and J. M. McNamee, Proc. Phys. Soc. (London) 
74, 529 (1959). 
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Fic. 1. The center-of-mass cross section as a function of center- 
of-mass angle at an incident laboratory energy of (a) 6.43 Mev, 
(b) 6.84 Mev, (c) 7.78. The triangles denote points from negative 
angles. The crosses denote points from laboratory angles greater 
than 45°. The solid curves are best fits to data and are obtained 
using the indicated phase shifts. The dashed curve is obtained 
using the larger value of 52 indicated. The arrows correspond to 
observation angles used in reference 2. 


mating the binding energy of Be’ and C®, they obtain 
quite reasonable fits to the experimental data over a 
wide range of energies. The marked exception is for the 
D-wave phase shift in the vicinity of the 3-Mev reso- 
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nance. Using a more empirical approach, Wittern® has 
succeeded in reproducing rather well both the S- and 


D-wave phase shift data. His choice of parameters 


5H. Wittern, Naturwissenschaften 46, 443 (1959). 
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Fic. 2. The S-wave phase shift as a function of laboratory energy. 
Data from Jones, Nilson, and Berk are shown for comparison. 


would suggest values for the latter only slightly larger 
than those used by Jones. 

The present experiment is an attempt to verify the 
phase shifts in the region of 6 to 8 Mev (laboratory) by 
means of more complete angular distributions. 


EXPERIMENTAL PROCEDURE 


The scattering chamber used in this experiment was 
of the double-pillbox type. The lower half was fixed with 
respect to the beam, while the upper half was free to 


rotate about an axis normal to the beam direction. The 
beam entrance slits and several fixed observation ports 
were located in a plane near the top of the stationary 
portion. The main observation port was near the base 
of the rotating portion. This was inclined at an angle 
of 11° 45’ to the plane defined by the fixed port system. 
The intersection of the axis of this port with the center 
of rotation and with the geometrical center of the system 
as defined by the lower apertures was determined 
optically to be invariant to less than 0.001 inch. 

Since the entire chamber was to be filled with helium, 
the magnetically analyzed alpha particles from the 
cyclotron were admitted through a nickel gas retaining 
window. For the highest energy a nickel foil of 0.71 
mg/cm? and a gas pressure of 5 cm of mercury were 
used. This reduced the beam energy from its analyzed 
value of 8.04 Mev to 7.78-0.04 Mev at the center of 
the gas target volume. Correspondingly heavier nickel 
windows were utilized to obtain the lower bombarding 
energies. The quoted incident beam energy was con- 
firmed by range measurements in Ilford £1 nuclear 
emulsions. The beam particles could be directly cali- 
brated in terms of natural alphas from ThC’ and ThC” 
in the same emulsions. The widths of all peaks were as 
expected from straggling considerations alone. 

In a typical run the fixed ports at 180° and 0° would 
house the beam collimation system and the Faraday 
cup, respectively. Two particle detectors and their 
respective collimators would be placed one in a fixed 
port, as at 15°, and the other in the inclined port in the 
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movable lid. The use of the auxiliary detector at a fixed 
location served a twofold purpose. The second counter 
served as an additional beam monitor for defining 
relative yields. It further facilitated experimental 
verification of the alignment by providing a comparison 
between the fixed port yields and those at equivalent 
angle settings of the rotating head. The beam input and 
detector collimators used resulted in a mean angular 
spread of the order of a half degree. At no angle used 
was the direct beam able to see the first detector slits 
or the detector able to view the final beam aperture. 

Commercial grade helium, quoted to have less than 
0.01% impurity, was used as the target gas. A liquid 
nitrogen trap was used to further minimize any con- 
densable contamination. As indicated below, no evi- 
dence of an impurity fraction was found. The absolute 
density was measured and maintained to 1% or better. 
The detectors used were $-mm thick thallium-activated 
CsI crystals mounted directly onto the face of DuMont 
6292 photomultipliers. The particle pulses were passed 
through a white follower stage, amplified, and then 
analyzed. The final signal was split between a grey 
wedge-type multiple-channel analyzer for general 
monitoring and a single-channel analyzer for particle 
counting. All detected particles in the elastic group were 
accepted. No particle pulses were observed outside the 
elastic group. In particular, no higher energy particles, 
indicative of heavy contaminants such as nitrogen, were 
detected even during prolonged runs. Runs were 
terminated when the particle pulses were sufficiently 
reduced in magnitude so as to be subject to interference 
from the background noise. 

Data were taken at either side of straight forward to 
check the alignment of the beam axis relative to the 
scattering chamber geometry. Such negative-angle 
points are indicated separately as triangles in Fig. 1. 
Additional data were also taken as far back as 100° to 
check on impurity scattering from targets heavier than 
helium. As was anticipated from the absence of double 
peaks at the forward angles, no large-angle scatterings 
were observed. In all cases the combined detector and 
monitor statistics for a given point were between 1% 
and 4%. All points were repeated to check repro- 
ducibility. The absolute beam integration was checked 
by means of a Carey Vibrating Reed Electrometer and 
was reproducible to within 2%. The contributions 
expected from slit edge scattering, higher order geome- 
try corrections, and multiple scattering were estimated 
to be less than 1% for the experimental conditions here 
applicable. Accordingly no adjustments of the data were 
made on this account. 

The data for the three energies used are displayed in 
Fig. 1 as center-of-mass cross sections versus center-of- 
mass angle. The triangles and crosses, respectively, 
indicate negative angles and observation beyond 45° in 
the laboratory. The smooth overlap of these three center 
of-mass quadrants would indicate reasonable geomet- 
rical alignment. Except near the minima, the relative 
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cross sections are estimated to be good to about 3%. 
Because of the extremely long runs required in the 
neighborhood of 60°, however, the possibilities of in- 
clusion of random noise pulses could not be entirely 
ruled out. Asa result the data here might conceivably be 
systematically high by somewhat more than 3%. The 
absolute cross section, on the other hand, is probably 
only reliable to of the order of 10%. The absolute angle 
measurements are considered accurate to better than 
15 minutes. 


DATA ANALYSIS AND RESULTS 


The center-of-mass cross sections illustrated were 
analyzed in terms of the usual polynomial expansion 
involving the nuclear phase shifts 6;.6 Consistent with 
previous results in this energy region it was not found 
necessary to invoke terms of higher angular momentum 
than two. The best fits to the data as obtained by 
simultaneous adjustment of both 49 and 6. are shown by 
the solid lines in Fig. 1. The values of the parameters 
used are as indicated. 

The dashed curve in Fig. 1(c) is the cross section to 
be expected if one uses a larger value of 5). While the 
difference is not large it is systematic. The data appear 
to be displaced by about 2° (1° in the laboratory) from 
the dashed theoretical curve. However, assuming a 
systematic error and shifting the circles the necessary 
amount leftward would require concurrent rightward 
adjustment of the same magnitude of the associated 
triangles and crosses. Such a process would obviously 
render these negative and backward angles inconsistent 
with the remainder of the data. The disagreement shown 
would appear to be outside the probable experimental 
errors. It should be noted that the two theoretical curves 
predict nearly identical results at the three angles 
chosen for analysis in reference 2 [arrows Fig. 1(c) ]. 
This is expected at 54° 44’, which is the zero of the 
second order Legendre polynomial, since the curves only 
differ in the choice of 69. The near coincidence at 30° 33’ 
end 70° 7’ is, however, fortuitous. 

The phase shifts necessary to best satisfy the present 
work are displayed in Figs. 2 and 3. The respective 
results of Jones, Berk, and Nilson in the region of 
interest are also shown. The S-wave phase shifts from 
all sources superimpose extremely well between six and 
eight Mev. Considering the sensitivity of the relative 
cross sections to the value of 69, the agreement is not 
too surprising. This is to be contrasted’ with the corre- 
spondingly weak dependence on 6. Whereas a 5° shift in 
59 would result in a major change in the over-all shape 
and cross section, particularly in the vicinity of the 


6 J. A. Wheeler, Phys. Rev. 59, 16 (1941). 


a PARTICLES FROM He 


© Present work 
* Berk 


eo 
° 


D WAVE PHASE SHIFT (°) 
> 
o 





‘ 
+ Jones ' +Nilson 
" r 1 te 4 i 1 1 


6 i2 
LABORATORY ENERGY (Mev) 
lic. 3. The D-wave phase shift as a function of laboratory energy. 
Data from Jones, Nilson, and Berk are shown for comparison. 





minimum and at forward angles, the primary effect of a 
15° change in 6, [e.g., Fig. 1(c) ] can be described as a 
small angular displacement. 

The values of 62 which seem to best reproduce the 
present data lie consistently below those chosen by 
Jones for his subsequent analyses. This is in agreement 
with the results of Berk. This should not be interpreted 
as a disagreement between the data, however, since the 
experimental error bars clearly overlap. The major 
difference would appear to be that the more complete 
angular distribution is usually able to impose narrower 
limits on the choice of parameters than a three point fit. 
These phase shifts are nevertheless still somewhat 
higher than an extrapolation of Nilson’s data might 
suggest. 

No attempt has been made to compute in detail the 
parameters which would be required to fit the new data 
to the single-level dispersion theory. Qualitatively, how- 
ever, it would appear that one manner in which these 
smaller values of 6. might be explained is by the use of 
a larger hard-sphere radius and a narrower half-width 
for the resonance. In addition these also appear to 
improve the fit to the lower energy data. One such solu- 
tion is in fact shown as curve A in Fig. 7 of reference 2. 
However, the improvement is apparently only to be 
bought at the expense of the fit to the higher energy 
phase shifts. The effect of different radii in a model 
such as Wittern’s has not been calculated as yet. 
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Radiative Capture of Protons in C+ 


Ross E, HEesTeR AND W. A. S. LAms 
Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received August 22, 1960) 


An excitation curve of the C™(p,7)N™ reaction has been measured from 100 kev to 140 kev. The cross 
section ranges from (7.7+1.8)X10™ cm? at 100 kev to (9.8+1.2)10-* cm? at 140 kev. The results are 


compared with those of previous measurements. 





INTRODUCTION 


HE reaction C(p,7)N"™ with which this report is 

concerned is one that is involved in the carbon- 
nitrogen cycle. It has been previously measured at 129 
kev by Woodbury and Fowler.' It is of interest to 
measure the cross section at as low an energy as possible 
to permit more accurate extrapolation to stellar tem- 
peratures where these reactions are important in some 
classes of stars.” 


EXPERIMENTAL ARRANGEMENT 


The high-current ion injector at Livermore*® was used 
to bombard high-density graphite targets. The 1.1% 
natural abundance of C™ in the graphite provided the 
target for the C"*(p,y)N™ reaction. The beam from the 
ion source was turned through a 90° analyzing magnet, 
passed through a 1-inch diameter collimator, and 
impinged upon a graphite target located 1} inches in 
front of a 4-in. X4-in. NaI(T1) crystal. A water-cooled 
block was mounted between the target and the counter. 
The 4-in. X4-in. NaI(T1) crystal was mounted outside 
the vacuum system. The Nal crystal and its mounting 
were coupled to a Dumont 6364 photomultiplier by 
means of a Celvancene grease seal to improve optical 
coupling. The output of the photomultiplier tube was 
fed into a linear amplifier whose output was registered 
in a twenty-channel pulse-height analyzer. The gain 
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Fic. 1. Counter arrangement. 


t This work was performed under the auspices of the U. S. 


Atomic Energy Commission. 


1E. J. Woodbury and W. A. Fowler, Phys. Rev. 85, 51 (1952). 
2 E. M. Burbidge, G. R. Burbidge, W. A. Fowler, and F. Hoyle, 


Revs. Modern Phys. 29, 547-650 (1957). 


3W. A. S. Lamb and E. J. Lofgren, Rev. Sci. Instr. 27, 907 


(1956). 


of the amplifier was periodically checked with a ThC” 
2.62-Mev gamma-ray source. See Fig. 1 for experimental 
arrangement. 


EXPERIMENTAL PROCEDURE 
A. Counter Calibration 


The photon efficiency of the counter was obtained 
by measuring an integral bias curve for the C'8(p,y)N™ 
reaction (see Fig. 2 for a typical bias curve) and extra- 
polating the straight-line portion of the curve to zero 
volts. The intercept at zero volts gives the total number 
of counts in the crystal. The number of counts can 
then be divided by the calculated total absorption of 
the crystal to give the yield. This method has been 
checked against known gamma-ray sources and gives 
agreement to better than 10%.‘ It can be seen in Fig. 2 
that there are two breaks in the integral bias curve. 
These are due to cascade gamma rays in the reaction. 
The first break indicates a 3.7-Mev gamma ray, while 
the second break would indicate a 2.3-Mev gamma ray. 
The information derived from the integral bias curve 
plus a knowledge of the energy levels of the N* com- 
pound nucleus® strongly suggested that about 86% of 
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the transitions were those from 7.65 Mev to the ground 
state, while the remaining 14% predominantly were a 
triple cascade. Integral bias curves were made at 135 
kev and 120 kev to look for energy dependence in the 
decay scheme of the N“ compound nucleus. Within 
statistical errors no energy dependence was observed. 
These bias curves were obtained by bombarding 
targets prepared in the Oak Ridge National Laboratory 
electromagnetic isotope separators, which targets con- 
tained about 15% C*. The targets were not uniform 
in thickness and tended to erode, making them un- 
desirable for use in obtaining cross-section data; 
however, they served very well for bias curves. 

To reduce the background the counter was arranged 
to count only those counts registering in the “escape 
peak”’ of the 7.65-Mev gamma ray. The “escape peak” 
consisted of all total absorption events and _ pair- 
production events with either one or two positron 
annihilation gamma rays escaping from the Nal crystal. 
The fraction of counts falling in this peak was deduced 
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Fic. 3. Pulse-height distribution. 


from the bias curve, and an efficiency of 2.8+0.3% 
established for the counter. 


B. Accelerating-Voltage Measurement 


The accelerating voltage was measured by means of 
a precision voltage divider and a potentiometer. The 
voltage divider was calibrated against the B'"(p,y)C" 
resonance at 163 kev. The voltage measurements are 
believed to be accurate to +1%. 


C. Beam-Current Measurements 


Immediately before and after a run the graphite 
target was removed from the beam path, allowing the 
beam to strike the water-cooled block. In this manner 
the beam power was measured by a thermopile in the 
cooling circuit of the water-cooled block. The thermo- 
pile was calibrated by means of an immersion heating 
unit and precision electrical instruments. With a 
knowledge of the accelerating voltage the beam current 
was then calculated with an estimated accuracy of 
+5%. During bombardment the graphite targets were 


CAPTURE 


OF PROTONS IN C 


c'3(p,y)N'* Z65Mevy | 


GRAPHITE TARGET 


COUNTS PER (Proton) 











rn 
140 


iG. 4. Thick-target yield per incident proton as a function of 
energy, for the 7.65-Mev gamma ray. 


at sufficiently high temperature to be incandescent. 
Chis produced a large flux of secondary electrons, which 
rendered electrical beam readings meaningless; how- 
ever, a sizeable fraction of the heat radiated from the 
target was absorbed by the water-cooled block, giving 
a convenient means of monitoring the beam level 
during bombardments. 


D. Counting Measurements 


pulse-height distribution of the 7.65-Mev 
gamma ray is shown in Fig. 3. The shaded portion 
shows the “escape peak”’ of the ground-state transition 
in the C8(p,y)N™ reaction. This portion of the pulse- 
height distribution was used to determine the excitation 
curve for the ground-state transition from 10€ kev to 
140 kev. The counter resolution, “poor geometry,” 
a one-inch diameter gamma-ray source, and scattering 
of the high-energy radiation into the crystal combine 
to present the “escape peak” as one large peak rather 
than resolving it into its three components of total 
absorption and the two annihilation-radiation escape 
peaks. 

The background data were taken with the beam on 
but unanalyzed and striking a blank target several feet 
from the counter. The large amount of sublimed carbon 
in the vicinity prevented taking the background data 
with the beam striking the water-cooled block located 
in front of the counter. Bombardment of clean blank 


The 


targets 1} inches in front of the counter did indicate 
our method of obtaining background data was justified, 
and in either case no systematic difference in back- 
ground was detected with the beam on or off. 
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Fic. 5. Excitation curve for the 7.65-Mev gamma 
ray, calculated from Eq. (3). 
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REDUCTION OF THE DATA 


Figure 4 shows the thick-target yield per incident 
proton as a function of energy from 100 kev to 140 kev 
for the 7.65-Mev gamma ray. The thick-target yield 
is calculated from 


net counts/sec 
Y,=—_—_—_—_— (1) 


fee ) 
beam current in maX6.24K10" x F 


where F is the appropriate counter efficiency. 
It can be shown that the thick-target yield is related 
to the cross section by 


Eog(E)dE 
Y, -f . vo 
0 € 


where ¢ is the stopping cross section per target nucleus 
and is approximately constant in the energy interval 
used. Since the cross section is a steep function of 
energy, the cross section can be related to the thick- 
target yield after the manner of Hall and Fowler® by 
the expression 


€ ki 
~sr| J+ +--+] (3) 
FE} Zo 


The value of ¢ used was 1.62 10-* Mev-cm?, and the 


®R. N. Hall and W. A. Fowler, Phys. Rev. 77, 197 (1950). 


W. A. S. LAMB 
appropriate correction made for the 
abundance of the target nuclei.’ 

Figure 5 shows the excitation curve for the 7.65-Mev 
gamma ray as calculated from Eq. (3). 

Since interest in the carbon cycle as a source of energy 
generation in some stars was part of the stimulus for 
measuring this cross section, it is of interest to compute 
the cross-section factor S(£), which can be expressed 
by (2), 


was isotopic 


Ay 
S(£)=0(£))E:— 


Ag+Ay, 


exp(31.282;Z)A 13/E;5), 


where S(£) is expressed in kev-barns in center-of-mass 
system, o(£) is expressed in barns, Z; and Zo are the 
charges of the reacting particles in units of proton 
charge, A; and Ao are the masses in units of atomic 
mass, and £, is the energy of the incident proton in kev 
in the laboratory system. When far from a resonance, 
S(E) is expected to be an approximate constant over a 
limited energy range. A value of 10.6+1.5 kev-barns is 
computed for S(£) from the excitation curve of Fig. 5 
when the appropriate correction is made for the cascade 
gamma rays. 


COMPARISON OF RESULTS WITH 
PREVIOUS MEASUREMENTS 


The C(p,y)N™ reaction cross section had been 
previously measured by Woodbury and Fowler,! who 
quoted a cross section of (5-1) 10-* cm? at 129 kev. 
The present measurement would indicate a cross section 
of (5.841)10-* cm? at 129 kev. This is excellent 
agreement ; however, the two values were arrived at in 
different ways. Woodbury and Fowler quote their 
cross section on the basis of two-step cascade for the 
soft radiation, while our data indicate a three-step 
cascade. If Woodbury and Fowler quote their results 
on the basis of a triple cascade for the soft radiation, the 
value is (4.6+1.0)10-* cm?, which is still in agree- 
ment with these results within the limits of the experi- 
mental error. 

A previous preliminary measurement® at 126 kev 
by the authors gave a value for the cross section which 
was about 40% higher than the present measurement 
would indicate, but the experimental error was large to 
imply any serious disagreement. 
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Evidence for Compound Nucleus Formation Using (/,p’) and (a,p) 
Scattering in Nickel 
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Spectra for (p,p’) and (a,p) reactions have been obtained by bombarding nickel targets with the beam 
of the Livermore 90-inch cyclotron and magnetically analyzing protons emitted at 135°. These reactions 
were studied for several energies of incident protons between 7.8 and 11.4 Mev, and incident alphas between 
9.65 and 12.8 Mev. When the differential scattering cross section is divided by the emitted channel energy 
and the black nucleus cross section for protons, results are obtained for different incident proton energies 
which have the same relative shape when plotted vs excitation energy. This is strong evidence for formation 
of compound nucleus in these reactions. A large peak is observed in the spectrum at 4.75 Mev, an excitation 
energy where the level density is sufficiently high that it is difficult to attribute this peak to a single level. 
An anomalous peak at about this energy has been previously observed for 23-Mev (p,p’) scattering and 
30-Mev (a,a’) scattering on nickel targets by Cohen, and Sweetman and Wall. Results obtained for the 
(a,p) spectrum are in good agreement with predictions of the statistical model of the compound nucleus 


assuming a level density of the form exp[2(a#)?]. 
} I 


I. INTRODUCTION 


NUMBER of scattering experiments have been 
4 performed investigating the theory of the forma- 
tion of a compound nucleus. The usual procedure is 
to examine the emitted particle spectrum as a function 
of angle at which the scattered particle is detected. 
In the present experiment, the emitted particle spectrum 
was studied as a function of incident particle energy and 
detection was performed at a fixed backward scattering 
angle. The emitted protons were examined at 135° with 
a particle selector and magnetic energy analyzer. Thin, 
natural nickel targets were bombarded by the beam of 
the Livermore 90-inch cyclotron using protons varying 
between 7.8 and 11.4 Mev, and alpha particles varying 
between 9.65 and 12.8 Mev. 


Il. EXPERIMENTAL ARRANGEMENT 


The experimental setup is shown schematically in 
Fig. 1. The proton energy was analyzed by means of a 
bending magnet placed between the target and the 
detector. Energy resolution of the system was about 
6% for these measurements. The detector was a scintil- 
lation counter that used a 10-mil thick CsI crystal with 
cross-section dimensions of } in. X1 in. To ensure that 
only protons were detected, remotely changeable ab- 
sorbers were placed between the magnet and detector. 

FARADAY CUP DEFINING SLIT 


EMITTED 
PROTONS , 


ANALYZING MAGNET 
ABSORBER CHANGER 


10 mil-Ye x1" C1 CRYSTAL 


DEFINING 
SLIT 


CYCLOTRON BEAM \ 


& 


Fic. 1. Block diagram of experimental apparatus. 


The experimental setup, designed to have low back- 
ground and high stability, had the following features: 


(1) Low-energy protons, far below the Coulomb 
barrier, could be examined without the problem of 
discriminating against a large intensity of higher energy 
protons or other particles. 

(2) High-energy protons normally can degrade and 
scatter in the defining slits, and scatter off as low- 
energy protons. However, with the present 6-in. gap 
magnet geometry only those protons that scatter near 
0° in the defining slits are counted. This is because it is 
not possible for particles to singly scatter off a wall of 
the magnet chamber and be counted. A gold target was 
used as a check on this background. It was found that 
the background due to these protons at all energies was 
less than 5%. 

(3) The CsI detector was well shielded from all 
neutrons and y’s. The intervening space between the 
target, other major sources of y’s and neutrons, and 
the detector was filled with heavy shielding. 


III. DISCUSSION OF RESULTS 


The experimental data were corrected for energy 
variation of experimental resolution and energy loss 
in target. Figures 2 and 3 show relative intensities of 
proton energy distributions obtained for incident proton 
energies of 7.8, 8.4, 9.15, 10.05, 11.25, and 11.4 Mev. 
The inelastic proton data can be considered to be due 
primarily to the Ni®* isotope because of the following 
considerations : 


(1) Ni®® is the most abundant isotope (67%) while 
the only other important isotope is Ni® (27%). 

(2) In Ni®s, most of the proton reaction cross section 
is due to proton emission because of the large (p,m) 
QO value, 10.4 Mev.' On the other hand, a calculation 


1'V. J. Ashby and H. C. Catron, University of California 


Research Report UCRL-5419, 1959 (unpublished). 
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Fic. 2. Relative intensity distribution of emitted protons as a 
function of emitted channel energy for incident protons of 9.15 
8.4, and 7.8 Mev. The curves have been uniformly displaced from 
one another along the intensity axis. 


using the statistical-model of the nucleus indicates that 
for 10-Mev incident protons, about 90% of the emission 
from Ni® is neutrons. This calculation assumes that 
the level density of the odd-odd nucleus which results 
from neutron emission is about 10 times the level 
density of the even-even nucleus resulting from proton 
emission.” 

Figure 4 shows relative intensities of proton energy 
distributions obtained for incident alpha-particle 
energies of 9.65, 10.0, 10.35, and 12.8 Mev. The Q 
values' for this reaction are 3.77 for Ni® and 3.12 for 
Ni®’, A statistical model calculation*® indicates that for 
the Ni®* nucleus there is very little competition from 
neutron emission because of the large (a,z) Q value 
(9.7 Mev). In the case of the Ni® nucleus, which has a 
lower (a,n) Q value (7.9 Mev), about 50% of the 
emission is neutrons. There is essentially no competition 
from deuterons (ad) and (,d) 
thresholds combined with Coulomb barrier. 


because of large 


2G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 
3]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
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Fic. 3. Relative intensity distribution of emitted protons as a 
function of emitted channel energy for incident protons of 11.4, 
11.25, and 10.05 Mev. The curves have been uniformly displaced 
from one another along the intensity axis 


IV. INTERPRETATION OF THE EXPERIMENTAL 
RESULTS 


1. Comparison with the Independence Assumption 
of the Formation of a Compound Nucleus 


Using the Bohr assumption of the independence of 
the formation and decay of the compound nucleus, the 
following relation for the energy distribution of the 
emitted protons is obtained’: 


T(a,e)= K.c(E,e) P(E), (1) 


where J(a,e) is the differential scattering cross section 
per Mev per steradian divided by the exit channel 
energy ¢ for an incident channel energy a, Kg is a func- 
tion only of the incident channel energy a and is inde- 
pendent of E or e, o(£,«) is the average cross section in 
an energy interval Ae for a channel energy ¢ of a proton 
incident on the residual nucleus at an excitation energy 
E where the energy interval Ae is defined by the experi- 
mental resolution, and P(£) is the number of levels in 
the energy interval Ae at an excitation energy E of the 
residual nucleus. 
The intensity relation (1) may be rewritten as 


T(a,e)= Kaoc(€)p(F-, «) P(E) 





NUCLEUS FORMATION 


by using the relation 
o(E, €)=oc(«€)p(£, €), 


where o¢(e) is the proton black nucleus cross section 
at energy e¢, p(£,e) is the ratio of the reaction cross 
section of the nucleus at an excitation E, to the black 
nucleus cross section for protons of channel energy e, 
incident on the residual nucleus in its ground state. 
Since we are interested only in the relative energy 
distribution caused by the nuclear part of the inter- 
action, we define the following quantity S(a,£): 


T(a,a—E) acla— Eo) 
S(a,E) : : 
ocla—E) I(a,a— Eo) 
p(E,a—F)P(E) 
p( Eo, ee FE) P(E») 


> 


(3) 


where Ep is the energy at which the data are normalized. 
The proton black nucleus cross section was calculated 
from the following expression*: 
4S,KR 
(2/+1) —__—, 
A?+(KR+S;,) 


rh? > 
l= 
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Fic. 4. Relative intensity distribution of emitted protons as a 
function of emitted channel energy for incident a’s of 12.8, 10.35, 
10.0, and 9.65 Mev. The curves have been uniformly displaced 
from one another along the linear intensity axis. 
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1G. 5. S(a,E) for (p,p’) scattering on Ni plotted 
semilogarithmically as a function of F. 


where A is the wavelength of the incident proton divided 
by 2x, K is the wave number of the proton inside the 
nucleus, R is the nuclear radius, 
.Gi(dG,/dr)+F (dF )/dr)} 
L F?+G? 


[Gi (dF ,/dr) — F,(dGi/dr)) 
R|i — aoe 








| F?+G? Jnr 


F, and G,, the regular and irregular solutions of the 
Coulomb wave equation, were generated by means of 
an IBM-650 coded program. In calculating K, a 
nuclear potential of 45 Mev was used. The radius used 
for o¢ in (3) was R=5.81X10-* cm. 

The (p,p’) data were reduced according to the above 
procedure to give S(a,E£) which is shown plotted vs E 
in Fig. 5 (Eo=4 Mev). The large peak at 4.75-Mev 
excitation energy, which is evident here as well as in the 
(p,p’) spectra previously discussed (Figs. 2 and 3), is in 
an energy region where the level density is sufficiently 
high that it is difficult to attribute this peak to a single 
level. This peak has been previously reported by Cohen® 
who observed inelastic scattering of 23-Mev protons in 


4M. Mazari, W. W. Buechner, and R 
Rev. 108, 373 (1957). 
5 Bernard L. Cohen, Phys. Rev 


P. de Figueido, Phys. 


105, 1549 (1957). 
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Fic. 6. S(a,E) for (a,p) scattering on Ni plotted 
semilogarithmically as a function of EZ. 


a natural nickel target, and by Sweetman and Wall® who 
observed inelastic scattering of 30-Mev alpha particles 
in a Ni® target. 

However, it is interesting to note that all of the S(a,£) 
curves superimpose on one another. In other words, 
when the differential scattering cross section is divided 
by the emitted channel energy and the black-nucleus 
proton cross section, the results obtained for different 
incident proton energies have the same relative shape 
when plotted against excitation energy. This is strong 
evidence for formation of compound nucleus in these 
redctions. The high degree of correlation not only 
indicates formation of a compound nucleus, but from (3) 
also indicates that the ratio p(Z,8) is independent of 
the incident energy. This can be compared with the 
neutron inelastic scattering date of Beyster, Walt, and 
Salmi,’ in which the (,n’) cross section was found to be 
flat from 4 to 14 Mev. 

We find that the shape of S(a,£) for (p,p’) scattering 
in Ni®* is not dependent on incident proton energy. On 
the other hand, Gugelot® measured (p,p’) scattering on 
silver using two incident proton energies (18.3 Mev 


®D. R. Sweetman and N. S. Wall, Comptes Rendus du Congrés 
International de Physique Nucléaire; Interactions Nucléaires aux 
Basses Energies et Structure des Noyaux, Paris, July, 1958, edited 
by P. Guggenberger (Dunod, Paris, 1959), p. 547. 

7J. R. Beyster, M. Walt, and E. Salmi, Phys. Rev. 104, 1319 
(1956). 

8 P. C. Gugelot, Phys. Rev. 93, 425 (1954). 
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and 16.2 Mev) and found that the shape of S(a,£) does 
depend on incident proton energy. 

There are two possible explanations for the different 
results obtained in these two experiments. First, 
because of the energy region in which our measure- 
ments were made, protons emitted from the Ni** and 
Ni® reactions experience little competition from 
emission of neutrons or other particles. Thus, the energy 
distribution of the emitted protons is characteristic of 
the primary mode of the reaction which appears to be 
via formation of the compound nucleus. On the other 
hand, in Gugelot’s experiments® there is heavy competi- 
tion from emission of particles other than protons. 
Consequently, the primary mode of reaction may still 
be via compound nucleus formation even though the 
proton energy distribution does not indicate compound 
nucleus formation. Second, the width of levels in the 
nucleus is larger at higher incident proton energy, and 
thus proton emission via direct mode of reaction is more 
probable in his experiment than in our experiment. 
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Fic. 7. S(a,E) for (p,p’) scattering on Ni plotted 
semilogarithmically as a function of \// 


2. Comparison with the Statistical Model 
of the Compound Nucleus 


The statistical model of the decay of the compound 
nucleus’ predicts 


S(a,E)=w(E)=C exp[2(aE)!], (5) 
where w(£) is the level density of the residual nucleus 
and C and @ are constants. 

S(a,E) is plotted semilogarithmically in Fig. 6 for 
the (a,p) data as a function of EZ. A straight line 
appears to be a good fit to the data as predicted by 
Eq. (5). In this case the constant a, a function of the 
level density of the residual nucleus, was found to be 
equal to 4.4 (with E in Mev). This can be compared 
with the @ value equal to 4/13, obtained from (p,m) 
data for elements of odd atomic weight, where A is the 
atomic weight of the target nucleus.’ Using this relation 

*R. D. Albert, J. Anderson, and C. Wong, Phys. Rev., 120, 
2149 (1960) 
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for copper, the residual nucleus in our (a,p) experiment, on Ni as a function of »/£. When this curve is fitted 
we obtain a=4.7, which is very good agreement with with a straight line, the result a=2.4 is obtained. 
the value of 4.4 obtained in this experiment. This small value of a is consistent with smaller level 
S(a,E) is related to the level density of the residual densities that are observed for even-even nuclei. 
nucleus. For (p,p’) the residual nucleus is even-even, 
while for (a,p) the residual nucleus is odd-even. The ACKNOWLEDGMENTS 
odd-even nucleus has a level density estimated to be 
five times that of an even-even nucleus.2 Thus S(a,£) 
for (p,p’) shows much structure, while S(a,£) for . : ; 
ra la smooth. However, if oad average — (p,p’) data, and Natalie Groteguth, Richard Neifert, and 
data over 1-Mev energy intervals, most of the detailed James Doyle for the reduction of the data. We would 
structure is smoothed out and we may attempt to also like to thank LeRoy Erickson, Donald Rawles, and 
obtain level density information by applying statistical the cyclotron crew for the operation of the Livermore 
theory. Figure 7 is a plot of S(@,Z) for (p,p’) scattering cyclotron. 
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Nuclear Moment of Ce’” by Nuclear Alignment* 


J. N. Haac, C. E. Jonnson,f D. A. Surrtey, AND D. H. TEMPLETON 
Lawrence Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 


(Received September 2, 1960) 


Nuclei of Ce? and Ce'’™ have been aligned at Jow temperatures in a single crystal of neodymium ethyl- 
sulfate nonahydrate by means of the magnetic hfs coupling with the electrons of the Ce** ions. The anisotropy 
of their gamma radiation has been observed. The magnetic moment of Ce’ is | uv! =0.96+0.09 nm. The 
spin of Ce’ is established as 11/2. 


1, INTRODUCTION in the ORNL 86-inch cyclotron. Cerium was separated 
ERIUM-137 is one of a large group of nuclides from the target material by oxidation to the +4 state, 
which has an uo isomeric state that decays by followed by solvent extraction,? which yielded about 
emission of M4 radiation to a d32. ground state. ‘Brosi 10" atoms of Ce’. The cerium was then reduced to 
and Ketelle! have studied this isomeric transition and the +-3 state and grown into a single crystal of neo- 
the electron-capture decay of the ground state to La’ dymium ethylsulfate nonahydrate so that it replaced 
by gamma-ray, coincidence, and conversion-electron- some of the Nd** ions. The crystal was mounted in 
spectroscopic techniques. Their results lead to the 
energy-level scheme shown in Fig. 1. A gz/2 orbital was 
assigned to the ground state of La!’ from its observde (1172-) 
second-forbidden beta decay to Ba" (spin 3/2), and 
a ds/2 state to the first excited state from the M1 charac- 
ter of the 10-kev gamma ray. The shell model is in good ce? Fon )| 
agreement with these assignments, and further predicts (3/2 +) <= 
that the 455-kev level is either in a 512 or a d3/2 state. 
We have measured the magnetic moment of Ce'*’™ 
by aligning Ce’ nuclei and measuring the anisotropic 
distribution of the gamma radiation. Further informa- 
tion was obtained about the decay scheme of Ce"’’, which 
was also aligned. 


2. EXPERIMENTAL PROCEDURE 


Cerium-137m was prepared by a (p,3m) reaction of 
21-Mev protons on natural lanthanum (99.911% La’) 


* Work performed under the auspices of the U. S. Atomic (5/2 +)——y97 "0.010 


Energy Commission. (7/2+ 
+ Present address: Atomic Energy Research Establishment, : bs 

Harwell, England. Fic. 1. Energy level scheme. 
1A. R. Brosi and B. H. Ketelle, Phys. Rev. 100, 169 (1955); . = 

103, 917 (1956). 2 L. E. Glendenin, Anal. Chem. 27, 50 (1955). 
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Fic. 2. Gamma-ray pulse-height spectrum at 1.1°K 
(solid line) and at 0.02°K (dashed line). 


a demagnetization cryostat. Previous experiments’ on 
Ce! and Ce"! had shown that nuclear alignment of the 
cerium isotopes was produced by cooling such a crystal 
to very low temperatures. 

The crystal was cooled by adiabatic demagnetization 
from 1.1°K and fields of up to 18 000 gauss. The in- 
tensity of the gamma radiation was measured at several 
temperatures between 0.02- and 1.1°K for a series of 
angles @ defined by the direction of propagation of the 
gamma radiation with respect to the trigonal axis of 
the crystal. The gamma rays were counted using 
3-X3-in. NaI (Tl) crystals and 100-channel pulse-height 
analyzers. The spectrum obtained is shown in Fig. 2. 
The peaks due to the 255-kev isomeric transition of 
Ce™, the 445-kev gamma ray of La™’, and the 165-kev 
gamma ray of La™® (from the decay of Ce, which 
was present as an impurity) are clearly resolved. The 
decay of these gamma rays was followed over 10 half- 
lives of the Ce’, and no other peaks were observed. 

The magnetic temperature of the crystal after de- 
magnetization was determined by measuring the mutual 
inductance of a pair of coils surrounding the crystal, 
using a 20-cycle/sec ac mutual-inductance bridge. The 
coils were calibrated in the liquid helium range of 
4.2 to 1.1°K against a helium vapor-pressure thermom- 
eter. From the data of Meyer,® the absolute temperatures 


3M. A. Grace, C. E. Johnson, R. G. Scurlock, and R. T. Taylor, 
Phil. Mag. (to be published). 

*C. F. M. Cacho, M. A. Grace, C. E. Johnson, A. C. Knipper, 
R. G. Scurlock, and R. T. Taylor, Phil. Mag. 46, 1287 (1955). 

5H. Meyer, Phil. Mag. 2, 521 (1957). 
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T reached after an adiabatic demagnetization from an 
initial temperature 7,=1.1°K, and various fields of H; 
were known. A correlation and 7* was 
determined by extrapolating our value of the magnetic 
temperature 7* to the time of demagnetization. 

The time taken for the temperature to rise from the 
lowest temperatures reached to that of the helium bath 
(1.1°K) was over an hour, but in order to avoid errors 
due to inhomogeneous heating of the crystal, the 
gamma-ray counting and the susceptibility measure- 
ments were continued for only one minute after the 
demagnetization. The crystal was then warmed to 1.1°K 
by the introduction of helium exchange gas. A further 
one-minute gamma-ray count at 1.1°K was then taken 
for normalization. The gamma radiation was isotropic 
within experimental error at temperature. The 
gamma-ray counting rates were corrected for back- 
ground and finite counter size effects,® and the anisot- 
ropies «= 1—/(0 deg)//(90 deg), were evaluated as a 
function of temperature. 


between 7 


this 


3. RESULTS 


The anisotropy of the 255-kev gamma ray of Ce®’™ 
plotted versus 1/7 is shown in Fig. 3. 

The intensity of the 255-kev gamma ray at 0.018°K 
is shown as a function of @ in Fig. 4. This angular dis- 
tribution, expressed in Legendre polynomials, was found 
to be 


I(@)=1- (0.70 +0.06) P2(cosé 


0.05+0.01)P4(cosé). (1) 


At the same temperature, the intensity angular distri- 
bution of the 445-kev gamma ray was 


I (0) = 1— (0.10+0.02) P» cos? 


and the 165-kev gamma ray of Ce'*® showed an anisot- 
ropy of approximately —0.13-0.03. The latter result 
agrees with the data of Grace et al.’ 














Fic. 3. Experimental values and corresponding 
theoretical fit for |uv| =0.96 nm. 


°M. E. Rose, Phys. Rev. 91, 610 (1953). 
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4. DISCUSSION 


Determination of the Magnetic 
Moment of Ce'*’™ 


The angular distribution of gamma radiation from 
aligned nuclei is given’ by 
1(6)=1+B2U2F2P2(cos0)+B,UsF yPi(cosd) +++. (2) 


The B,’s are a measure of the degree of orientation of 
the parent nucleus. The U,’s describe the amount of 
nuclear re-orientation that takes place during any un- 
observed beta or gamma transitions preceding the ob- 
served gamma ray. The F;’s are constants determined 
by the multipolarity and the initial and final spins of 
the observed gamma transition. 

The crystal field-theory of Ce** in the ethylsulfate 
lattice has been worked out in detail by Elliott and 
Stevens,® and only a brief account will be given here. 

The free ion Cet has the configuration 4f' and the 
ground term is ?F5,2. In a trigonal crystalline field this 
term is split into doublets which may be characterized 
in the first approximation by | +J,). In the ethylsulfate 
lattice, however, the lowest Kramers’ doublet which is 
made mostly of the state | +5/2), contains in addition, 
admixtures of other states from the ?F'5,2 ground term 
as well as from the next term 2/7. It is, of course, 
essential that these admixtures be taken into account 
in calculating the nuclear magnetic-moment from hyper- 
fine-structure constants. 

The effective spin-Hamiltonian for the 
Kramers’ doublet of Ce!’ in the ethylsulfate is 

= AS,I,4+B(S2l2+S,1))+PUl2—-WI4+))] 


lowest 


The last term can be shown to have a negligible effect 
on nuclear alignment in this case, by using the theory 
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Fic. 4. Angular distribution of the 255-kev y ray at 0.018°K. 
The line corresponds to 7(6)=1—0.70 P2(cosé)+0.05 P,(cos@). 
@ ist quadrant, g 2nd quadrant, a 4th quadrant. 

7T. P. Gray and G. R. Satchler, Proc. Phys. Soc. (London) 
A68, 349 (1955). 

8 R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A215, 437 (1952). 
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BY NUCLEAR ALIGNMENT 593 
of Elliott and Stevens® to calculate P and by using 
Q=0.3 barn for an (/y1/2)° neutron configuration.” The 
terms in B alter the energy levels of the hyperfine- 
structure multiplet slightly, and this has been taken into 
account. The energy levels of this multiplet then given 
approx.mately by twelve doublets | +/,), separated by 
A/2. In going from 1.1 to 0.02°K the percentage of the 
Ce™ nuclei occupying the lowest doublet changes from 
8.3% to 37%. 

For the 255-kev isomeric transition in Ce!’ there 
are no unobserved preceding transitions, and Up= U,=1. 
Thus, Eq. (2) becomes 


I (6) =1—0.8890B2P2(cosé) +-0.4434B,4P4 (cos), 


for the spin sequence 11/2—™4 — 3/2 or 


I (0) =1—0.7444B2P2(cosé)+0.1693B,P4 (cos) 


for the spin sequence 9/2—™*-— 3/2. The functions 
B, and B, depend on the single parameter 8= A/2kT, 
and by varying A it is possible to fit the temperature 
dependence of the anisotropy for either spin sequence. 
Using the values of A which best fit the temperature 
dependence, we have calculated the angular distribution 
of the 255-kev y ray at 0.018°K from each of_the above 
expressions. The results are: 
I(6)=1—0.65P2(cosé)+0.04P4(cos6), 

for IZ=11/2, (3) 
1(@)-= 1—0.60P2(cosé@) + 0.02 P4(« os@), 


for J=9/2. (4) 


Comparison with Eq. (1) shows that (4) is in disagree- 
ment with it. Thus the spin possibility of 9/2 is elimi- 
nated for Ce". We are not aware of any direct meas- 
urements of the spin of 11/2 for the /1/2-d3;2 isomers, 
therefore this measurement offers the most direct evi- 
dence available for this spin assignment. 
The value for A obtained in (3) above is 


|A| =0.0129 
cm. By use of the theory of Elliott and Stevens for 
the ground doublet, together with the value of (r~*) 
obtained by Judd and Lindgren," we calculate 


A=0.074 uv/I cm, B=0.002 un/I cm. 


Comparison with our value for A yields 
| uw | =0.96-£0.09 nm. 


The limits of error were obtained from the scatter of 
the experimental points. 

Because this is the first nucleus with J=11/2 for 
which the magnetic moment has been measured, we 
have included (Fig. 5) the Schmidt diagram for even- 


®R, J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, 553 (1953). 

10 Calculated using the method of H. Kopfermann, in Nuclear 
Moments, English edition (Academic Press Inc., New York, 
1958), p. 398. 

1B. R. Judd and I. P. K. Lindgren, Lawrence Radiation 
Laboratory Report UCRL-9188, April 25, 1960 (unpublished). 
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odd nuclei. The moments for nuclei with 7<11/2 were 
taken from the Table of Isotopes.” We note that Ce®’™ 
follows the trend in that the magnetic moment is about 
halfway between the Schmidt limit and the Dirac limit. 


Nuclear Alignment of Ce!’ 


Since the half-life of Ce'’ (9 hours) is long compared 
with the nuclear spin-lattice relaxation time, the an- 
isotropy of its gamma radiation does not depend on 
the preceding isomeric transition of Ce™™, 

Our observation of an anisotropy in the 445-kev 
gamma ray immediately shows that the 455-kev state 
of La’ cannot have a spin of 1/2, because this would 
show an isotropic gamma-ray distribution. Thus the 


121), Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 


spins 3/2 or 5/2 are consistent with our data. This spin 
assignment and a determination of the magnetic mo- 
ment of Ce"? could be made from a measurement of 
the plane polarization of the 445-kev gamma ray in 
addition to its anisotropy. From the present data it is 
concluded that if the 455-kev level has a spin of 3/2, 
then the gamma ray must be a mixed M1-£2 radiation 
with 6(£2/M1) <0. 
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Neutron-Proton Pairing Interaction* 
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The neutron-proton pairing interaction \ between the last odd neutron and the last odd proton in the 
outermost neutron and proton shells of an odd-odd nucleus has been estimated from nuclear masses in the 
regions just beyond Z=20, N=20, and just beyond Z=40, N =50. Behavior of \ in these two regions and in 
the heavy element region Z>82, N >126, as estimated by Ghoshal and Saxena, is discussed. It is found that 
the behavior of \ may be understood in terms of a simple jj-coupling shell model. According to this model, \ 
arises from the spin-independent part of the two-body force and is proportional to (27;+-1—2z) (2j2+1—2n), 
where g is the odd number of protons in the outermost proton shell j;, and n is the odd number of neutrons 
in the outermost neutron shell 7, of the odd-odd nucleus. 


INTRODUCTION 


HE pairing energy between the last odd proton 

and the last odd neutron has been estimated by 
Ghoshal and Saxena,' in the region of Z>82, N>126 
using the experimental values of neutron and proton 
binding energies. In the present investigation, esti- 
mation of \ has been extended to the regions Z> 20, 
N>20 and Z>40, N>50, and its behavior with changes 
in Z and _N is discussed. The pairing energy associated 


Z/2 


M(Z,N)= f(Z,N)—2 ¥ 4j;—-2° 


Z/2 
: {(Z+1, N)—-2¥ x;- 
? 


) 


Z/2 

> 

ra 
? 


M(Z, N+1)=f(Z, N+1)—2 


Z 
M(Z+1, N+1)=f(Z+1, N+1)—2 


7 


where {(Z,N) expresses the functional dependence of 
nuclear mass on Z and N; 7; and v, are the pairing 
energies per nucleon of proton and neutron, respectively, 
the suffixes j and k denoting the different proton and 
neutron pairs, respectively. The last odd proton or 
neutron does not contribute to the sum of the pairing 
energies of all the proton and neutron pairs considered 
in the above equations.* Ghoshal and Saxena! introduced 
a new term X to take into account the effect of the n-p 
pairing interaction between the odd proton and the odd 
neutron in the outermost shells. According to this 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

t Now at Fairchild Semiconductor Corporation, Palo Alto, 
California. 
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2 W. H. Johnson, Jr. and V. B. Bhanot, Phys. Rev. 107, 1669 
(1957). 

$ M. G. Mayer, Phys. Rev. 78, 22 (1950). 
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with the “last” pair of neutrons in the region of 
64<Z<82, 92<N<126 has been estimated by Johnson 
and Bhanot.? 


ESTIMATION OF 2 


Using the formalism of Ghoshal and Saxena,' we 
write for the nuclear mass formula for various even-odd 
combinations of protons and neutrons 


9 


vy, (even-even) 


Z (odd-even), 


(even-odd), 


N/2 
—2 >> »%—A(Z+1, N+1) (odd-odd), 
k 


formalism, the “pairing energy level diagram” would 
be as shown in Fig. 1, for various types of nuclei. 
From Eqs. (1), Ghoshal and Saxena! deduced the 


Si Se am ew se ae ae Se age ae 
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ic. 1. “Pairing energy level diagram”’ for various types of nuclei. 
e-e nuclei (even Z, even N) are the most stable ones. o-e and e-o 
nuclei are raised above the e-e level by the pairing energies x and », 
respectively. o-o nuclei are raised above the e-e level not by an 
amount (x+y) but instead are (r+-»—A) higher, as shown by 0-0 
true, due to m-p pairing interaction. 
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Fic. 2. Plot of \ against neutron number WN for 
constant proton numbers Z. 


following equations which give four independent 
evaluations of \ for a given odd-odd nucleus using the 
experimental values of neutron binding energies fora 
set of even and odd isotones and proton binding 
energies for a set of even and odd isotopes. (For details, 
see Ghoshal and Saxena.') 

For even Z and JN, 


(Z+1, N—1) 
=4[B,°(Z,N)+B,°(Z+2, N) 
—2B,°°(Z+1, N)], 
(Z+1, N—1) 
=—1[B,°(Z, N—1)+B,°(Z+2, N—1) 
—2B,°°(Z+1, N—1)], 
\(Z+1, N—1) 
1B, *(Z+2, N—2)+B,°(Z+2, N) 
—2B,°(Z+2, N—1)], 
\(Z+1, N—1) 
= —1[B,°¢(Z+1, N—2)+B,°*(Z+1, N) 
—2B,°°(Z+1, N—1)], 


where B, and B, are the last neutron and last proton 
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Fic. 3. Plot of \ against 
neutron number J for 
constant proton number Z. 
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Fic. 4. Plot of \ against 
proton number Z for con- 
stant neutron numbers N. 











binding energies in nuclei of various even-odd combina- 
tions. The first superscript denotes the even-odd nature 
of Z and second that of JV. 

The neutron and proton binding energies used to 
evaluate \ were calculated from the masses tabulated 
by Wapstra‘ and nuclear data cards.® In a few cases the 
binding energies were deduced from the #-decay 
energies.*.? The compilation of neutron and proton 
binding energies by Feather* was found quite useful 
in checking the over-all behavior of the binding energies 
calculated from the. new data. 


BEHAVIOR OF 2 AND ITS INTERPRETATION 


Figures 2, 3, 4, 5, 6, and 7 show J for various isotopic 
and isotonic series as evaluated from the experimental 
values of the neutron and proton binding energies. For 
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Fic. 5. Plot of \ against 


proton number Z for con- 
stant neutron number JN. 
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Fic. 6. Plot of \ against 
neutron number WN for con- 
stant proton numbers Z. 
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a given isotopic series \ decreases with increase in 
neutron number. This is true for all the three regions 
considered here except at the shell crossings Z=82+-1 
and N=126+1. When a neutron is added to the hole 
at N=125 for the Z=83 series, \ increases. Variation 
of \ with changes in Z is slightly more complicated. For 
isotonic series near the neutron magic number, A 
is observed to decrease with increase in proton number 
near the proton magic number. For the isotonic series 
far from the neutron magic number, A increases with 
increase in proton number. Behavior of \ for V=27 is 
an interesting example of both of these cases. N= 27 
means a “hole”. in the neutron shell f7/2, therefore 
addition of a pair of protons at Z=21 causes A to 
decrease at first, but further addition of a pair of 
protons causes it to increase again. 

The n-p pairing interaction can be assumed to arise 
from an attractive interaction between the neutrons 
and protons. Let us consider z protons in the j, orbit 
and m neutrons in the jz orbit outside their respective 
closed shells, where z and m are both odd numbers. The 
wave function of the combined configuration with total 
spin J and magnetic quantum number M is given by 


WL jr? (js) j2"(f2), IM] 
=D WL je ( ja) WoL je" (j2)me] 


mime2 


X(jumijome| jijoJM). (3) 
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Fic. 7. Plot of \ against proton number Z for 
constant neutron numbers N. 
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N 
In the absence of interaction between the neutrons and 
protons, they form a group of levels which are de- 
generate with all spins from J=| j,;— j2| to J=jitJj2. 
If we introduce an attractive interaction Vz» between 
the neutrons and protons, these states are split up in 
energy. Each state of given J receives an energy Ey 
given by® 
Ey= (ji? (jv j2"(j2) IM | Van! F1?(7 j2"(72) IM). (A) 
Vnp can be expressed as the sum of spin-independent 
and spin-dependent forces. If a is the mixing constant 
of the two forces, then we can write Va»p as 
V np=[1—ata(en- op) |Vo(rnp). (5) 


Hence Ey, will receive a contribution from the spin- 
independent force, Eo, as well as from the spin- 
dependent force, £,: 


E,s=Eot+ E,. (6) 
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Fic. 8. Plot of (27;+1—2z)(2j2.+1—2n) vs neutron 
number WN for constant proton numbers Z. 
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Fic. 9. Plot of (27;+1—22)(2j2+1--2m) vs neutron 
number W for constant proton number Z. 


It has been shown" that E, is independent of z and 
n, and that Ep is given by” 


Bol ji?(j1) j2" (je), J ] 


(SS *)(=*) 
“%. Shad 7 ay 


X[Eo(jije,7) aed 1 —a)F°(L,l2) | 
+(1—a)znF°(/,l2). 


(7) 


Thus we can write for the interaction energy between 
the odd protons and the odd neutrons as 


Ey= (2j:+1—22)(2jo+1—2n) f' (jijed ; a; hile) 
+enf"(alile)+f'"(jije,J), (8) 
where /’ and /” are the functions defined in Eq. (7) 
and f’” is the contribution from the spin-dependent 
forces. If either z or m or both are even and J, or J,=0, 
then only the second term appears in Eq. (7). There- 
fore, second and third terms in Eq. (8) are cancelled 
out in the evaluation of \ from Eqs. (2). Thus d is 
proportional to the first term in Eq. (8). If ji, js, 
and J (more rigorously /,, /2, and a also) remain constant 
for an isotopic or isotonic series, then the behavior of 
\ with changes in z and m is determined by the term 

0 C, Schwartz, Phys. Rev. 94, 95 (1954). 

1 For definitions of various functions, see original literature 
referred to above or see the review article by J. P. Elliott and 
A. M. Lane, Handbuch der Physik, edited by S. Fliigge (Springer- 
Verlag, Berlin, 1957), Vol. 39, p. 241. 

12 A, de-Shalit, Phys. Rev. 105, 1528 (1957). 
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Fic. 10. Plot of (27,;+-1—2z) (2j2+1—2n) vs proton 
number Z for constant neutron numbers V 


(2j:+1—22)(2j.+1—2m). It should be borne in mind 
that the absolute value of \ cannot be compared with 
this term because we do not know the values of the 
other functions involved. 

Calculation of (27;+1—22)(2j.+1—2n) and its 
comparison with \ plotted in Figs. 2, 3, 4, 5, 6, and 7 
becomes unsatisfactory in some of the regions where the 
shell assignments are not rigorous or when they change 
in a given isotopic and isotonic series.'*-"* Therefore 
(2j:+1—22)(2j2+1—2n) has been plotted in Figs. 8, 9, 
10, 11, 12, and 13 for only a few cases where the shell 
assignments are relatively better known. Behavior of 
h and (2j;+1—2z)(2j2+1—2n) are quite similar. 

It has also been found in the present investigation 
that A is a constant for a given pair of magic numbers 
for a given (n—z). Figure 14 shows the plot of A vs 
(n—z). At each point are listed various nuclei whose A 
values were taken in calculating the average value 
plotted. \ decreases with increase in (w—2z) for a given 
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Fic. 11. Plot of (27;+1—2z)(2j2.+1—2n) vs proton 
number Z for constant neutron number J. 
18 B. Oquidam and B. Jancovici, Nuovo cimento 11, 578 (1959). 
4 A. de-Shalit and J. D. Walecka, Phys. Rev. 120, 1790 (1960). 
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Fic. 12. Plot of (27,:-+-1—2s)(2j2+1—2n) vs neutron 
number WN for constant proton numbers Z. 





pair of neutron and proton magic numbers. No theo- 
retical explanation of this behavior of \ has been found 
yet. Nevertheless, one can explain qualitatively the 
decrease of \ with increase in (w—:) as follows. 
Suppose we have one proton in the outermost proton 
shell and one neutron in the outermost neutron shell. 
They can have their /’s (orbital angular momenta) 
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Fic. 13. Plot of (27:+1—2:)(272+1—2m) vs proton 
number Z for constant neutron numbers JV. 
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Fic. 14. Plot of \ vs (n—z). At each point are listed various 
nuclei whose values were taken in calculating the average value 
plotted. For a given pair of neutron and proton magic numbers, A 
is found to be a constant for a given (n—z) and it decreases with 
increase in (n—z). 


antiparallel to each other 100% of the time. When we 
add a pair of neutrons to the neutron shell, then the 
effective time during which the /’s of the proton and the 
neutrons can be antiparallel would be reduced. Hence 
the strength of the attractive interaction will decrease 
which will decrease the value of \. If we add another 
pair of neutrons, this effective time will be further 
reduced, though by a smaller amount. Similar decrease 
in the value of A will be obtained by further addition 
of neutron pairs. Therefore, this explains the rapid 
decrease of X when (w—z) increases from 0 to 2 and its 
slow decrease as (n—z) becomes higher. 

Neutron-proton pairing energy in 4,Nb” has been 
found to be 2.32 Mev. Both the odd proton and the odd 
neutron are in the gg/z shell. Proton pairing energy in 
the goo shell has been calculated to be 2.17 Mev by 


Talmi and Unna.'® 


ACKNOWLEDGMENTS 


The author is deeply indebted to Professor A. de- 
Shalit for stimulating discussions and advice. Interest 
of Professor W. K. H. Panofsky and his support of this 
investigation are gratefully acknowledged. The author 
would also like to thank his wife, Mrs. Veera Saxena, 
for doing some binding energy calculations, and Dr. 
S. N. Ghoshal for his helpful correspondence. 


16 J. Talmi and I. Unna (to be published). The author is indebted 
to Professor A. de-Shalit for communicating the results contained 
in this preprint. 





PHYSICAL REVIEW VOLUME 


823, 


NUMBER 2 JANUARY 15, 


Comparison of the Reactions A**(d,p)A*’ and A*®(d,n)K*’} 


S. S. YAMAmMoTo* AND F. E. STEIGERT 
Yale University, New Haven, Connecticut 


(Received September 7, 1960) 


The mirror reactions A**(d,p)A*? and A®**(d,n)K*? have been studied at 3.85-Mev bombarding energy. In 
the first, Q values of 6.55, 5.16, 4.92, 3.98, and 3.00 Mev were observed. The stripping distributions may be 
described in terms of /, values of 2, 0, 2, 2, and 2, respectively. In the second, Q values of —0.32 and —1.78 
Mev were observed. The former followed an /,=2 angular distribution. The latter could be described by a 
sum of /,=0 and /,=2 distributions, suggesting an unresolved doublet. 


INTRODUCTION 


HE comparison of the level structures of mirror 
nuclei is of some interest when considered in the 
light of the charge symmetry hypothesis of nuclear 
forces. While a number of such pairs have been investi- 
gated both experimentally and theoretically in the 
light-mass region, very little has been done among the 
heavier nuclei. The present study has been directed to 
obtaining such a comparison at mass 37. On the basis 
of the shell model! the odd nucleon involved in this case 
is expected to be represented as in a d state. Since the 
core of eighteen protons and eighteen neutrons does not 
demonstrate any unusual stabilities, the low-lying 
excited states might be expected to represent both 
single-particle excitations and many-particle configura- 
tions. Nussbaum? has postulated the first excited state 
to be f7/2. Considering the accessability of the recently 
closed s,; (and conceivably even d;) shell, however, 
even-parity levels are certainly not ruled out. 

A comparison of the level structures of such a pair by 
means of equivalent or mirror reactions would, on the 
surface, appear to be an especially favorable technique. 
Unfortunately, there is some indication* that for in- 
cident energies below the Coulomb barrier, angular 
distributions may deviate markedly from the idealized 
situation and hence might be somewhat unreliable 
gauges of the parameters involved in the reaction. Hope- 
fully, though, it is only diffusion of detail and not mis- 
labeling that will be the end result. 

The A**(d,p)A®* reaction has been investigated on 
several occasions in the past. Zucker‘ and Davison® 
have reported the Q values and level spacings as ob- 
tained using aluminum absorption techniques. More 
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*Bell Telephone Laboratory Predoctoral Fellow. Present 
address: Brookhaven National Laboratory, Upton, New York. 
This work is a portion of the doctoral dissertation presented to 
the graduate school, Yale University, June, 1959. 
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?R. H. Nussbaum, Nuclear Levels in the Neighborhood of the 
1 frig State (Van Gorcum and Company, Amsterdam, 1954). 

3 J. P. Schiffer and L. L. Lee, Jr., Phys. Rev. 115, 1705 (1959). 

4A. Zucker and W. W. Watson, Phys. Rev. 80, 966 (1950). 

5 P. W. Davison, J. O. Buchanan, and E. Pollard, Phys. Rev. 
76, 890 (1949). 


recently Sukharevskii® has given preliminary informa- 
tion on the angular distribution of the ground-state 
proton group using nuclear emulsions. In addition 
nuclear emulsion experiments have given some data as 
to the level spacing in A* from the Cl**(p,2)A®” reac- 
tion.? While most of the data are consistent, a few 
discrepancies in the localization of the first excited state 
(or states) remain.’ The A**(d,2)K* reaction, has, on 
the other hand, not as yet been reported. 


Experimental Procedure 


A sample of argon gas isotopically enriched to 96% 
A** and 4% A® was used in the present experiment. A 
small amount of nitrogen was also present. This last 
served as a internal the 
experiment. No other contaminants were observed in 
the mass spectrographic analysis. The target gas was 
enclosed in a one-inch diameter cylinder by a nickel foil 
of 2.23 mg/cm?. A pressure of 10 cm of mercury was 
maintained throughout the runs. 

A magnetically analyzed beam of 4.05-Mev deuterons 
from the Yale cyclotron was used. Absorption in the 
nickel entrance foil and target gas reduced this to® 
3.85+0.04 Mev at the scattering center. The elastic 
deuterons were stopped in 67.0 mg/cm? of high-purity 
gold foil. This permitted observation of protons at 
forward angles without interference except for con- 
tributions from Ni(d,p) at 0°. No protons from (d,p) 
reactions on impurities in the gold absorber were ob- 
served. The reaction protons were detected in 504 
Ilford C-2 emulsions arranged at angles from 0° back to 
152$° in the scattering chamber previously described.” 
The only change made in the (d,z) runs was to add a 
434-mg/cm? tantalum absorbing foil to stop all charged 
particles. Preliminary to development all plates were 
faded several hours to reduce the gamma radiation fog. 
This was especially necessary for the (d,z) runs. 


convenient calibration on 
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Scanning of the emulsions was performed using micro- 
projection at 500X magnification. No-gas runs were 
always taken with identical beam exposures to insure 
against erroneous data. 


A**(d,p)A*’ Reaction 


Range spectra of the reaction protons are shown in 
Figs. 1(a)—(c). These have been selected to illustrate 
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Fic. 1. Relative number of tracks as a function of range at (a) 
124°, (b) 374°, (c) 1324° laboratory angle. Group a corresponds to 
the ground state of N'*(d,p)N'. The groups ), c, d, e, and f corre 
spond to the A**(d,p)A*’ reaction as identified in Table I. Position 
h is where the first excited state of N'(d,p)N"® is expected. Posi 
tions g and 7 are where the ground and first excited states of 
A*®(d,p) A" are expected. 
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l'1G. 2, Experimental range in the emulsion of the observed 
groups as a function of the laboratory angle. Solid lines correspond 
to the ranges predicted by the Q values listed in Table I 
436 (d.n) A” | 


best the evidence for the existence of a doublet as 
postulated by Davison® but not seen by Zucker.‘ Up 
to about 400» (shaded portion) the tracks have been 
plotted as a histogram in 5 intervals. Since this is 
certainly of the order of the straggling involved in the 
over-all range, no loss in detail is to be expected. From 
there to about 500 yw, intervals of 10 u were used as the 
plotting unit. Beyond this, 20 intervals were used 
(inserts). These latter are actually somewhat larger than 
the straggling width and obviously introduced some 
artificial broadening. However, since no fine structure is 
either expected or seen in the vicinity of peaks a and 3, 
the convenience of these units was given preference. To 
avoid confusion concerning the renormalizations re- 
quired to plot these on the same relative yield axis, data 
in these latter regions have been indicated as points 
rather than histogram bars. At all angles additional 
scans were made recording only the scarcer long tracks. 
The scaling of the yield axis required in these cases in 
order to render reasonable detail is as indicated. Back- 
ground, i.e., no gas, runs showed no particles except at 
0°. They were ascribable to the Ni(d,p) reactions and 
were simply subtracted out where they interfered. 
Integrated beam exposure was 38 microcoulombs. 

The positions of the various lettered peaks (a through 
f) as a function of angle of observation are displayed in 
Fig. 2. Only peaks clearly observed are plotted as 
points. Range uncertainty is of the order of the circle 
diameter used. Where the presence of a group is only 
obvious from distortion in the shape of another group 
[as group c in Fig. 1(c) ], its range has been considered as 
too poorly defined to plot. As a result of this arbitrary 
criterion, the position of group c has been omitted at 
many angles even though in some as in Fig. 1(c) at 
1323°, its probable position could be extracted from the 
data and is in agreement with the curves as drawn in 
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TaBLe I. Reaction assignments and summary of data 
for the proton groups of Fig. 1. 


Reaction Q (Mev) AE (Mev) 


Group 
8.62+0.06 0 

6.55+0.05 0 

1.39+0.06 
1.63+0.06 
2.54+0.05 
3.55+0.05 


a N"(d,p)N'5 
b A%*(d,p) A3? 
c 5.16+0.06 
d 4.92+0.06 
e 3.98+0.05 
f 3.00-40.05 


CN | 
wu 


NNN 
— a) 





Fig. 2. These curves represent the loci of ranges pre- 
dicted on the assumption of an incident beam energy of 
3.85 Mev, the reaction assignments as listed in the first 
two columns of Table I, and the Q values (without the 
quoted errors) as enumerated in the third column. These 
Q values were initially obtained making use of range- 
energy curves for protons in emulsion" and correcting 
back through the absorber foils utilizing the differential 
range data given by Whaling.’ 

The agreement between the drawn and the observed 
points serve to validate the target assignments to of the 
order of 10% in mass. Since this obviously does not 
exclude the possibility of contributions from A“(d,p), 
the expected positions for groups corresponding to the 
ground and first excited states of A** have been indi- 
cated, g and i, respectively. Known higher states of 
excitation will not interfere with the present data. 
While such groups were not resolved, at some angles, as 
in Fig. 1(a), there is a noticeable asymmetry in the 
direction of their expected ranges. The location of the 
proton group from the first excited state of N“(d,p) is 
indicated as h. As is apparent from comparison of the 
three angles shown, this particular group will not cause 
any problems. In Fig. 1(c) it has passed off the scale to 
the left. The systematically low ranges manifested at 
the most forward angles for group a should not be taken 
too seriously since this is the maximum range measura- 
ble in the emulsions subject to the geometry used. 

The relative yield of each of the groups as a function 
of observation angle is displayed in Fig. 3. The letter in 
each case identifies the group in question. In all cases 
this was simply a count of the number of observed 
tracks associated with the peak, duly normalized for 
the area of emulsion scanned and the target volume 
visible. Where ambiquity due to asymmetry existed, a 
simple Gaussian centered on the peak and of half-width 
commensurate with straggling and a 1% local variation 
in absorber thickness was constructed and used. In no 
case did this result in discarding more than 10% of the 
tracks which might have been included on the basis of a 
straight count between equivalent range limits. The 
obvious exception to this is the treatment of the groups 
c and d. In most cases, fortunately, group ¢ was only a 
small fraction of the total yield. However, forward of 20° 
it would appear to be about as intense as its usually 


1 J. Rotblat, Nature 167, 550 (1951). 
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dominant neighbor. For comparison, both the total 
number ascribable to both groups (crosses) and the 
fraction assigned to d (circles) are shown in Fig. 3(d). 
Beyond 20° there was not enough distinction to justify 
plotting both. Considerably larger error bars have been 
drawn to these points in view of this problem of separa- 
tion. The curves drawn are in each case the stripping 
distribution expected for the group and reaction in 
question assuming the values of /, and ro indicated. 
The standard Butler-Born approximation solutions” 
have been used throughout, even though the narrowness 
of some of the distributions would suggest application 
of a more refined analysis such as that of Nagasaki." 
These data have been summarized in Table I. As 
mentioned before, the assignment of reaction identity on 
the basis of known target constituency and range varia- 
tion with angle is considered reasonably certain. The Q 
values arrived at are essentially the same as those 
already in the literature. The only exception is the 
doublet at c and d. Davison® reported such splitting on 
the basis of a slight peak asymmetry at 90° observation 
angle. Zucker,® on the other hand, under similar condi- 
tions did not see such structure. Similarly in the present 
experiment, there is no clear evidence for a doublet 
except forward of 50° and at the backward angles of 
1323° and 1523°. There is, however, additional evidence 
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Fic. 3. Relative cross section as a function of angle. The letters 
correspond to the groups as identified in Table I. The curves shown 
are the theoretical stripping distributions for the J, and rp values 
indicated. The crosses in d correspond to the sum of yields ¢ and d. 


2 C. R. Lubitz, “Numerical Tables of Butler-Born Approxima- 
tion Stripping Cross Sections,” Randall Laboratory of Physics, 
University of Michigan, 1957 (unpublished). 
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for such structure in neutron groups detained from 
Cl*"(p,n)A*.? These would suggest levels at 1.40 and 
1.65 Mev, in good agreement with those seen here. 
Considering the quoted uncertainty in the incident 
beam energy, coupled with reasonable estimates as to 
the accuracy of the range-energy data, the probable 
error given in the table may appear somewhat opti- 
mistic. However, the excellent agreement between the 
value obtained for group @ and that obtained by far 
more accurate measurements, while indeed fortuitous, 
would seem to indicate that the systematic errors which 
would be involved in assuming an incorrect beam energy 
and in using range-energy curves, while not necessarily 
negligible, are at least largely compensatory in the 
present experiment. In this sense the nitrogen impurity 
can be construed as providing an internal calibration of 
the energetics. The errors quoted are a reflection of this. 
The values of /,, and ro chosen for the nitrogen ground- 
state reaction (a) are in accord with expectation.“ The 
values of /,, necessary to fit the argon groups are likewise 
not too unreasonable considering that one is working 
with s and d nucleons. The absence of an identifiable f 
state (/,=3) would appear somewhat strange, however. 
The values of ro necessary to fit groups e and f appear 
somewhat large, but this may well be only a reflection 
of a larger radius being involved for states of this 
excitation. In line with this, if one observes only the 
position of the maximum for the four /, = 2 distributions 
they appear to move systematically faster to smaller 
angles (i.e., larger radii) than accountable for simply by 
the change in excitation. These last two could indeed be 
fitted with /,,=1 distributions with ro values of the orde 


of 3 fermis. This would appear to be an unreasonably 
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Fic. 4. Relative number of tracks as a function of range at 274°. 
The shaded portion in the lower histogram is the result of a back- 
ground run. The upper histogram represents the difference between 
the gas and the no-gas runs. The groups @ and b probably corre- 
spond to the ground and first excited states of A**(d,n)K*’. Group 
c is identified with the first excited state doublet of N“(d,n)O"°. 
The labels are as given in Table II. 


144 F, Ajzenberg- Selove and T. Lauritsen, Nuclear Phys. 11, 190, 
198 (1959). 
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Fic. 5. Experimental range of observed groups as a function of 


laboratory angle. The solid lines correspond to the ranges predicted 
by the Q values listed in Table IT [A%*(d,n)K?7]. 


small interaction radius. Likewise, to fit any of the peaks 
with /,=3 would require quite large radii. 


A*®(d,n)k*" 


An example of the proton recoil range spectra ob- 
tained for the (d,) runs is given in Fig. 4. Only tracks 
within 10° of the nominal reaction particle axis have 
been accepted. The lower histogram represents the data 
as obtained from two runs, one with a gas target 
(upper line) and a second for equivalent beam exposure 
but no gas (shaded area). Total integrated beam was 
1200 wcoul. Considering the small ranges involved, the 
plotting interval was chosen as 2y. The straight 
arithmetic difference between the curves is shown in the 
upper histogram. Only rarely did negative values 
result and then only to the extent of a few tracks, 
well within counting statistics. Curiously enough even 
the background shows some structure coupled with the 
usual inverse range type of spectrum. A second back- 
ground run eliminating the gas cell as well as the gas 
showed a somewhat lower background and no structure. 
Presumedly the difference was due to Ni(d,n) reactions 
in the cell windows. 

Since the target gas contained several percent of both 
A” and N", the reactions A“(d,1)K“ and N'(d,n)O', 
both having large Q values,*"* may also be expected to 
contribute. In general, only a few isolated tracks were 
observed outside the range region covered by Fig. 4. 
This is not too unusual considering the energy depend- 
ence of the n-p scattering cross section. Unfortunately 
the structure arising from the former reaction in the 
range region shown is unreported. The second reaction 
is only expected to contribute through its first state of 
excitation. The position expected for this closely spaced 
doublet is designated as c in the figure. Nowhere is this 
group strong. It is in fact lost inside group a between 45° 
and 100°. Its intensity is sufficiently small relative to @ 
that its presence off center does not even appear to 
induce a shift in the maximum. This may be witnessed 
by the plot in Fig. 5 of the range corresponding to each 
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TABLE II. Reaction assignments and summary of data 
for the proton recoil groups of Fig. 4. 





To 
Group Reaction Q (Mev) AE (Mev) I, (10-%cm) 





—0.32+0.10 0 2 6.5 
—1.78+0.10 1.46+0.10 0,2 6.5 
—0.14+0.10 


A*%* (dn) K37 


N"*(d,n)O"™ 





maximum as a function of angle. The low intensity of 
this nitrogen contribution in spite of the more favorable 
Coulomb barrier would seem to argue against the pres- 
ence of very prominent groups from reactions on the 
A® fraction of the target gas. 

The solid curves in Fig. 5 are expected ranges for the 
reaction and Q-value assignment made in the first three 
columns of Table II, assuming as before an incident 
beam of 3.85 Mev. As in the case of the (d,p) data the 
quoted Q values are an average over those individually 
obtained from the observed groups. The general agree- 
ment would tend to bear out the assignments. Again 
points are only shown for groups clearly observed above 
the background. 

The relative intensities of groups a and 6 as a function 
of angle are shown in Fig. 6. This, as before, amounts to 
a simple count of tracks in the difference spectrum 
adjusted for plate area scanned. No correction for n-p 
cross section variation has been made. The systematic 
distortion from this source will be small and not 
materially affect the yields indicated. Possible contribu- 
tions from group ¢ would further mean that the data 
shown in Fig. 6(a) would in reality be upper limits in the 
angular region 45° to 100°. Again this is not considered 
serious, since it is the maxima which are of primary 
interest. The curves drawn are the theoretical stripping 
distributions for the values of /, and ro indicated.” Two 
curves have been sketched for group }, since it is 
obvious that no single one would suffice to satisfy the 
data. It should be noted that the yield spectrum ob- 
served is quite similar to that witnessed for the sum 
over the doublet level in A® [crosses in Fig. 3(d) ]. In 
both there is a sharp and significant minimum between 
the two maxima. Unfortunately, the techniques applied 
in the present experiment could not hope to resolve 
energetically a doublet of comparable spacing in K*’. 
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Fic. 6. Relative cross section as a function of angle. The letters 
correspond to the groups as identified in Table II. The curves 
shown are the theoretical stripping distributions for the values 
of 1, and ro indicated. 


AND F.. E. 


STEIGERT 


The low intensity of group ¢ did not justify assembly 
of an angular distribution. 

The (d,n) data are summarized in Table II. The nitro- 
gen data is in agreement with previous work,‘ and may 
be considered as a nominal check on the energies in- 
volved. Because of the amount of background subtrac- 
tion involved, the peak positions are not as confidently 
known as in the (d,p) case. This is reflected in the con- 
siderably larger error estimates. There exists, at present, 
no energy level data to compare the K*’ levels to. The /, 
values used are not too unreasonable, however, con- 
sidering the results of the (d,p) analysis. 


Discussion 


On the basis of a simple shell model construction for 
the mass 37 dyad, one would expect in each case a d; 
ground state. The low-lying excited states might then 
be formed by the promotion of the odd particle to an 
fizz level or the creation of a hole in either of the recently 
filled s; and dy subshells. Since this odd nucleon is also 


A>’ K 37 
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Fic. 7. Comparison of the proposed level structures of A?7—K* 
dyad. (Energies in Mev.) The level at 1.46 Mev in K*®’ is probably 
a doublet not resolvable by the present experiment 


the third of four possible d; particles, even parity con- 
figurational states might alternatively be invoked. The 
data for the ground state and also for the first two 
excited states would appear to be compatible with this 
simple picture. The absence of a clearly labeled 1=3 
distribution is a little puzzling, however. One possible 
explanation of this last is suggested in the nature of the 
sequence of /= 2 distributions in Fig. 3. None may really 
be described as classical stripping curves. In fact all 
exhibit a very large fraction of the total cross section 
which is best ascribed to processes other than stripping. 
Considering them in the order of excitation (4,d,e,f) this 
fraction would appear to increase. The width of the 
forward angle peak also steadily increases from some- 
what less than theoretically predicted to almost twice 
what is expected. The relative cross section at the back- 
ward angles is steadily increasing while that near zero 
degrees is falling off. Finally, but perhaps not as sur- 
prising, the radius parameter corresponding to the 
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center of the over-all peak is monotonicly increasing. 
This steady shift of the center of gravity of the peaks to 
smaller angles would at least appear to rule out the like- 
lihood of instrumental sources for the predominance of 
/=2 type maxima. Taking these incongruencies into 
account, one cannot help but question the validity of 
labeling at least the upper two states (e,f) on the basis 
of their angular distribution. Further work is now under- 
way to attempt to resolve the present confusion. 

A level comparison between the two nuclides is made 
in Fig. 7. If one is willing to accept the comparison of 
Figs. 6(b) and 3(d) as a reasonable indication of a 
doublet, the K*? nucleus would appear to have a struc- 
ture quite similar to that of A*’. Such a splitting, if of 
the order of 200 kev, could easily be hidden in the 
data. As may be seen in Fig. 4, group 0 is consistently 
broader than a, certainly suggestive of such structure. 
Further, if the two subgroups were of about equal in- 
tensity at zero degrees, as in the A*® case, this would 
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only result in a systematic shift in the apparent Q for 
their center of gravity of half the amount of the separa- 
tion. Unfortunately, the counting statistics were not 
sufficiently good to allow reliable detection of such a 
systematic variation. 

From the difference of the ground-state Q values one 
obtains a value for the Coulomb energy difference at 
mass 37 of 6.87+0.15 Mev. This would compare 
quite favorably with the value of 6.9540.07 Mev'® 
extracted from the positron decay energetics of A*’. 
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The differential cross section at 0° for the annihilation in flight of 8.5-Mev positrons has been measured. 
The positrons were created in a thick Ta target which was bombarded by 20-Mev electrons from a linear 
accelerator. They were directed onto a Be target where annihilation occurred, and the annihilation photons 
were measured by use of a thick-crystal spectrometer. The measured value for the cross section is 1.30.2 
barns/steradian per electron, which is in agreement with theory 


INTRODUCTION 
HIGH-CURRENT 22-Mev 


accelerator has been used at 


electron linear 
the Lawrence 


A 


Radiation Laboratory to produce beams of ‘nearly 
monoenergetic photons in the approximate energy range 
of 5 to 15 Mev.' The photons were obtained from the 
annihilation-in-flight of fast positrons; thus, it was 


considered desirable to check the differential cross 
section for this process in the energy range of interest. 
Differential cross sections for annihilation in flight of 
positrons have been previously examined at 1.0, 2.2, 
and 3.3 Mev,? and total cross sections have been 
measured at 50, 100, and 200 Mev.* The measurements 
reported below are those for the differential cross 
section at 0° for 8.5-Mev positrons, and were obtained 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1C, P. Jupiter, N. E. Hansen, R. E. Shafer, and S. C. Fultz, 
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6044, 1960 (to be published). 

2H. W. Kendall and M. Deutsch, Phys. Rev. 101, 20 (1956). 

3S. A. Colgate and F. C. Gilbert, Phys. Rev. 89, 790 (1953). 


by the use of techniques quite different from those 
previously employed. 

In this report only the two-quantum annihilation 
process will be considered, since the one- and three- 
quantum processes are negligible at this energy for 
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1c. 1. Photon energy vs angle for annihilation in flight 
of 8.5-Mev kinetic energy positrons. 
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Fic. 2. Calculated differential cross section for annihilation 
in flight of 8.5-Mev kinetic energy positrons. 


annihilation media’ of low atomic number.‘ Cross 
sections for the process have been derived and converted 
to the laboratory system.? If a positron of total energy 
E and momentum P annihilates with an electron at rest 
(having rest energy u) to give two quanta of energies 
K, and Ke, where quantum K, makes an angle @ with 
the incident positron direction, the differential cross 
section for the process is given by 


3utk 
2u(E+pn)(E—P cosé) 


dw P 


do | 1 


( E+yu- P cos)? 
(e+u—P cos6)? 
2(E+n)?(E—P cos@)?) 


E-p\} “I 
Ky=o| 1~( ) cos , 

E+p ; 
Ko=E+yu—K;. 


In Fig. 1 is shown the dependence of the energy K, 
on the angle 6 for positrons with kinetic energy of 8.5 
Mev. The variation of the differential cross section with 
angle @ is given in Fig. 2, while the dependence of the 
cross section at 0° on the positron kinetic energy is 
given in Fig. 3. The experimental points presented are 
from the works of Kendall and Deutsch? and the present 
authors. 


APPARATUS 


The arrangement of the experimental apparatus is 
shown in Fig. 4. The linear accelerator produces a 
pulsed beam of 20-Mev electrons. For this experiment 
its operating characteristics were: 100 pulses/sec, 2-usec 
pulse duration, and a beam current of 0.15 ampere 
during the pulse. These electrons were incident upon a 
0.25-in. Ta target placed just in front of the accelerator. 
A magnetic lens coil was placed in front of the Ta 


*W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), 3rd ed. 
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target in order to increase the number of positrons 
available in the experimental area. 

Electrons, positrons, neutrons, and x rays were 
emitted from the Ta target. The x rays were stopped 
in a lead wall which was well shielded from the NaI(T1) 
crystal of the gamma-ray spectrometer. The neutron 
background was reduced by the concrete walls of the 
experimental cells and by additional neutron shielding 
around the spectrometer. The first beam-bending 
magnet selected the charge and energy of the particles 
directed towards the experimental area. An adjustable 
aluminum slit, having vertical and horizontal jaws 
about 2 in. thick, determined the size of the positron 
beam entering the field of the second bending magnet. 
The slit aperture was set at 2 cm wide by 3 cm high 
for this experiment. When the current in the second 
bending magnet was off, the beam passed through an 
aluminum window, 0.016 in. thick, into a Faraday cup 
similar to that described by Brown and Tautfest.® 
With the second bending magnet on, the positron beam 
was deflected down a 16-ft extension of beam pipe and 
was focused with a pair of quadrupole magnets to a 
spot on the Be annihilation target. After passing 
through the Be target, the positrons were swept out 
of the line of sight between the gamma spectrometer 
and the Be target by another magnet having a hori- 
zontally directed field. The annihilation photons from 
the Be target passed through a final Al window, again 
0.016 in. thick, then through a 1-in. diameter lead 
collimator towards the gamma-ray spectrometer. This 
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Fic. 3. Calculated cross section for positron annihilation in 
flight as a function of positron kinetic energy. The three points 
at low energies are from the experiment of Kendall and Deutsch. 
The point at 8.5 Mev is described in the text. 


5K. L. Brown, G. W. Tautfest, Rev. Sci. Instr. 27, 696 (1956). 
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spectrometer consisted of a 6-in. by 5-in. diameter 
Nal(Tl) crystal coupled to a Dumont 6364 photo- 
multiplier tube located behind an 18-in.-thick by 1-in.- 
diameter lead collimator. The crystal was shielded from 
background gamma rays and neutrons by 8 inches of 
lead and a 1-ft-thick layer of paraffin. The positron 
beam was sufficiently well focused so that very few 
annihilation photons were produced in the sections of 
the vacuum system wall or that part of the Al window 
seen by the gamma spectrometer. A Be beam hardener 
1 ft thick was placed in front of the spectrometer to 
prevent pile-up from low-energy gamma rays in the 
NalI(T1) crystal. 

Pulses from the photomultiplier tube were amplified 
by conventional electronics, then passed into a RIDL 
200-channel pulse-height analyzer. The analyzer was 
gated “on” only during the “on” time of the beam 
pulse. This gating reduced natural backgrounds in the 
Nal crystal by a factor of about 5X 10~, causing them 
to be negligible throughout the experiment. 


‘ 


CROSS-SECTION MEASUREMENTS 


To compute the positron annihilation-in-flight cross 
section it is necessary to know the number of electrons 
cm? in the Be target, the effective solid angle subtended 
by the gamma-ray detector, the number of annihilation 
gamma rays entering the detector, and the number of 
positrons passing through that part of the Be target 
seen by the detector. The thickness of the Be target 
was easily measured to approximately one percent 
accuracy; hence, a calculation of the number of elec- 
trons/cm? in the target was straightforward. 

The best available size of the beam spot on the Be 
target was larger than the aperture of the collimators 
in front of the detector; therefore, some vignetting of 
the photons from the Be target occurred at the detector, 
and the effective solid angle subtended by the crystal 
was smaller for the outer portions of the beam spot 
than for the central region. From photographic images 
of the beam spot a calculation was made of the effective 
solid angle subtended by the Nal crystal. This was 
found to be 0.85--0.10 of the geometric solid angle. 
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FARADAY CUP 


Gamma rays created in the Be target were either 
bremsstrahlung gammas or nearly monoenergetic 


annihilation photons. A typical spectrum taken with 


the gamma detector is given in Fig. 5. The brems- 
strahlung spectrum was largest at low energies (c), and 
the annihilation gamma rays appeared as a high-energy 


peak (a). Spectrum (d) is a background run taken with 


the Be target rotated out of the beam. This background 


came from a few positrons interacting with that part 
of the vacuum system seen by the spectrometer and 


from gamma rays and neutrons produced in the Ta 
target. The background was always negligible when 
computing the number of annihilation photons in the 
spectrum. The response of the detection system to 
monoenergetic gamma rays is shown by the solid line 
(b) in Fig. 5. This response function was taken from 
the work of Kockum and Starfelt,® and, although they 
used a different collimation diameter and size of 
NalI(TI) crystal, their response functions were found to 


agree with spectra of monoenergetic fluorescent gamma 
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Fic. 5. Experimental pulse-height spectra from the Nal crystal. 
Parts (a) and (c) arise from gamma rays created when 8.5-Mev 
positrons were incident on a 0.030-in. thick Be target. (d) is the 
target-out background. (b) is the computed response of the Nal 
crystal to 9.3-Mev gamma rays. 


6 J. Kockum and N. Starfelt, Nuclear Instr. and Methods 4, 
171 (1959). 
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rays taken with our spectrometer.’ Since the Kockum 
and Starfelt response functions gave good fits to 
resonance fluorescence data, they were taken to repre- 
sent the response functions of our system in this energy 
range. The number of annihilation gamma rays entering 
the spectrometer was computed by fitting a response 
function to the measured spectrum, as shown in Fig. 5, 
and then taking the area under this curve. The number 
of photons so obtained was then corrected for the 
efficiency of the NaI(T1) crystal (computed from total 
absorption coefficients’) and the absorption in the Be 
beam hardener. 

The spectrometer was calibrated several times during 
the experiment with 4.43-Mev gamma rays from a 
Po-Be source. Drifts were negligible, and the energy 
of the observed annihilation gamma rays was 9.30.1 
Mev. From this, conservation of momentum and energy 
gives the positron kinetic energy as 8.50.1 Mev. By 
comparing the width of several measured spectra with 
the response function, it was possible to set an upper 
limit in the energy spread of the positron beam. In 
the present experiment this limit appeared to be <0.5 
Mev. 

The positron current was measured with the Faraday 
cup, which was placed as shown in Fig. 4. Since acceler- 
ator stability was best during continuous operation, 
the beam was switched into the Faraday cup, then on 
the Be target by means of the second bending magnet. 
The current was thus measured by making spot checks 
five or six times while taking a spectrum similar to that 
shown in Fig. 5. The positron current was approxi- 
mately 10- ampere, and was measured by passing 
the current from the Faraday cup through a resistance 
of 2X10" ohms and measuring the voltage drop across 
this resistance with a vibrating-reed electrometer. 

The cross-sectional area and the position of the 
positron beam were determined photographically by 
passing the beam through a piece of polaroid film. 
Pictures taken in this manner gave assurance that the 
entire positron beam entered the aperture of the 
Faraday cup, and assisted in centering the beam on the 
Be target. The beam always returned to the same 
position when the second bending magnet was turned 
off and on again. 

Because some positrons were lost in passing down the 
16-ft beam tube to the Be target, if was necessary to 
measure the fraction transmitted down the beam pipe. 
This was done by using, as a positron detector, a 4-in. 
X5-in.-diameter NaI(Tl) crystal bonded to a Dumont 
6364 photomultiplier tube. The crystal was placed so 
that the beam, traveling parallel to the crystal axis, 
struck the center of the crystal. The crystal was large 
enough to absorb all the energy of 8.5-Mev positrons 


7™F. D. Seward, H. W. Koch, R. 
Bull. Am. Phys. Soc. 5, 68 (1960). 

8G. W. Grodstein, National Bureau of Standards Circular 
No. 583 (U. S. Government Printing Office, Washington, D. C., 
1957). 
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(or electrons), and it was necessary to use an optical 
attenuator between it and the photomultiplier in order 
to avoid saturating the latter. The average dc output 
of the photomultiplier tube was recorded, so the 
function of the detector was that of a current amplifier 
(with a gain of about 710*). To measure the trans- 
mission of the beam down the pipes to the Be target, 
a section of the vacuum pipe near the second bending 
magnet was removed and the detector was placed just 
ahead of the quadrupoles. The positron beam was 
switched between the Faraday cup and the detector, 
and current measurements were made. In this manner 
the detector was calibrated. It was then moved to a 
position beyond the Be target and its response was 
again compared with current measured in the Faraday 
cup. The last measurement was repeated several times 
during the experiment, and yielded the value 0.80+-0.06 
for the transmission down the beam pipe. 


MULTIPLE SCATTERING 


If there is appreciable multiple scattering of the 
positron beam in the Be target, the measured annihila- 
tion cross section will be in error. From Fig. 2 it can 
be seen that the cross section for annihilation decreases 
rapidly as the angle the gamma ray makes with the 
original positron direction increases. As Be target 
thickness increases, the average scattering angle of the 
positron beam increases because of multiple scattering ; 
hence, the average measured cross section decreases. 
In order to determine the magnitude of multiple- 
scattering effects in the present experiment, cross- 
section measurements were made using Be targets of 
The the 
measured value of the cross section as the thickness of 


several thicknesses. apparent decrease in 
the Be target was increased is evident in Fig. 6. An 
approximate calculation of the multiple-scattering 


effect was therefore undertaken. 
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Fic. 6. Measured cross section at 0° for annihilation in flight 
of 8.5-Mev positrons as a function of annihilation-target thickness. 
The solid curve is the calculated effect of multiple scattering of 
positrons in the Be target. 
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Fic. 7. Angular distribution of 8.5-Mev positrons after passing 
through various thicknesses of Be. Curves were calculated from 
theory of Moliére and are normalized to 1.0 at 0°. The thickness 
of Be is given in inches for each curve. 


Using the multiple-scattering theory of Moliére,’ the 
angular distribution f(@) was calculated for positrons 
after they had passed through a layer of Be. In Fig. 7 
are shown calculated angular distributions of positrons 
transmitted through targets of various thicknesses. 
The target was divided into a number of layers, and 
the contribution to the detector aperture of annihilation 
photons arising from each layer was calculated. This 
was done by combining the differential cross section 
da (@)/dw, shown in Fig. 2, with the angular distribution 
of the positrons. The total number “NV,” of annihilation 
photons received by the detector was obtained by 
summing up the contributions from each layer. 


. da (@) sf 
N, =const [ fi(0) sinado / f fi (0) sin6dé. 
t 0 dw 0 


The integral in the denominator normalizes the contri- 
bution of each layer. Almost the entire contribution of 
photons was found to come from @<5°. Over this range 
of angle the gamma-ray energy was essentially constant 


9G. Moliére, Z. Naturforsch. 34, 78 (1948). 
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as far as the spectrometer was concerned. The result 
for the calculated effect of multiple scattering on the 


measured cross section is shown as a solid line in Fig. 6. 
RESULTS 


In Fig. 6 are shown experimentally measured values 
of the cross section for various thicknesses of the Be 
target. Two measurements were made for each target 
thickness, with the exception of the 0.005-in. thick 
target. If multiple scattering in the Be target is neg- 
lected, the detector saw annihilation photons emitted 
at angles from 0° to 0.7°. The theoretical differential 
cross section shown is an average over this angular 
range and has the value of 1.38 barns. Error bars on 
each point include all uncertainties, including some 
possible systematic errors which are the same for each 
point. The differences between points for the same 
thickness of target are within the statistical uncer- 
tainties of the experiment, i.e., about 5%. 

Estimates of the limits of possible experimental 
errors were made as follows: The uncertainty in the 
number of electrons/cm? in the Be targets was approxi- 
mately 2%. The uncertainty in the solid angle dw 
subtended by the spectrometer at the Be target was 
almost entirely in the estimation of the vignetting 
effect of the collimation system, which was about 10%. 
Measurement of the positron current was limited by 
measurement of the transmission of the beam through 
the quadrupoles to the Be target, and by intermittent 
measurement of the beam current. Uncertainty in the 
positron current was about 10%. The accuracy of the 
gamma-ray counting measurement was limited by 
correction for the tail of the crystal response function. 
The uncertainty in this tail was such that the accuracy 
of the gamma measurement was about 10%. The net 
uncertainty for each data point was therefore about 

7%. 

The measured differential cross section for the annihi- 
lation in flight of 8.5-Mev positrons is taken as 1.30.2 
barns. The results of the experiment therefore agree 
within the experimental uncertainty with the value 
1.38 barns calculated from the theory of Dirac. They 
also agree with the calculated multiple-scattering effect 
for target thickness up to 0.030 in. 
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The coherent neutron scattering cross sections of terbium, ytterbium, and lutetium as determined from the 
neutron diffraction measurements on TbC2, YbC2, Yb, and Lu metals are found to be 7.2+0.4, 20.0+0.4, 
and 6.70+0.37 barns, respectively, all with amplitude of positive phase. The total scattering cross sections 
of Tb, Yb, and Lu and the magnetic scattering cross sections of Tb** and Yb** are evaluated for thermal 
neutron energies. The neutron diffraction data also show the Debye temperatures of Yb and Lu metals to 


be 109+5°K and 161+7°K, respectively. 


LOW-NEUTRON scattering cross sections for most 

of the rare-earth nuclides have been evaluated by 
Koehler and Wollan! and Koehler eé al.2 However, those 
for terbium, ytterbium, and lutetium have not been 
reported. The coherent neutron scattering cross sections 
of Tb, Yb, and Lu reported here were obtained from 
the neutron diffraction analyses on TbC2, YbC2, and 
Yb and Lu metals. The total scattering cross sections 
were evaluated from the transmission measurements 
corrected for capture, or from the diffuse scattering 
analyses. The transmission data of Yb2O3, LuzO3, and 
Tb metal were also used in processing the values listed 
in Table I. However, their diffraction data were not 


TABLE I. Nuclear scattering properties of Tb, Yb, and Lu.* 


Total nucleus 
scattering 
cross section 
(barns) 


Coherent 
scattering 
cross section 
(barns) 
7.2+0.4 


20.0+0.4 
6.70+0.37 


Coherent scattering 
amplitude 


Nucleus (10-" cm) 


65 bi 
70Yb 


mnLu 


+0.756+0.020 
+ 1.262+0.012 
+0.730+0.020 


2042 
3043 
1342 


* Potential scattering cross sections of «Tb'®, »2Yb, and mLu are 8.64, 


9.13, and 9.20 barns, respectively. 


used for determining the coherent scattering cross sec- 
tions, because of uncertainties in the structural param- 
eters (Yb,O; and Lu,O;) and in the magnetic ordering 
scattering (Tb metal). 

Neutron powder diffraction intensities were obtained 
using the neutron diffractometer at the Oak Ridge 
National Laboratory. All data were obtained with the 
neutron wavelength of 1.055+-0.002 A (0.0735 ev) and 
were standardized against the nickel powder intensities. 
The optimum experimental conditions were so chosen 
that the recorded peak shape of the Bragg reflection 
can be approximated by the Gaussian error function. 
Therefore, if C(@) and J; represent, respectively, the 
background counts and the integrated intensity of the 
jth Bragg reflection with the Bragg angle of 6;, the total 


* Contribution No. 909. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

1W. C. Koehler and E. O. Wollan, Phys. Rev. 91, 597 (1953). 

2 W. C. Koehler, E. D. Wollan, and M. K. Wilkinson, Phys. 
Rev. 110, 37 (1958). 


diffracted neutrons J(@) at the given angle @ is expressed 
by 


h(@) 2 
T(6)=C(@)+> 1;— exp| —H(0)(0 -6)| : 
i «~/r 


where peak-width function 4(@) can be determined 
empirically* and the x-ray lattice constants give the 
precision 6; values. The least-squares method based on 
the above expression was extensively utilized for deduc- 
ing the individual J; values from the overlapped peaks 
and for determining the background intensities. 

Complete spectroscopic, chemical, and x-ray analyses 
for impurities in the neutron samples gave the following 
results in weight percent with the maximum detectable 
limits of 0.05% and 0.1%, respectively, for metallic and 
nonmetallic impurities: no impurities detectable in Yb 
and Tb metals, TbC.2, Yb.O;, and Lu.O;; 2+0.2% Ta 
metal in Lu metal; 4.04+0.03% crystalline graphite in 
YbC;. Special efforts were made for detecting the high- 
capturing rare-earth impurities, but none of them were 
detectable within 0.05 to 0.02% limits in these samples. 
The impurity peaks were substracted from the diffrac- 
tion patterns using the least-squares method described 
above and the neutron diffraction data of Ta metal 
and graphite. The preferred-orientation effect of crystal- 
lites in the sample holder was kept negligible by choosing 
the appropriate packing technique. 


COHERENT SCATTERING CROSS SECTIONS 


The complete-matrix least-squares treatment on the 
neutron diffraction intensities of the polycrystalline 
TbC;, crystals with the CaC,-type structure,‘ yielded 
the coherent amplitude, (Tb) = +0.762+0.030 in 10-" 
cm, the positional parameter for carbon atoms, 
z=0.3960+0.0007, and the temperature-factor coefh- 
cient B=0.75+0.06 A®. The reported value® of 
b(C) = +0.662+0.0024 was treated as an invariable in 


3M. Atoji, K. Gschneidner, Jr., A. H. Daane, R. E. Rundle, and 
F, H. Spedding, J. Am. Chem. Soc. 80, 1804 (1958). 

*F. H. Spedding, K. Gschneider, Jr., and A. H. Daane, J. Am. 
Chem. Soc. 80, 4499 (1958). 

5D. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin- 
tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1958), 2nd ed. 
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Fic. 1. Determination of the coherent scattering cross sections from Yb and Lu metals. 


the least-squares calculation. The agreement factor, 
R=(X w(Lcvs—Teate)?/2. wlovs’ }* with the weighting 
factor w, is as low as 0.025 for these parameters. Re- 
cently, Koehler® obtained 6(Tb)=+0.75+0.03 from 
the TbN data. The weighted average of these two inde- 
pendent measurements yields 6(Tb)=0.756+0.020 and 
Fooh(Tb)=7.2+0.4 barns. 

The results for YbC, also with the CaC, type struc- 
ture* are: 6(Yb)=+1.263+0.036, z=0.3946+0.0012, 
B=0.77+0.10 A?, and R=0.016. As shown in Fig. 1, 
Feoh= 20.0+0.4 barns was obtained from Yb metal. 
The weighted averages of these results are: (Yb) 
= +1.262+0.012 and oo,(Yb)= 20.0+0.4 barns. 

The diffraction data of Lu metal yielded 6(Lu) 
= +0.730+0.020 and o,(Lu)=6.70+0.37 barns (Fig. 
1). The positive sign in b(Lu) was determined from the 
Lu.O; data. 

The B values of Yb and Lu metals at 293+3°K are 
1.65+0.15 A? and 0.750.065 A’, respectively. These 
values correspond to the Debye characteristic tempera- 
tures of 109+-5°K for Yb metal and 161+7°K for Lu 
metal. The Lu value is comparable with the calori- 
metric value of 166°K.’ No comparable value is avail- 
able for Yb metal. 


TOTAL AND MAGNETIC SCATTERING 
CROSS SECTIONS 


The total cross section of Tb evaluated from the 
transmission data of Tb metal and TbC, is 29.8+1.0 


®W. C. Koehler (private communication, 1960). 
7L. D. Jennings, R. E. Miller, and F. H. Spedding (to be 
published). 


barns at 0.0735 ev. The diffuse scattering analysis on 
the TbC, data, which were measured at large angles 
to eliminate the magnetic contribution, yielded the total 
nuclear scattering cross section of 19.5+2.0 barns. The 
observed magnetic scattering cross section of Tb** at 
0.0735 ev is 6.42 barns. Therefore, the capture cross 
section of 3.9+2.3 barns at 0.0735 ev is obtained, while 
2.7+2.3 barns is expected from the literature value’ 
with the inverse velocity law. The paramagnetic scat- 
tering cross sections of Tbt*(4/*"F.) were plotted 
against neutron energies in Fig. 2, where the Trammell- 
Koehler-Wollan method’ and the empirical effective 
nuclear charge of (Z-S)=22 for 4f electrons obtained 
from the angular dependency of the diffuse scattering 
of the TbC. were employed.” However, the total cross 
section values of ¢;Tb for the neutron energies less than 
2 ev are not available except for the present value at 
0.0735 ev. Hence, the Tb values in Fig. 2 are retained 
for future application. 

The total cross sections of Yb at 0.0735 ev are 
50.7+0.5 barns from Yb2O3, 50.8+0.5 barns from 
YbC., and 49.4++0.5 barns from Yb metal. The diffuse- 
scattering analyses indicated that Yb ions in Yb2O; 
and YbC, are in the paramagnetic 4f*F7/2 state,” 
while Yb metal is nonparamagnetic." The observed 
magnetic scattering cross section of Yb**(?F 7/2) is 2.7 
barns at 0.0735 ev. The average total nuclear cross 


8G. T. Trammell, Phys. Rev. 92, 1387 (1953). 

*W. C. Koehler and E. O. Wollan, Phys. Rev. 92, 1380 (1953). 
10M. Atoji (to be published). 

1 J. M. Lock, Proc. Roy. Soc. (London) B70, 476 (1957). 
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Fic. 2. Total paramagnetic scattering cross section of Tb** and 
Yb*3 as a function of neutron energy. 


section corrected for the magnetic part is 48.5+0.3 
barns at 0.0735 ev. Although the neutron resonance at 
0.6 ev has been reported for Yb,®-” if the 1/v law is valid, 
the total nuclear scattering cross sections of 27+2 barns 
is obtained. The diffuse scattering analysis on the Yb 
metal data gives 32+2 barns for this value. Because 
of additional uncertainties involved in both cases, the 
average value of 30 barns with the estimated standard 
deviation of 3 barns is chosen for the total nuclear 
scattering cross section of Yb. The 7oYb is composed of 
seven stable isotopes and hence the sum of the spin 


2V. L. Sailor, H. H. Landon, and H. L. Foote, Jr., Phys. Rev. 
96, 1014 (1954). 
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and isotopic incoherent scattering cross sections is 
about 19 barns at thermal energies. The total para- 
magnetic scattering cross sections of Yb**(?F7/.) are 
also calculated using the experimentally determined 
(Z-S) value of 27 (Fig. 2). It should be noted that the 
Yb values in Fig. 2 are too smail to explain the variation 
in the total cross sections for the neutron energies, 
0.3 to 0.07 ev.® 

The average total cross section of Lu obtained from 
the Lu metal and Lu,O; data is 1052 barns at 0.0735 
ev, which is in accord with the reference value of 107 
barns obtained at this energy by the chopper measure- 
ments (see curve).°"* The diffuse scattering value of 
Lu metal shows the total scattering cross section of 
132 barns, while the 1/v law predicts about 40 barns. 
The failure of the 1/v law is evident, since 7,Lu!”* shows 
a neutron resonance at 0.142 ev." The proximity of 
this resonance energy to the neutron energy employed 
in this study may imply the complex coherent scattering 
amplitude. However, the structure analyses of Lu.O; 
and LuC, indicate that the imaginary part in b(Lu) is 
not significantly large. As expected from the ‘So state 
of Lut’, no magnetic scattering was detectable in the 
diffraction patterns of the Lu samples. 
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Deuterons of 9.1, 8.3, and 7.4 Mev were used to produce (d,p) reactions in Pb’ and Bi? targets. The 
proton differential cross section was measured for different Q values, each of which corresponds to a final 
state of known assignment. With one exception, all of the observed angular distributions were broad peaks 
with maxima near 180°. The theoretical approximations which apply for low deuteron energy predict a 
Gaussian distribution peaked in the backward direction. Although the measured distributions are not of 
Gaussian form, a comparison of the measured and predicted width variation with Q shows fair agreement 
with one theoretical result and poor agreement with the other. For the reaction with the highest Q(~4.5 
Mev) a peak near 120° was observed. This more forward peak would be expected both from a reduced 
Coulomb effect and from the influence of the nuclear potential on the proton. As expected when the Coulomb 
field is dominant, there was only a small observed correlation between the measured angular distribution 
and the angular momentum of the captured neutron. In a few cases, triton angular distributions from (d,t) 
reactions were measured, and these also showed peaks at large scattering angles 


INTRODUCTION 


N the past decade there have been many studies in 

which the predictions of the theory of stripping re- 
actions have been compared with experimental results. 
For the lightest nuclei the agreement with the simple 
theory is often very good, and the Butler method! has 
allowed the assignment of parity and spin to many 
nuclear levels. In some cases disagreement with the 
theory occurs, and in other cases agreements occur 
which seem fortuitous. 

There are two strong assumptions which were origi- 
nally made in the theory. First, the outgoing proton is 
assumed not to interact with the nuclear potential. 
Wilkinson? has explained how this condition is best 
satisfied for deuteron stripping reactions which have 
low Q values. For a low-Q (d,p) reaction the most prob- 
able deuteron configuration is that in which the two 
constituent nucleons are well separated at the moment 
of neutron capture. Thus, when the reaction occurs, the 
proton need not be within range of the nuclear potential. 
Generally, the attractive nuclear potential, if not 
negligible, would have the effect of producing a more 
forward-peaked angular distribution. Quantitatively, 
this has been shown by Tobocman and Kalos.* 

The second assumption made in the original theory 
is that the Coulomb force on both the incoming and 
outgoing particles can be neglected. If not negligible, 
the repulsive Coulomb field has been shown® to produce 
an effect on the angular distribution opposite to that 
caused by the nuclear attractive force. In some cases 
the balance of these two neglected effects may produce 
agreement with the uncorrected theoretical results. 
Tobocman and Kalos point out that the predicted 
angular distributions from their more exact theory are 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957). 

2D. H. Wilkinson, Phil. Mag. 3, 1185 (1958). 

3W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 


not sensitive to Q. This could be interpreted as a mani- 
festation of a balance between these opposite effects. 
The extensive computer calculations required for a 
comparison of theory and experiment have not yet been 
made. Thus, except for the lightest elements with 
deuteron energies well above the Coulomb barrier, in- 
terpretation of the measured angular distributions may 
be difficult. Wilkinson however, that better 
stripping patterns may be expected at low Q and low 
deuteron energies. Apparently, as the deuteron energy 
is decreased, the reduction of nuclear effects on the 
proton is more important than the increasing Coulomb 
effects. When investigating medium and heavy elements, 
the use of higher deuteron energy may not always be 
a simplification. 


shows, 


The present measurements were made in an attempt 
to gain further understanding of the (d,p) reaction, as 
well as to compare them with two theoretical results 
which specifically apply to the experiment. The experi- 
mental conditions are unusual in that the deuteron en- 
ergy is well below the Coulomb barrier of the target. 
Under this condition Oppenheimer and Phillips* first ex- 
plained the high radiochemical yield from the (d,p) 
reaction. In the present work the emphasis has been on 
measuring the proton differential cross section. With 
deuterons of low enough energy, the reaction mechanism 
must be of a direct nature. Both formation of a com- 
pound nucleus by deuteron capture and nuclear effects 
on the outgoing proton will be small. In the heavy 
targets used, even if a compound nucleus were formed 
by deuteron capture, it is much more likely that a 
neutron rather than a proton be emitted in the de-exci- 
tation process. 

Papers by Ter-Martirosian® (T-M) and by Bieden- 
harn, Boyer, and Goldstein® (B) predict the angular 
4 J. R. Oppenheimer and M. Phillips, Phys. Rev. 48, 500 (1935). 
®K. A. Ter-Martirosian, J. Exptl. Theoret. Phys. U.S.S.R. 29, 
713 (1955) [translation: Soviet Phys.—J ETP 2, 620 (1956) ]. 


9 
6. C. Biedenharn, K. Boyer, and M. Goldstein, Phys. Rev. 
104, 383 (1956). 
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Fic. 1. Half the full-width at half maximum intensity multiplied 
by the square root of the target atomic number plotted against 
the reaction Q. These curves are the result of numerical calculations 
using the theoretical results of Ter-Martirosian (T-M) and of 
Biedenharn, Boyer, and Goldstein (B) for (d,p) reactions. The 
areas where these results are expected to be valid are discussed 
in the text. 


distribution of protons under the conditions of the 
present experiment. Both papers predict a Gaussian 
proton angular distribution centered about a scattering 
angle of 180°. In T-M the required condition is satisfied 
if the deuteron energy lies below the barrier, where the 
barrier is considered to be Ze?/R and R is the radius of 
the target nucleus of charge Z. In addition, it 
was necessary for Z to be greater than 50. In order 
for the explicit expression for the width given by B to 
be valid, the Coulomb parameter n=Zze?/hv was re- 
quired to be much greater than unity for both the in- 
coming deuteron and the outgoing proton, and a value 
of n=3 was not considered large enough. For the (d,p) 
reactions described later, ny had the range 6.2 to 6.8, 
and », had values between 3.7 and 5.0. 

Although the theories seem to be of identical content, 
the explicit formulas given for the width of the back- 
ward-directed Gaussian proton distribution are differ- 
ent. Both expressions predict a narrower width as the 
deuteron energy decreases, but as Q decreases, for a fixed 
deuteron energy, B predicts an increasing width, where- 
as T-M predicts a narrower distribution. This is il- 
lustrated by Fig. 1, where the theoretical widths multi- 
plied by the square root of the target Z are plotted 
against the reaction Q. For high values of 7, both B 
and T-M predict little dependence of the angular dis- 
tribution on the orbital angular momentum of the 
captured neutron. 

When 7 is much larger than unity, the collision of 
charged particles can be regarded nearly classically. 
A large Coulomb parameter means that the reduced 
wavelength is small with respect to the radius of the 
classical turning point, and a description using the 
impact parameter and classical orbits is valid. As 
emphasized by T-M, when 7 is large, completely justi- 
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fiable perturbation calculations can be made for (d,p) 
reactions, in contrast to the somewhat questionable 
use of the Born approximation or its equivalent. The 
Gamow penetration factor e~**" shows that capture of 
the deuteron will be strongly inhibited for large 7; be- 
cause of the nature of the deuteron wave function, the 
direct (d,p) reaction is reduced to a lesser extent. 
Ordinarily, the direct mode of a nuclear reaction be- 
comes more probable relative to the compound mode 
as the energy of the incoming particle increases. The 
reactions of the present work are examples of the op- 
posite case where the direct mode becomes more pre- 
dominant as the deuteron energy is lowered. The en- 
hancement of direct reactions relative to compound 
nucleus formation as well as effects of deuteron dis- 
tortion have been discussed in a recent paper by 
Biedenharn and Satchler.? 

There have been several experimental investigations 
made in a region lying between the present work and 
what might be called the Butler region. Measurements 
at Indiana University** on isotopes of lead and bismuth 
have been made at 11 Mev. At this deuteron energy, 
great sensitivity of the proton angular distribution to 
the captured neutron angular momentum is not ex- 
pected. However, a correlation of the angular position 
of maximum intensity with /, gave consistent results 
which agreed well with predictions of the shell model. 
All the observed angular distributions had low forward 
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Fic. 2. An example of the pulse height spectrum from the elec- 
tronic computer used to identify the mass of the reaction products 
from a Pb™ target. The left peak contains protons of all energies 
from the (d,p) reaction, and the other peak contains all the 
deuterons, most of which are the result of elastic scattering. 


7 L. C. Biedenharn and G. R. Satchler, paper given at the Inter- 
national Conference on Polarization Phenomena of Nucleons, 
Basel, 1960 (unpublished). 

8M. T. McEllistrem, H. J. Martin, D. W. Miller, and M. B. 
Sampson, Phys. Rev. 111, 1636 (1958). 

*G. B. Holm, J. R. Burwell, and D. W. Miller,” Phys. Rev 
118, 1247 (1960). 
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intensity and a peak in the range 60° to 120°. Schiffer 
and Lee” have measured the proton angular distribu- 
tion from (d,p) reactions in elements between titanium 
and nickel. At deuteron energies of 3.8 and 4.5 Mev, the 
distributions were rather broad with a peak near 60°. 
In their experiment the maximum value of 94 was 3.2. 
Pratt" has measured the angular distribution of protons 
from the Ti**(d,p) reaction at a deuteron energy of 
2.6 Mev. These measurements have been fitted by var- 
ious refinements*? of stripping theory. 

There have been instances” where a backward peak 
was observed in the center-of-mass angular distribution. 
These usually occur in addition to a more forward- 
peaked component. In these cases it is not clear whether 
the backward-peaked protons were from the deuteron 
or were the result of heavy-particle stripping.’ In the 
present experiment where heavy targets were used, the 
center-of-mass system and the laboratory system have 
only a smali relative velocity, and, for the Q values 
concerned, heavy-particle stripping cannot contribute. 
All of the measured proton groups had Q values greater 
than —2.23 Mev; therefore, protons from the electric 
breakup of the deuteron in the Coulomb field of the 
target were excluded because of energy. 
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Fic. 3. Proton energy spectrum as measured by a Nal scintilla 
tion spectrometer. The number near each strong group is the 
associated Q value in Mev. 


0 J. P. Schiffer and L. L. Lee, Jr,. Phys. Rev. 115, 1705 (1959). 

11 W. W. Pratt, Phys. Rev. 97, 131 (1955). 

2G. C. Phillips, Phys. Rev. 80, 164 (1950); D. de Jong, P. 
M. Endt, and L. J. G. Simons, Physica 18, 676 (1952); E. Baum- 
gartner and H. W. Fulbright, Phys. Rev. 107, 219 (1957); I. B. 
Teplov and B. A. Iur’ev, J. Exptl. Theoret. Phys. U.S.S.R. 34, 
334 (1958) [translation: Soviet Phys.—JETP 7, 233 (1958). 

18 |, Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
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'1c. 4. Measured proton differential cross sections from a Bi 
target with a deuteron energy of 9.05 Mev. 


EXPERIMENTAL PROCEDURE 


The Los Alamos variable-energy cyclotron was used 
to produce deuteron beams of 7.35, 8.30, 9.05, and 11.9 
Mev. A beam 3; in. high and ; in. wide traversed a 
target at the center of a reaction chamber." The targets 
of lead and bismuth were self-supporting evaporated 
metal foils a few milligrams per square centimeter 
thick. The Pb®* target was made from radiogenic lead 
and contained'® 88% Pb®°*. In the (d,/) measurement 
on U™, the target consisted of ~1 mg/cm? of oxide 
which had been evaporated onto 200-ug/cm? gold leaf. 

Two counters were used to identify and measure the 
energy of the charged reaction products. The particles 
first passed through the AE counter which meezsured 
their relative specific ionization and then they were 
stopped in the E counter which measured the residual 
energy. The AE counter was an ion chamber and the 
E counter a Nal scintillator. Pulses from these counters 
were amplified and then went to an electronic com- 
puter.'®!7 This computer generated a pulse whose height 
was characteristic of the mass of the particular charged 
particle. A pulse-height discriminator then allowed 
either protons or tritons to be distinguished from the 
strong flux of elastically scattered deuterons. As an 
example, the computer output spectrum for the 
Pb**(d,p) reaction is shown in Fig. 2. In spite of the 
strong elastic component, it is easy to identify protons of 
all energies which arise from the reaction. Figure 3, which 
gives a representative energy spectrum, shows that the 
modest resolution of the E counter is adequate except 
for the one pair of closely spaced levels. 

14H. E. Wegner and W. S. Hall, Phys. Rev. 119, 1654 (1960). 

16 R. E. Peterson, R. K. Adair, and H. H. Barschall, Phys. Rev. 
79, 935 (1950). 

16R. H. Stokes, Rev. Sci. Instr. 31, 768 (1960). 


17 R. H. Stokes, J. A. Northrop, and K. Boyer, Rev. Sci. Instr. 
29, 61 (1958). 
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The beam energy was measured!’ and continuously 
monitored by slowing an elastically scattered fraction in 
the proper thickness absorber to reduce the energy to 
a standard value. A meter, with reading proportional 
to the energy of the slowed beam, was used by the cyclo- 
tron operator as a guide in holding constant energy 
during the period data were collected. The relative 
amount of beam, for data taken at different angles, 
was measured by a scintillator which counted elastically 
scattered deuterons from the target. The absolute cross 
section was obtained, using the elastically scattered 
deuterons as a reference. At these low deuteron energies 
and with high-Z targets, it was easy to move the counter 
system forward to an angular position where the elastic 
scattering was Rutherford. In this way, provided the 
deuteron energy is known, an absolute cross section can 
be obtained without measuring either the target thick- 
ness or the solid angle of the counters. In one case, where 
this method was compared to a determination of cross 
section from direct measurements of beam current, 
counter solid angle, and target thickness, results were 
obtained which differed by about 20%. Most of this 
disagreement could have arisen from the target thick- 
ness measurement which was an average taken over an 
area much larger than the beam spot. 

At low deuteron energies and with high-Z targets, 
the Coulomb scattering of deuterons is very strong and 
the reaction cross section small. Also, reactions from the 
small amounts of target contaminants such as carbon 
and oxygen are relatively emphasized since the deuteron 
energy is far over their Coulomb barrier. The first effect 
tends to make protons more difficult to identify, and the 
second contributes an unwanted background to the pro- 
ton spectrum of interest. The protons from heavy targets 
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Fic. 5. Measured proton differential cross sections from a Pb®* 


target with a deuteron energy of 9.05 Mev. 


18 J. A. Northrop and R. H. Stokes, Rev. Sci. Instr. 29, 287 
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FG. 6. Measured proton differential cross section from a Pb** 
target with a deuteron energy of 8.30 Mev. 


are emitted mainly in the rear hemisphere while Cou- 
lomb scattered deuterons, reaction protons from light 
elements, and recoil protons from hydrogen contami- 
nation are emitted predominantly forward. In addition, 
the background of neutrons and gamma rays from the 
gold collimators and from the cyclotron decrease rapidly 
as the cyclotron energy is lowered. For these reasons, it 
was easier than was expected to measure such low cross 
sections with counters. 

A few triton angular distributions were measured for 
the Bi (d,s) and the U**°(d,t) reactions. In this case 
the deuteron energy was raised to 11.9 Mev to increase 
the yield and to allow better triton identification. In 
the U*® measurement, the target contained a large 
amount of oxygen as well as some carbon. The (d,f) 
ground state Q values for both carbon and oxygen are 
highly negative, and the triton energy is further reduced 
by the center-of-mass effect. This means that in heavy 
elements, where the (d,#) ground state Q values are 
often nearly zero or only slightly negative, it is easy 
to observe many levels with no background from these 
contaminants. Avoiding background by this method is 
important when investigating targets such as uranium 
or plutonium, which are very difficult to obtain as thin 
metallic foils. Choosing the (d,é) reaction instead of the 
(d,p), which has positive Q values for carbon and oxy- 
gen, affords great simplification. 


RESULTS 


The differential cross section data are shown in Figs. 
4 to 7. Since both the theory of T-M and of B predict 
Gaussian distributions, the data were plotted so that, 
if the results were Gaussian, the points would fall on a 
straight line. The ordinate has a logarithmic scale and 
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Fic. 7. Measured proton and triton differential cross sections. The 
ordinate scale is relative for the U**(d,t) reaction only. 


the square of the angular deviation from 180° is plotted 
horizontally. © is the laboratory scattering angle. In all 
the distributions where a representative error point is 
not shown, the statistical errors lie between 1 and 2%. 
For each distribution, the reaction Q value in Mev is 
given, and the value of /, is given in parentheses. As 
can be seen from the four figures, most of the distribu- 
tions deviate considerably from a Gaussian shape. 
These figures show an angular range of 90° to 165° 
laboratory scattering angle. In a few cases, points were 
also taken at smaller angles including 60°. Although 
these data were not accurate, they indicated that the 
intensity continues to decrease as the angle decreased. 
Thus, the distributions were peaked in the backward 
hemisphere and were not symmetric about 90°. 

Since the shapes of the observed distributions are not 
as predicted by the theories, it is difficult to make a 
valid comparison of width. Arbitrarily, half the full- 
width at half-maximum was chosen to characterize the 
width of the measured distributions. Figures 8 and 9 
show these experimental widths as well as the predic- 
tions of the two theories. Little significance should be 
attached to the absolute magnitude since the predicted 
shape is different from that measured. However, the 
variation of width as a function of Q does seem to favor 
the approximate result of theory B. The Q=4.51-Mev 
distribution was not used in this comparison since a 
consistent measure of its width was lacking. 

If the (d,p) reaction on targets near doubly magic 
Pb*® produces single-particle neutron states, the value 
of the orbital angular momentum of the captured 
neutron /, is unique if the assignment of the final state 
is known. In the figures giving the proton distributions 
from Pb** and Bi®, the Q value and the /, value (in 
parentheses) are taken from the work of Holm, Burwell, 
and Miller. Although the observed distributions arise 


LOW 


DEUTERON ENERGIES 617 
from a rather large range of /, values, the shape of the 
distributions is not strikingly different. The unresolved 
pair at Q=0.14 and —0.11 Mev from Pb™®, as well as 
the pair at Q= —0.21 and —0.46 Mev from Bi®™, show 
either a tendency to peak away from 180° or a small 
forward bump as well as a more backward peak. Since 
one member of each pair arises from /,=0, this behavior 
is consistent with a small residual tendency for more 
forward peaking at low /,. The Q=4.51-Mev level 
shows a definite peak in the vicinity of 120°. This level 
requires /,=1, which may explain the shape, or, as dis- 
cussed later, dynamical factors which are characteristic 
of high Q may produce such an effect. The Bi®(d,#) 
data taken at Eg= 11.9 Mev (Fig. 7) also show angular 
distributions peaked in the backward hemisphere. As- 
suming that the (d,#) reaction produces hole states in 
the neutron core of the target, the value of the orbital 
angular momentum of the picked-up neutron is deter- 
mined if the level assignments of Bi®* are known. In 
Fig. 7, the Q values and the /, values (in parentheses) 
are taken from the work of Harvey.” 


DISCUSSION 


The most striking feature of the data is the consistent 
appearance of backward peaking in the angular distri- 
butions. Although the conditions of T-M are fulfilled 
and the conditions of B are rather well met, the angular 
distributions are not distributed about 180° in a Gaus- 
sian manner. Whether the values of are not high 
enough or whether there is a more serious difficulty in 
the theory is not clear. It has been pointed out” that 
this disagreement is not surprising. The various 
momentum-transfer factors which are assumed constant 
in obtaining the Gaussian approximation are in fact 
angle-dependent. For example, the form factor which 
multiplies the Coulomb integral varies by a factor of 
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Fic. 8. Comparison of the measured widths (points) at Ez=9.05 
Mev with curves showing the theoretical predictions. As explained 
in the text, significance should be attached only to the variation 
of the measurements with Q and not to their absolute magnitude. 
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Fic. 9. Comparison of the measured widths (points) at Ea=8.30 
Mev with curves showing the theoretical predictions. 


nearly four between 90° and 180°. Another possible 
explanation arises from the neglected effect of deuteron 
distortion. If the internal wave function of the incoming 
deuteron is appreciably distorted by the Coulomb field 
of the target, it is reasonable to expect that the proton 
angular distribution would be of different shape than 
if the deuteron were a more rigid body. 

The Q=4.51-Mev distribution from Pb** shows a 
peak at ~120° at both deuteron energies where it was 
measured. In this case /,=1, which may partly explain 
this result; however, it is interesting to consider the 
possible effects of a large Q on the angular distribution. 
In a (d,p) reaction on a heavy element just following 
the moment of neutron capture, it is most probable that 
the proton have a kinetic energy ~ }(Ea— ea— B), where 
€a is the deuteron binding energy and B is the Coulomb 
energy of the proton. Depending on its position at the 
time of neutron capture, the proton then gains addi- 
tional kinetic energy as it is repelled from the product 
nucleus. To have high energy, the proton must be at 
small radius at the time of the reaction, not only because 
of the subsequent energy added by the Coulomb field, 
but also because of the added kinetic energy from the 
deuteron internal wave function when the neutron- 
proton separation is small. Thus, high Q reactions are 
expected to occur with the proton closer to the nucleus. 
In this case the proton can be attracted by the nuclear 
force and will be ejected at a more forward scattering 
angle. This mechanism for a high Q reaction is supported 
by the observed rapid decrease in the proton energy 
spectrum as Q increases. At Eg=8.3 Mev the cross 
section decreases by a factor of 40 as Q changes by 
5.2 Mev. Part of this decrease would be expected from 
the internal momentum distribution of the deuteron, 
but a large part must arise from Coulomb effects. There 
is another possible contribution to the shape of the 
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Q=4.51-Mev distribution. Deuteron capture which is 
most likely for a head-on collision, would tend to remove 
those protons which would have been emitted in the 
backward direction. This effect could partly explain the 
minima at 180°. 

It is of interest to ask if low-energy reactions on 
medium and heavy elements could be used to determine 
the spin of nuclear levels. One possibility would be for 
the excitation function to have different slopes according 
to the orbital angular momentum of the transferred 
nucleon. If this could be observed, the parity and the 
spin of the final nucleus could be determined experi- 
mentally. The present data were examined for such an 
effect ; however, none was found. The highest Q groups 
from (d,p) reactions on heavy elements decrease most 
rapidly in cross section asthe deuteron energy is lowered, 
which makes such a correlation difficult to find. 

The low-energy reactions discussed here have simi- 
larities to processes in the field of heavy-ion physics. 
It would seem that some of the objects of heavy-ion 
investigations could be accomplished by studying reac- 
tions of low-energy protons or alpha particles. The 
repulsion of the incoming particle by the Coulomb field 
makes interactions with surface nucleons most probable. 
The distortion of protons and alpha particles by the 
target is small and more efficient momentum transfer 
to the surface nucleons is possible. Inelastic scattering 
of low-energy protons or alpha particles, or reactions 
with these particles in or out, could give information on 
the position-momentum distribution of the target 
nucleons. As previously discussed, measurement of the 
inherently low cross sections is not as difficult as might 
be expected, and the acceleration, detection, and identi- 
fication of these lighter particles is easier than for heavy 
ions. 

A few measurements were made in an attempt to ob- 
serve the effects of the electric breakup of the deuteron 
in the Coulomb field of the target. The results were in- 
conclusive because of background effects in the low- 
energy range where breakup protons are expected. The 
angular distribution of all protons from electric breakup 
has been calculated by Landau and Lifshitz." The 
width of their Gaussian distribution differs from the 
width of the proton distribution given by T-M. For 
instance, at Eg=9 Mev, Landau and Lifshitz predict 
a 36% greater width than that calculated from T-M at 
Q=-—3 Mev. However, when the width for electric 
breakup is compared with the width given by B, the 
results are in much closer agreement, and it would be 
difficult to determine the difference experimentally. 


"1, Landau and E. Lifshitz, Zhur. Eksp. i Theoret. Fiz. 
U.S.S.R. 18, 750 (1948). 
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A search has been made for the hypothetical reaction in which a muon near a nucleus is converted into an 
electron without production of neutrinos. Negative muons were stopped in a copper target. A magnetic 
spectrometer at right angles to the beam transmitted particles of the momentum expected for the electron 
(about 90 Mev/c on entry into the spectrometer). A long scintillation counter at the output of the spec- 
trometer gave a pulse corresponding to the emerging particle’s energy loss. Selection by both momentum 
and pulse-height eliminated particles heavier than the electron and greatly reduced the accidental back- 
ground. In the main run, three events meeting the selection criteria were recorded, while the expected number 
of accidentals is 0.23-0.04. Various alternative processes that would produce accepted events are considered 
and found to give expectation values even smaller than that for accidentals. Without further experimentation, 
we cannot decide whether the hypothetical reaction does or does not occur, but we can set an upper limit of 
(4_2*%) X 10-6 on the ratio R of the reaction rate to that of normal absorption. 





I. INTRODUCTION 


E have carried out an experiment designed to 

detect the hypothetical reaction in which a 
negative muon near a nucleus is converted into an 
electron without production of neutrinos. Several 
theoretical estimates of the rate of this reaction have 
recently been made.'~> Weinberg and Feinberg! have 
emphasized that if the reaction results from structure 
in the wey interaction, different form factors are involved 
than those determining the u — e+y rate, so that the 
observed rarity of the latter reaction does not necessarily 
imply a low rate for the one under consideration. Using 
Primakoff’s® fit to the observed negative-muon absorp- 
tion rates in complex nuclei, and Hofstadter’s’ results 
on the nuclear form factor, we find that their expression 
(1) for the branching ratio R of the coherent reaction 
in which the nucleus recoils rigidly to the normal 
absorption reaction with emission of a neutrino, 


rate of u-+(Z,A) — e~+(Z,A) 


R=- esas -, 
rate of u-+(Z,A) — (Z—1, A)*+» 


has the value 1.25£;?/&? for copper. Here &? and &* are 
algebraic functions of the wey form factors and the 
B-decay coupling constants, respectively. The inter- 
mediate vector boson hypothesis predicts £¢?/&? on the 
order of 2.5X10-*. Less than one-seventh of the 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t+ On leave of absence from Washington University, Saint 
Louis, Missouri. 

1S. Weinberg and G. Feinberg, Phys. Rev. Letters 3, 111 and 
244 (1959). 

2S. P. Rosen, Nuovo cimento 16, 7 (1960). 

3J. Dreitlein, thesis, Washington University, Saint Louis, 
June, 1960 (unpublished). 

4R. Gatto, Lectures on Some Questions of the V)—A Theory, 
given at the International School of Physics of the Italian Physical 
Society, Varenna sul Lago di Como, Italy, June 29-July 11, 1959 
(unpublished); N. Cabibbo and R. Gatto, Phys. Rev. 116, 1334 
(1959). ° 

5B. Jouvet and J. C. Houard, Nuovo cimento 15, 31 (1960). 

6H. Primakoff, Revs. Modern Phys. 31, 802 (1959). 

7B. Hahn, D. G. Ravenhall, and R. Hofstadter, Phys. Rev. 
101, 1131 (1956). 


reactions are expected to be incoherent, i.e., to excite 
the nucleus. In the coherent case, the electron is 
emitted with a unique energy of 103.6 Mev. In the 
incoherent reaction, the electrons are expected to have 
a spectrum some 20 Mev wide centered at 98.5 Mev. 

The hypothesis of different muon and electron 
neutrinos absolutely forbids the neutrinoless conversion 
of a muon into an electron." 

The pioneer cosmic-ray experiment of Lagarrigue and 
Peyrou showed that R is at most a few percent.” More 
recently, Steinberger and Wolfe have searched for the 
reaction by counting particles with range greater than 
24.5 g-cm~ polyethylene emerging from a 0.317-cm 
copper target within 0.2 usec of an incident negative 
meson." In a run in which they expected 1.86 accidental 
counts and 2,62X10* R real counts,“ no counts were 
recorded. Since the probability of obtaining no real 
events is exp(—2.62X10°R), it is likely that R does 
not exceed 10%, 

In our experiment a copper target was placed at 
muon range in the negative-meson beam of the 184-in. 
synchrocyclotron. A 180-deg, n=} magnetic spec- 
trometer was used to select particles with momentum 
in the neighborhood of 90 Mev/c.'® A 45.7-cm long 
plastic scintillation counter receives particles emerging 
from the spectrometer; the pulse height is measured 
both with a gated twenty-channel pulse-height analyzer 
8E. M. Lipmanov, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 
1054 (1959) [translation: Soviet Phys-—JETP 37(10), 750 
(1960) ]. 

®Y. Tanikawa and S. Watanabe, Phys. Rev. 113, 1344 (1959). 

10 B, Pontecorvo, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1751 
(1959) [translation: Soviet Phys.—JETP 37(10), 1236 (1960) ]. 

ul T, D. Lee and C. Yang, Phys. Rev. Letters 4, 307 (1960). 

12 A. Lagarrigue and Ch. Peyrou, Compt. rend. 234, 1873 (1952). 

18 J. Steinberger and H. B. Wolfe, Phys. Rev. 100, 1490 (1955). 

14 The coefficient 2.62 108 was calculated in reference 13 on the 
assumption that the reaction is incoherent. If it is coherent, the 
probability of the electron’s emerging from the copper with 
enough energy to penetrate the range telescope is increased, and 
the coefficient of R needs to be somewhat larger. From the curve 
given in reference 13 for the detection probability as a function of 
energy and the Bethe-Heitler radiation cross section, we estimate 
that its value should be 3.56 108 in this case. 

18H. Kruger and K. M. Crowe, Phys. Rev. 113, 341 (1959). 
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Fic. 1. Schematic drawing of the geometrical arrangement. The 
meson beam from the cyclotron is horizontal. Particles leaving 
the target horizontally at right angles to the beam enter the 
spectrometer. After being bent 180 deg they emerge horizontally 
into a long plastic scintillator used for energy discrimination. 


and by photographing the amplified pulse on a cathode- 
ray oscilloscope. Selection of particles by both mo- 
mentum and energy greatly reduces the spurious 
background and has permitted a reduction of the 
smallest detectable value of R by two powers of ten. 


II. APPARATUS 


Figure 1 is a perspective sketch of the essential 
features of the arrangement. The 210-Mev/c negative 
external beam is filtered by 45.5 g-cm? graphite equiv- 
alent before striking the 5.61 g-cm? copper target placed 
at 45 deg to the beam direction. Scintillation counters 
a, and m2 in the moderator respond to almost all of the 
beam particles, of which only some 10 to 20% are 
muons. The counter train 8;, 82, 83, Bs, and fs selects 
particles that leave the target horizontally at 90 deg 
to the beam, traverse the spectrometer, and enter the 
long (47.9 g-cm-*) plastic scintillator. The 1.02 g-cm~? 
lithium and 4.00 g-cm~* graphite slabs between the 8 
counters serve to reduce the accidental-coincidence 
rate. The average ionization energy loss of a 100-Mev 
electron between the middle of the target and the 
mouth of the spectrometer is 8.8 Mev. The resolution 
function of the spectrometer with this source and 
detector arrangement is an isosceles triangle of full 
width at half maximum, Ap/o, equal to 9.8%. During 
the main run, its center, po, was set at 90 Mev/c. 

The circuitry is shown schematically in Fig. 2, with 
the amplifiers, discriminators, and scalers omitted 
(the outputs of all four coincidence circuits are 
recorded). The coincidence-anticoincidence circuits 
W3 and W4 are cascaded, W4 giving the output 
81828:8.8s%,%, corresponding to a particle not in 
prompt coincidence with a beam particle passing 
through the spectrometer and entering the long counter. 
The resolving times are approximately +4X10~ sec. 
A pulse from +; makes W4 inoperative for 14 10~ sec; 
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one from 7; makes W3 inoperative for 21 10~* sec. The 
output of W4 opens a gate about 40X10~ sec long to 
the pulse-height analyzer (PHA) and triggers a 
20X 10-*-sec/cm oscilloscope sweep. A positive pulse 
from the tenth dynode of the fourteen-stage photo- 
multiplier tube looking at the long counter is fed 
through the gate circuit to the PHA and is also applied 
to the vertical-deflection system of the oscilloscope. 
The circuits recording the W4 and PHA outputs are 
gated by a 1.1X10~*-sec pulse bracketing the cyclotron 
beam. This reduces the cosmic-ray contribution to the 
data by the factor (10°/64X 1.1) =14. 

To calibrate the pulse-height-analysis system, we 
placed the long counter in the meson beam with 3 in. 
of graphite in front of it. Most of the particles entering 
it are then pions of about 81-Mev energy, which stop 
in the counter. They should give pulses corresponding 
to 81 Mev plus the energy loss by the charged particles 
in the star; the total light should correspond to about 
110-Mev energy dissipation by a fast particle. The 
kinetic energy of the muons entering the counter is 
101 Mev. They too stop in the counter. In most cases 
a decay electron is emitted so long after the muon stops 
that it does not contribute to the measured pulse. The 
electrons passing through the long counter lose 88 Mev 
by ionization; shower development is not negligible, 
as the length of the counter is 1.1 radiation lengths. 
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Fic. 2. Schematic diagram of the electronic circuits. Amplifiers, 
discriminators, scalers, and recorders are omitted. The cascaded 
fast coincidence-anticoincidence circuits W; and W, give an 
output corresponding to 8182838,8;7% 72. This output opens the 
gate toa 20-channel pulse-height analyzer and triggers the sweep 
of an oscilloscope on which the pulse is photographed, thus provid 
ing two independent measures of the pulse height in §s. 
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The pulse-height distribution obtained is shown in 
Fig. 3(a). It peaks in channels 15, 16, and 17. Pulse- 
height distributions were also measured in the cali- 
bration runs (see below) with a carbon target, the 
spectrometer set at 43.3 Mev/c, and the long counter 
in its normal position. These correspond to the top of the 
uw — e~ decay spectrum in carbon. The distribution, 
summed over all the calibration runs during the main 
run, is shown in Fig. 3(b). The electron energy on 
entry into the long counter centers at about 35 Mev. 
The pulse-height distribution is seen to peak near 
channel 7. Comparing the distributions, we see that 
channel number of the peak corresponds roughly to 
the energy loss, and that the PHA system is adjusted 
properly for detecting electrons such as those expected 
to result from muon conversion. For 90 Mev/c mo- 
mentum in the spectrometer, electrons reach the long 
counter with about 82-Mev kinetic energy, to give a 
pulse-height distribution peaking in channel 12. Muons 
would enter the long counter with only 17 Mev; pions 
would not even reach it. 
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Fic. 3. Pulse-height ‘distributions from the long counter. (a) 
Counter in the negative-meson beam, behind 13 g-cm~ graphite. 
The particles entering the counter are mostly pions of 80-Mev 
kinetic energy. (b) Counter in normal position, spectrometer set 
at 43.3 Mev/c, carbon target. The pulses are due to decay elec 
trons from muons stopped in the target. (c) Counter in normal 
position, spectrometer set at 90 Mev/c, copper target. The PHA is 
gated by (838,8si21) coincidences. In this case, the pulse-height 
distribution is that characteristic of accidental events. 
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The pulses photographed on the oscilloscope screen 
correlated in height with the number of the PHA 
channel in which the event was recorded; the larger 
the pulse, the higher the channel number. 


III. RESULTS 


For an event to be counted in the data run, it was 
required that it be recorded in the gated scaler on the 
W4 output and in one of channels 2 through 20 of the 
gated PHA, and that a pulse of appropriate height be 
photographed on the oscilloscope screen. 

In the main run, which lasted 95.2 hr with the 
spectrometer set at 90 Mev/c, three events satisfying 
these criteria were found. One was in channel 6 and 
two were in channel 10. 

In order to determine the number of muon con- 
versions to be expected in this time, the run was 
interspersed with short runs in which the copper target 
was replaced by a graphite target of the same stopping 
power, and the spectrometer setting was reduced to 
43.3 Mev/c. Denoting by 8 the number of recorded 
events, we have 


8(43.3 Mev/c, C)=SeX faceX fon X (Q/4r) 


(43.3 Mev/c, C)Xe. (1) 


Here S¢ is the number of muons stopping in the carbon 
target; faec, the fraction of stopped muons that decay, 
is 0.92'; foo, the fraction of decays occurring after 
21X10~* sec, is 0.99'7'5; Q is the effective solid angle 
of the spectrometer ; n(43.3 Mev/c, C) is the normalized 
response of the spectrometer, when set at 43.3 Mev/c, 
to the spectrum of decay electrons from the carbon 
target; and e is the efficiency of the counting system. 
During a normal run, on the other hand, we have 
B(90 Mev C, Cu) = SouX fineX RX fooX (Q/49) 

<n(90 Mev/c, Cu)Xe. (2) 


Here Scu is the number of muons stopping in the copper 
target; fine, the fraction of stopped muons that interact, 
is 0.93"; fSo1, the fraction of interactions taking place 
after 21X10~® sec, is 0.88'78; and »(90 Mev/c, Cu) is 
the normalized response of the spectrometer when set 
at 90 Mev/c to the spectrum of conversion electrons 
produced in the copper. One can now determine QXe 
from the carbon data, obtaining 


Scu 
8(90 Mev/c, Cu) =RX8(43.3 Mev/c, OS ar 
¢ 
n(90 Mev/c, Cu) 
aa. (3) 
n(43.3 Mev/c, C) 


The spectrometer response functions, 7, were computed 
numerically. The Landau distribution of ionization 


16 F, R. Stannard, Phys. Rev. Letters 4, 523 (1960). 

17]. C. Sens, Phys. Rev. 113, 679 (1959). 

'SR. A. Reiter, T. A. Romanowski, R. B 
Chidley, Phys. Rev. Letters 5, 22 (1960) 

‘9 F. E. Holmstrom and J. W. Keuffel, University of Utah, Salt 
Lake City, (private communication). 
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losses, Heitler’s radiation straggling distribution, and 
the calculated triangular resolution function of the 
instrument were assumed.” For the coherent conversion 
process (with a unique initial electron energy of 103.6 
Mev), 7(90 Mev/c, Cu) is 0.23. For the decay electrons 
from carbon, a calculation based on the positive muon 
spectral shape gives (43.3 Mev/c, C)=0.067. We use 
3.5 for the ratio of the response functions. For the ratio 
of the numbers of stoppings, Scu/Sc, we take the ratio 
of the target thicknesses in muon stopping power, as 
read from range-momentum curves. In the first part 
of the run, the carbon calibration target (3.76 g-cm~) 
was somewhat thin, and the ratio is 1.12. In the latter 
part of the run, another carbon target was used, for 
which the ratio is 1.00. The 8(43.3 Mev/c, C) rate in 
the first part was 31.1+0.4 min“; in the second part, 
39.3+40.6 min. The corresponding running times at 
90 Mev/c with the copper target were 3.36X10* min 
and 2.25 10° min. With these values Eq. (3) becomes 


8(90 Mev/c, Cu) =6.5X105R. (4) 


This is the expected number of recorded events in the 
95.2-hr run, to be compared with the three that were 
found. 

Measurements of the various counting rates show 
that the accidental coincidences are due overwhelmingly 
to overlapping of real (8,62) events with real (838485) 
events. The pulse-height distribution obtained when 
the PHA is gated by (3848s 27,) is shown in Fig. 3(c). 
It is a falling one, with 41/143= (29+4)% of the pulses 
occurring in channels 6 through 20 and 18/143 
= (13+3)% of the pulses in channels 10 through 20. 
The  effective-duty-cycle-resolving-time factor was 
determined periodically by comparing the (62838472) 
rate with the product of the (@.#2) and (838472) rates; 
the quotient was found to be essentially constant at 
37X10-" min. The (82838472) rate monitored during the 
run was found to correlate closely with the product 
(8182) X (838485), so that its average value over the whole 
run could be used to determine the effective average 
accidental rate. The result is (1.4+0.15)X10~ min“, 
or a total of 0.80+0.09 events, in channels 2 through 20. 
From the pulse-height distribution of Fig. 3(c), it 
follows that 0.23-40.4 accidental events are expected in 
channels 6 through 20, and 0.10+0.03 in channels 10 
through 20. 

Evidence has recently been obtained'*! indicating 
that the decay rate of negative muons stopped in iron 
is some 10 to 20% greater than that for copper. The 
experimental effect is an increase in the yield of delayed 
electrons of energy greater than some 10 to 20 Mev. 
To test the very remote possibility that the effect is 
due to a high rate of neutrinoless conversion in iron, we 
took data for a short time with the copper target 
replaced by an iron one of the same thickness. In 46.0 


* Hans Kruger, thesis, University of California Radiation 
Laboratory Report UCRL-9322, December, 1960 (unpublished). 
21D, Yovanovitch, Phys. Rev. 117, 1580 (1960). 
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minutes of running time with the spectrometer set at 
90 Mev/c, no events were observed. The expected 
number, in terms of Rr., is 5.5X10°Rp.. To account for a 
10% increase in the yield of fast electrons, Rr. would 
need to have the value 10~*, which gives an expected 
number of recorded events of 55. Evidently, neutrinoless 
conversion is ruled out as an explanation of the in- 
creased electron yield from iron. The conversion rate 
in iron does not exceed that in copper by several powers 
of ten. 


IV. DISCUSSION 


It is evident from Eq. (4) that R does not exceed 
10-> in order of magnitude—otherwise 
events: would have been recorded. 

Since three events were recorded in channels 6 
through 20, as compared with 0.23+0.04 expected 
accidentals, it is very unlikely that all three of them 
are accidental. 

To draw a more definite conclusion from the experi- 
ment, we must assess the likelihood of the various 
alternative physical mechanisms that would produce 
real coincidences. 

A natural limit to the sensitivity of the experiment 
is provided by the high-energy tail of the u- — e~+v+7 
spectrum, which results from the orbital motion of the 
muon at the moment of decay. Measurements of the 
rates with the copper target in position and the spec- 
trometer set at 43.3 Mev/c were interspersed in the run; 
the result was 6(43.3 Mev/c, Cu)=76+5 | The 
observed 8(90 Mev/c, Cu) =0.032+0.018 hr~ is down 
by only a factor of (2.4+1.4) x 10°, while the tail of the 
muon decay spectrum makes a contribution that is 
down by a factor of at least 3X 10°. 

We have considered the possibility of scattering of a 
100-Mev electron into the spectrometer. Most of the 
scattering is elastic, with a section of about 
4.5X10-* cm? per Cu atom’; the probability of scatter- 
ing into the 1.8 10~? sr solid angle of the spectrometer 
is then 6.1X10-" per electron. The proportion of 
electrons in the beam has been measured on other 
occasions, and the number of electrons reaching the 
copper target is certainly less than the number of 
muons stopping there. The latter figure is estimated 
from the carbon target, 43.3 Mev/c, data to be 1.3 10° 
in the 95.2-hr running period. Less than 10% of the 
electrons are in a 10-Mev band at 100 Mev. An upper 
limit on the expected number of scattered electrons is 
therefore 0.08. This does not take into account the 
reduction in detected electron scattering due to the 
anticoincident w counters. It is very unlikely that 
electron scattering accounts for .any of the three 
recorded events. 

Another possibility is that the events might be due 
to a contamination by negative pions. This was sug- 
gested by the observation that with 10.6 g-cm~? C 
removed from the moderator so as to place the target 
at pion range, a considerably larger rate—2.6-+0.9 hr™ 


many more 


hr 


cross 
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in channels 2 through 20 and 2+0.8 hr~ in channels 6 
through 20—was obtained at the 90-Mev/c setting. 
This could be due to occasional (a few percent) emission 
of a high-energy gamma ray on pion capture,” the 
gamma ray then materializing to produce a 100-Mev 
electron. To investigate this possibility, we exposed 
Ilford G-5 nuclear plates in front of the target with the 
moderator at its normal thickness. An area scan showed 
932 zero-prong meson endings, 18 one-prong endings, 
and two two-prong endings. Electron tracks were not 
recorded. This prong distribution agrees with that 
reported by Morinaga and Fry” for a similar type of 
exposure, and is markedly different from that observed 
for negative-pion endings, 49% of which have at least 
two prongs.** Moreover, the two-prong stars had the 
short prongs characteristic of muon stars. Thus a 
conservative upper limit on the fraction of pions 
stopping in the copper target at muon range is 0.4%. 
If about six times as many pions stop at mw range as 
muons at u range, the upper limit on the pion effect at u 
range is 


x4 10-* (240.8) X 95.2=0.1340.05 


events in channels 6 through 20. It is very unlikely that 
pion contamination accounts for the observed effect. 

Large cosmic-ray air showers capable of being 
detected through the 239 g-cm~ iron shield above 8s, 
84, and 85 but missing the 7; and 7,2 counters would 
produce real coincidences satisfying the selection 
criteria. The number of these expected in our sensitive 
time is <1." 

No likely interpretation of the three recorded events 
is known to us. They represent either a combination of 
fluctuations of accidental and real background or the 
neutrinoless conversion of muons into electrons. Further 
experimentation is needed to decide between these 
alternatives. 


V. CONCLUSIONS 


While we cannot draw a definite conclusion as to 
whether or not the hypothetical neutrinoless muon- 
electron conversion process has been detected, we can 
set an upper limit on the branching ratio, R, of this 
process relative to normal absorption. This is found by 
estimating R on the assumption that the events 
detected are sampled from reals plus accidentals in 
expected number 0.230.04. Denoting the estimate of 
R by R*, we have 


(3+v3)— (0.23+0.04) =6.5X 105R*, 


R*= (443)X10-6, 


2K. Brueckner, R. Serber, and K. Watson, Phys. Rev. 84, 258 
(1951). 

%H. Morinaga and W. F. Fry, Nuovo cimento 10, 308 (1953). 

*C. F. Powell, P. H. Fowler, and D. H. Perkins, The Study of 
Elementary Particles by the Photographic Method (Pergamon Press 
New York, 1959), p. 250, Fig. 8-3. 

25 B. Rossi, Proceedings of the Moscow Cosmic-Ray Conference, 
July 6-11, 1959 (International Union of Pure and Applied Physics, 
Moscow, 1960), Vol. IT, p. 19. 
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Fic. 4. Likelihood of the experimental result as a function of the 
true value of the branching ratio X. The curves are normalized toa 
maximum value of unity. (A) Curve for the present experiment. 
It is the probability of detecting three events when 0.23+6.5 
<10°R are expected. (B) Curve for experiment of reference 13. 
(C) Curve for experiment of reference 13, recalculated on the 
assumption that the conversion process is coherent rather than 
incoherent. 


To express in quantitative terms the result of an 
experiment yielding no or, at best, a handful of events 
requires some convention about the statistical “‘confi- 
dence level” used. The result is best presented in the 
form of a curve showing the likelihood of the observed 
result as a function of the true value of the parameter 
being estimated. The absolute value of the likelihood is 
of no significance for estimating the parameter, but 
fractional changes are indicative of the relative likeli- 
hoods of the corresponding values of the parameter. To 
facilitate such comparison, we normalize the likelihood 
function to maximum value unity. In Fig. 4, curve A, 
is plotted the Poisson expression for the likelihood of 
obtaining three events when the expected number is 
0.23+6.5X105R. It has its maximum at R=4.3X 10-6 
and is reduced by a factor of exp(—}) at R=7.3X10-, 
in agreement with the estimate of the preceding 
paragraph. For comparison with the result of reference 
13, we reproduce (curve B) the likelihood curve given 
there, as well as the corresponding function (curve C), 
calculated on the assumption that the conversion 
process is coherent rather than incoherent, so that the 
expected number of events is 1.86+3.56X108R instead 
of 1.86+2.6210°R. Evidently the present experiment 
reduces the upper limit on R by a factor of between 20 
and 100, depending on the ‘confidence level’’ used. 
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The inelastic scattering of electrons from He‘ which corresponds to a disintegration of the nucleus has been 


studied for incident electron energies of 400 and 500 Mev at laboratory angles from 45° to 135° 


. The energy 


spectra of the scattered electrons were measured, and absolute cross sections were found by comparison with 
elastic scattering from hydrogen. The curves were corrected for electron radiation. Within the validity of 
adapting to Het one of the results of the Goldberg theory of deuteron electrodisintegration, the cross sections 
at the maxima of the curves give a value of M(1/p)a of (7.51.5), where M is a nucleon mass and (1/). is 
the expectation value of the reciprocal of the momentum of a nucleon bound in He‘. With a single exception, 
the energy-integrated cross sections do,/dQagree within experimental error with dog/dQ=2 (do,/dQ+de,,/dQ), 
where do,/dQ is the free-proton cross section and de,/dQ is the neutron cross section found from inelastic 


scattering from deuterium. 


I, INTRODUCTION 


HE inelastic scattering of electrons from light 

nuclei which corresponds to a disintegration of 
the nucleus has been the subject of several recent in- 
vestigations. Results have been given of experimental 
measurements of this process, in which only the recoil 
electrons were detected, for deuterium,’ for Li® and 
Li’,5 and for Be® and C™.® Preliminary measurements 
with He* have also been reported.’ 

For deuterium, this process has been interpreted as 
representing quasi-elastic scattering from the proton 
and the neutron which form the deutron. By subtracting 
the scattering due to the proton, which is taken from 
measurements of free-proton elastic cross sections, the 
scattering due to the neutron was found. Several theor- 
etical studies“ have been made which have given 
methods of making such an analysis. In the absence 
of a target of free neutrons from which to scatter elec- 
trons, these experiments have provided a measurement 
of the electromagnetic structure of the neutron. 

For nuclei with Z greater than one, no theory of this 
interaction has been formulated in terms of proton and 
neutron cross sections, and the experimental results 
with these nuclei cannot provide any definite informa- 
tion about the neutron. A comparison of these results 
with those for the deuteron, however, serves as a meas- 
urement of the corrections necessary to a simple theory 
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and may give some insight into the nature of the pro- 
cess. For He‘, a theory has been constructed” which 
contains parameters relating to the electromagnetic 
structure of He‘ and the residual nuclei He’ and H’*. 

It is the purpose of this paper to report on an experi- 
mental measurement of the inelastic scattering of elec- 
trons from He’. Incident energies of 400 and 500 Mev 
were used, and absolute cross sections were found. They 
are interpreted by using some of the results of the 
theories of deuteron breakup that have been adapted 
to Het. 


II. THEORY 


The experimental measurements of Yearian and Hof- 
stadter'* and Sobottka‘ on inelastic scattering from 
deuterium suggest two methods of interpreting the 
results of inelastic scattering from He*. One method is 
simply to measure the area under the inelastic contin- 
uum to find the differential cross section do,/dQ. This 
cross section can be related to the proton elastic cross 
section do,/dQ and the neutron cross section do,/dQ 
by the following equation: 


dog/dQ=2(dey /dQ+da,,/dQ) (1+ Ag). (1) 


The mathematical forms of the proton and neutron 
cross sections, which are based on work done originally 
by Rosenbluth," have been given previously.’ For A.=0, 
this equation represents scattering from the nucleons in 
He‘ without interference. A discussion of the effects con- 
tained in this correction term and an estimate of its mag- 
nitude for the case of the deuteron have been given by 
Blankenbecler.? The method to be used with the He‘ 
data is to take do,/dQ in this equation from the measure- 
ments on the free proton’ and do,,/dQ from the deuteron 
results,'~* so that the experiment would serve as a 
measurement of the magnitude of A. 

This is essentially the method that was used by 


#2 T, Muto and T. Sebe, Progr. Theoret. Phys. (Kyoto) 18, 621 
(1957). 


13M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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Meyer-Berkhout® in interpreting the results of inelastic 
scattering from Li® and Li’ and by Ehrenberg and Hof- 
stadter® in interpreting those for Be® and C”. Within 
experimental error, their results were found to be consis- 
tent with a zero value for the correction term. Some pos- 
sible explanations of this were discussed by Meyer- 
Berkhout.® 
The other method of interpreting the Het results in- 
volves simply a measurement of the cross section 
@o/dQdE’ at the peak of the continuum. This method 
was originally used in an attempt to reduce uncertainties 
resulting from the final-state interaction, which had been 
found to add counts to the high-energy sides of the 
curves,* and from the detection of electrons that have 
produced pions, which adds counts to the low-energy 
sides. This cross section can also be simply related to 
the proton and neutron cross sections by adapting to 
Het‘ one of the results of the Goldberg impulse-approxi- 
mation theory of deuteron electrodisintegration.”” The 
equation to be used is the following: 
do» 
), (2) 
ao 


( do =u (A245 
dQdE’ F max 3 dQ 


where E and E’ are the initial and final energies of the 
scattered electron, g is the four-momentum transfer, 
M is a nucleon mass, and (1/p).4 is the expectation 
value of the reciprocal of the momentum of a nucleon 


bound in He‘. (The system of units with h=c=1 is 
used.) The experiment would provide a measurement 


of the constant multiplicative factor (1/p).. The pro- 
cedure to be used is to fit the experimental angular 
distribution to angular distribution curves of this equa- 
tion. It should be pointed out that the validity of this 
procedure is somewhat doubtful, since the approxima- 
tions used in deriving this equation” should not hold as 
well for He‘ as for deuterium. If the results should agree 
with Eq. (1) for A.=0, however, this might lend support 
to the validity of Eq. (2 

The Het results can also be compared to a theory of 
Muto and Sebe.” This theory includes two final states 
of the nuclear system, a proton plus H?® and a neutron 
plus H®, so that it contains parameters associated with 
these nuclei. Muto and Sebe pointed out that two types 
of transition matrix elements are involved: one repre- 
senting a “direct” process, in which a nucleon is ejected 
through direct interaction with the electromagnetic 
field of the electron; and one representing an “indirect” 
process, in which a nucleon is ejected through a nuclear 
interaction with another nucleon which interacts with 
the electromagnetic field of the electron. One simple 
result" of this calculation is that if the “indirect” pro- 
cess is small, the energy of the peak of the continuum 


“TT, Muto, T. Sebe, and K. 
(Kyoto) 22, 304 (1959). 


Izumo, Progr. Theoret. Phys. 
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is given by 


Euwnss = (E—AM)[1+2 FE 


M)sin?(6/2)}"', (3) 


where AM is the mass difference between the alpha 
particle and a residual nucleus plus a nucleon. 

Muto, Sebe, and Izumo" have already made compari- 
sons between cross sections calculated from this theory 
and preliminary forms of some of the data of this experi- 
ment, using only the experimental shapes of the curves. 
Unfortunately, they used a form of the data that had 
not been corrected for radiative effects. This correction 
is discussed below; one of the effects it has is to modify 
the shapes of the curves, which means that the numerical 
results of this comparison may not be valid. 


Ill. EXPERIMENTAL PROCEDURE 


The analyzing and detecting apparatus was essentially 
the same as that used in the previous experiments.’~* 
Compressed helium gas, cooled with liquid nitrogen, 
was used as the target material. The pressure vessel 
has been described previously.'® During data-taking, 
the target pressure was maintained at 2000 psi, and 
the temperature was monitored by means of thermo- 
couples placed at each end of the target. 

The target was placed in the momentum-analyzed 
beam of the Stanford Mark III linear accelerator. The 
scattered electrons were analyzed by the 36-in. spec- 
trometer’!® and detected with a Cerenkov counter. 
Either a secondary emission monitor" or a large Faraday 
cup was used to supply a signal to the beam integrator, 
which was a vibrating reed electrometer with an external 
capacitor. 

Inelastic continua were measured at 400 and 500 Mev 
at angles between 45° and 135°. Absolute cross sections 
were found for each continuum by comparison with a 
hydrogen elastic scattering curve measured at the same 
angle with the same incident electron energy. This peak 
was always measured on the same run as the Het 
continuum. Hydrogen gas contained in the same pres- 
sure vessel was used as the target material. Because 
of the low counting rates, the statistical accuracy at- 
tained was not very great. The points at the peaks of 
the He‘ continua generally contained about 100 counts 
and those at the peaks of the hydrogen curves 150 to 
250 counts. 

To minimize error resulting from a background of 
negative pions being detected in the counter, two pre- 
cautions were taken. First, the pulse-height discrimi- 
nator was set at a fairly high level. (The same setting 
was used for both the He‘ continuum and its comparison 
ait peak.) Then, for each continuum, the direction 


‘6G. R. Burleson and H. W. Kendall, Nuclear Phys. 19, 68 
(1960). 
16 FE. 
(1956). 
17G. W. 


(1955). 


E. Chambers and R. Hofstadter, Phys. 


Rev. 103, 1454 


Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
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Fic. 1. Experimental data found for scattering 
from He‘ at 400 Mev, 75°. 


of spectrometer current was reversed, and the spectrum 
of positively charged particles was measured. This pion 
contamination could then be corrected for by making a 
subtraction of this spectrum from the continuum. 

With the small-angle continua, an elastic scattering 
peak also appeared in the electron spectrum. Absolute 
cross sections for these were found by a comparison 
with the hydrogen peak. The statistical accuracy of 
some of these peaks was not very good, however, since 
they were not of primary interest. 

The raw Het data found at 400 Mev, 75°, are shown 
in Fig. 1. The elastic scattering peak appears at the high- 
energy end of the spectrum (larger values of spectro- 
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Fic. 2. The hydrogen elastic scattering curve 
found at 400 Mev, 90°. 
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meter current), and the increase in the number of counts 
on the low-energy side is due to an overlap with the 
peak representing pion production. Counts of positively 
charged particles are also shown. The proton peak found 
at 400 Mev, 90°, which is fairly typical, is shown in 
Fig. 2. 


IV. DATA ANALYSIS 


The following corrections were applied to each Het 
inelastic spectrum to reduce it to the form of the differ- 
ential cross section d?¢/dQdF’ as a function of the recoil 
energy E’: 

(a) A correction for the loss of counts resulting from 
the detecting apparatus not being able to accept more 
than one count per machine pulse (60 pulses per second) 
was applied. This was necessary for the small-angle 
data only, and it was never greater than three orfour 
percent. 
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Fic. 3. The corrected inelastic curve found at 400 Mev, 75°. 
(b) The background of x~ mesons was corrected for 
by subtracting the spectrum of positively charged parti- 
cles from the continuum. The error introduced in these 
results by the uncertainty in the measurements of the 
ax ~/x* photoproduction ratio in'* He‘ is less than two 
percent; this ratio was found to be of order unity. 

(c) Ifa Het elastic peak was found, its low-energy tail 
was extrapolated into the continuum and subtracted 
from it. 

(d) The scale of potentiometer current, the abscissa 
of the spectrum in Fig. 1, was converted to an energy 
scale. 

(e) The spectrometer dispersion correction was ap- 
plied. This compensates for the width of the vertical 
exit slits of the spectrometer remaining constant, which 
corresponds to a constant momentum resolution, and 
it amounts to multiplying each point by a factor of 1/E’. 


18M. J. Jakobson, A. G. Schulz and R. S. White, Phys. Rev. 
91, 695 (1953). 
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The continuum of Fig. 1 as corrected in this manner 
is shown in Fig. 3 by the curve drawn with a solid line. 

Finally, a correction for electron radiation before, 
during, and after the scattering process was applied to 
the data. A discussion of the nature of this process and 
a derivation of a form the correction can take is given 
by Sobottka.* A numerical procedure equivalent to 
solving Eq. (A5) of reference 4 was constructed,'® and 
with the aid of an electronic computer this correction 
was applied to each continuum. The continuum of Fig. 
1 so corrected is shown in Fig. 3 by a dashed line. Its 
behavior with respect to the curve uncorrected for 
radiative effects is typical. The ratio of the corrected 
peak height to the uncorrected height is greater than 
unity and decreases fairly uniformly for increasing angle; 
its value at 400 Mev, 45°, is 1.33 and at 400 Mev, 
135°, is 1.15. 

Corrections equivalent to these were also applied to 
the hydrogen and helium elastic peaks. 

The relative densities of helium and hydrogen gas 
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Fic. 4. The corrected inelastic curves found at 400 Mev. 
at 2000 psi at the temperatures used were taken into 
account in calculating absolute cross sections. These 
densities were calculated as described in reference 15. 
In order to find the differential inelastic cross section 
do,/dQ, integrals of the continua were taken over the 
recoil electron energy E’. This amounted to measuring 
the areas under the curves. This measurement is diffi- 
cult, since the low-energy tails of, the continua partly 
overlap with the high-energy tails of the pion produc- 
tion peak. There is at present no theory which gives 
an expression for the shape of the pion-production peak 
which is accurate enough to use to make a subtraction, 
and there is no experimental means of distinguishing the 
two processes if the recoil electron only is detected. 
Therefore, to measure the areas, the thresholds for this 
process were calculated and the tail of each curve was 
drawn, using what was judged to be a reasonable extra- 


1? An account of the procedure used is given in a thesis submitted 
to Stanford University in partial fulfillment of the requirements 
for the Ph.D. degree in Physics. 
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1G. 5. The corrected inelastic curves found at 500 Mev. 
polation. The error intreduced by this procedure was 
estimated by drawing in other tails to give limits and 
measuring the difference in the areas. 


V. RESULTS AND DISCUSSION 


The experimental He‘ curves, with all corrections 
applied, are shown in Figs. 4 and 5. The vertical scales 
of the curves have been adjusted to give the same height, 
and the thresholds of the pion peaks are indicated. The 
extrapolated tails are not shown, and no experimental 
points are shown, but for most of the curves the sta- 
tistical accuracy is about the same as in Fig. 3. The peaks 
of the curves lie between 10 and 18 Mev below the free- 
proton peaks, and in general the agreement with Eq. (3) 
is good, except for small angles, where the peaks are 
found at a slightly higher energy. The width of the 400 
Mev, 45°, curve is about 60 Mev; of the 400 Mev, 60°, 
and 500 Mev, 45°, curves about 70 Mev; and of the 
other curves (90+10) Mev. 

A previous measurement” of the curve at 400 Mev, 
60°, indicated the possibility of some form of structure 
on the high-energy side. This structure was reproduced 
by Muto and Sebe” in numerical fit of their theoretical 
expression to the curve, in which it was attributed to the 
contribution from the “indirect” process. In the experi- 
mental measurements of this curve, particular attention 


TABLE I. Experimenta! inelastic peak cross sections found at 
400 Mev. The errors shown are the statistical standard deviations. 


@a/dQdFE’ at peak 
Angle (cm?/sr-Mev) 

(1.80+0.13) x 10-® 
(1.87+0.10) x 10-2 
(5.82+0.58) K 10-* 
(5.88+0.48) x 10-8 
(1.93-40.19) 10-33 
(1.11+0.11) «10-8 
(6.05+0.58) K 10-* 
(4.22+0.39) x 10-* 
(3.77+40.33) K 10-# 
(2.87+0.25) xk 10-# 


45° 
45° 
60° 
60 
ri 
90° 
105° 
135° 
125° 


20 See Fig. 13 of reference 7. 
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Fic. 6. Experimental inelastic peak cross sections. The errors 
shown are the statistical standard deviations. The curves are 
predictions of the Goldberg theory, as adapted for He‘, for values 
of a, for the neutron of 0.6, 0.8, and 1.0 f and for a value of 
M(1/p)q of 7.5. 


was paid to the high-energy side, but no definite evidence 
of structure was found. Moreover, no structure was ob- 
served in any of the other continua. It is possible, how- 
ever, that some form of structure would be found if 
greater statistical accuracy and an improved energy 
resolution could be used. 

The absolute cross sections at the maxima of these 
continua are shown in Fig. 6, together with curves of 
Eq. (2) for neutron cross sections corresponding to 
values of a, of 0.6, 0.8, and 1.0 f, where a, is the size 
parameter in the neutron magnetic moment form factor 
for an exponential model,*.’? which has the form 


F,.(q)= (1+ q@a,2/12)-2. (4) 


[ The measurements of Yearian and Hofstadter’ found 
a value of a, of (0.80+0.15) f..] The quantity M(1/p). 
in this equation has been set equal to 7.5. This value 
was chosen simply by sliding the family of curves of 
[ (1/9) (2/E’) (do,/dQ+do,,/dQ) | until a fit was found. 


Taste II. Experimental inelastic peak cross sections found at 
500 Mev. The errors shown are the statistical standard deviations. 


@a/dQdE’ at peak 

Angle (cm?*/sr-Mev) 
45° (1,030.05) x 10-® 
60° (3.10+0.29) x 10-* 
75° (1.17+0.11) x 10-* 
90° (4.36+0.43) x 10-™ 
105° (2.61+0.24) x 10-* 
120° (2.47+0.25) KX 10-™* 
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It was judged that this method gave a value of M(1/p)q 
of (7.51.5), taking all errors into account. The errors 
shown are the statistical standard deviations only. The 
numerical values of these cross sections are given in 
Tables I and II. It should be pointed out that the 
angular distributions of curves given by Eq. (2) do 
not differ greatly from those given by curves of 
(do,/dQ+do,/dQ) alone, and the experimental points 
for the cross sections at the maxima of the continua 
fit either equally well. The fit with the angular distribu- 
tion of do,/dQ is, however, rather poor. 

The cross sections do,/dQ are shown in Fig. 7, to- 
gether with curves of 2(do,/d2+do,/dQ) for values of 
a, of 0.6, 0.8, and 1.0 f. The errors shown include both 
the statistical standard deviations and the errors intro- 


-29 — 
10 4 
He INELASTIC CROSS SECTIONS 
@ = 400 MEV 
x = 500 MEV 





CURVES: 2(o, + o,) 


IN CM* PER STERADIAN 


2 


dg 











90° 105° 120° 135° 150° 

Fic. 7. Experimental inelastic cross sections. The errors shown 
represent uncertainties due to counting statistics and to the 
measurement of the areas of the curves below the pion-production 
threshold. The curves shown are 2(do,/dQ+de,,/dQ) for values of 
a, for the neutron of 0.6, 0.8, and 1.0 f. 


duced by the extrapolation of the low-energy tail. The 
extrapolation error varied from 6% at 400 Mev, 45°, 
to 20% at 500 Mev, 120°, where the overlap with the 
pion-production peak was greatest. The numerical 
values of these cross sections are given in Tables III 
and IV. 

The cross sections for the two curves at 400 Mey, 
45°, are surprisingly low. The peak cross sections for 
these curves also seem to be low with respect to the other 
points, as is seen in Fig. 6. One possible explanation of 
this is the mixing of nucleon ejections with deuteron 
ejection, which, according to Muto, Sebe, and Izumo," 
tends to increase in the forward direction. To give an 
idea of the amount of mixing necessary to account for 
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the reduced cross section, the following equation may 
be used: 


doa/dQ2= (1—6) (2dop/d2+2deo,/dQ)+6(2doa*/d2), (5) 


where dog*/dQ is the deuteron elastic scattering cross 
section. Using the measurement of McIntyre and Burle- 
son” for the deuteron elastic scattering cross section at 
400 Mev, 45°, the value of 6 necessary to satisfy this 
equation is 0.4. Further theoretical and experimental 
investigation, including more small-angle measurements, 
would be necessary to establish this result. 

The rest of the points in Fig. 7 are consistent, within 
error, with Eq. (1), with Aa=0. For a nucleus in which 
the nucleons are so tightly bound, this may seem fairly 
surprising, but it is consistent with the results for Li®, 
Li’, Be®, and C", as well as with those for deuterium. 
It is possible, of course, that more careful measurements 
might reveal discrepancies among these various results. 
Because of the theoretical and experimental uncertain- 


TABLE III. Experimental inelastic cross sections found at 400 
Mev. The errors shown represent uncertainties due to statistics 
and to the measurement of the area of the curve below the pion- 


da/dQ 
(cm?/sr) 


(1.2240.12) x 107” 
(1.13-0.09) x 10-* 
(4.75-£0.62) x 10-% 
(5,000.55) X 10-8 
(1.86-£0.24) x 10-* 
(1,090.15) x 10-* 
(5.69-£0.85) X 10-# 
(4.12-+0.62) x 10-® 
(3.25+0.52) x 10-® 
(2.58-+0.44) x 10-® 








ties involved in this analysis, a value of a, extracted 
from these data is not very significant, but it can be 
noted that the experimental points in Fig. 7 tend to 
favor one slightly smaller than 0.8 f. 

The He‘ elastic scattering cross sections are shown 
in Fig. 8. They are plotted in the form of (do/dQ)/ 
(do y/dQ) as a function of g, where doy/dQ is the Mott 
cross section.!® In the absence of anomalous electron 
interactions,'® this quantity equals the nuclear form 
factor F(q) for He*. A previous measurement of this 
quantity,'® more accurate than the present one, which 
was made with a multichannel detector, found F(qg) to 
correspond to the Fourier transform of a Gaussian 
charge distribution with an rms radius of (1.68+-0.04) f. 
The points found in the previous measurement, together 
with the curve of this form factor for an rms radius of 
1.68 f, are also shown in Fig. 8. The agreement between 
the two sets of data is satisfactory, and it serves as a 
check of the consistency of the two experimental 
methods. 


21J. A. McIntyre and G. R. Burleson, Phys. Rev. 112, 2077 
(1958). 
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TAsie IV. Experimental inelastic cross sections found at 500 
Mev. The errors shown represent uncertainties due to statistics 
and to the measurement of the area of the curve below the pion- 
production threshold, 











da/dQ 

Angle (cm?/sr) 
(8.65+-0.78) x 10-* 
(3.21+0.45) x 10-" 
(1.30+0.20) x 107 
(4.61+0.83) x 10-# 
(3.11+0.59) x 10-® 
(1.91+0.44) x 10-8 








There are several other sources of error in these re- 
sults. The error in the radiative corrections to the in- 
elastic continua is estimated to be two to three percent 
at the peaks and four to six percent in the tails. Errors 
due to an uncertainty in the density of the gas in the 
target, to small fluctuations in the spectrometer current, 
and in the incident beam energy are estimated to be 
the order of two or three percent. The uncertainty in 
the absolute value of the proton cross section, which is 
about eight percent at the largest energies and angles,” 
introduces error into the absolute value of the He‘ cross 
sections. This error does not affect the interpretation of 
the results as given in Figs. 6 and 7, however, since a 
change in the proton cross sections would affect the 
theoretical curves and the experimental points in these 
figures equally. 
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Fic. 8. Experimental values of (do/dQ)/(doy/dQ) plotted as a 
function of the four-momentum transfer g. The errors shown are 
the statistical standard deviations. Also shown are data found in 
an earlier measurement with a multichannel detector. 


2 F. Bumiller (private communication). 
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Because of the low counting rates, fairly large spec- 
trometer, entrance slits were used. This probably re- 
sulted in a variation in the transmission of the spectrom- 
eter with electron recoil energy. Such a variation would 
affect the energy-integrated cross sections do./dQ but 
not the peak cross sections, since the recoil energies of 
the electrons in the normalizing proton peaks were the 
same as those of the maxima of the continua. The error 
introduced by this effect in the tails of the continua is 
estimated to be the order of the statistical error in the 
experimental points defining the tails. 

The additional uncertainty in these results due to the 
other sources of error is estimated to be about five per- 
cent in the peak cross sections and 10 or 12% in the 
energy-integrated cross sections. 
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Photodisintegration of the Deuteron from 500 to 900 Mev* 


H. Myers,f R. Gomez, D. Gurnrer,f AND A. V. ToLLestrup 
California Institute of Technology, Pasadena, California 
(Received July 21, 1960) 


The reaction y+d 


> p+n has been studied for photon energies between 500 and 900 Mev. Bremsstrahlung 


from the California Institute of Technology electron synchrotron was incident on a liquid deuterium target 
Measurements of the energy and angle of the protons arising in the interactions were sufficient to establish 
that photodisintegration without pion emission occurred and also to determine the energy of the photon 


which gave rise to the detected proton. An excitation curve was obtained at 90 


in the laboratory and 


angular distributions were measured for photon energies of 500 and 700 Mev. The total cross section de 
creased smoothly from 7 ub at 500 Mev to 1 ub at 900 Mev. 


I, INTRODUCTION 


HE photodisintegration of the deuteron has been 
studied extensively from 2.23 Mev to 455 Mev.“ 

Up to energies of about 10 Mev these experiments 
provided a complement to low-energy m-p scattering 
and radiative capture experiments.' Between 10 and 
200 Mev*~ the” increasing role played by mesons is 
observed in a region where such particles exist only in 
virtual states. Above meson threshold?“ photodisinte- 
gration experiments are useful as checks on the internal 
consistency of meson theories.' The present experiment 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at the Cambridge Electron Accelerator, Cambridge, 
Massachusetts. 

t Deceased. 

1J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952). 

2T. Yamagata, M. Q. Barton, A. O. Hanson, and J. H. Smith, 
Phys. Rev. 95, 574 (1954); E. A. Whalin, Phys. Rev. 95, 1362 
(1954); L. Allen, Jr., Phys. Rev. 98, 705 (1955). 

3J. Keck, R. M. Littauer, G. K. O'Neill, A. M. Perry, and 
W. M. Woodward, Phys. Rev. 93, 827 (1954). 

4J. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956). 

5 F, Zachariasen, Phys. Rev. 101, 371 (1956). 


extends the cross-section measurements to 900 Mev. 
An excitation curve was measured at 90° in the labora- 
tory and angular distributions were obtained for photon 
energies of 500 and 700 Mev. The results show that 
the total cross section decreases smoothly from 7.0 
+1.0 ub at 508 Mev to 1.04+1.0 wb at 913 Mev. 


Il. EXPERIMENTAL PROCEDURE 


General Considerations 


The experiment”was performed by measuring the 
energy and angle of protons arising from the reaction 


yt+d— p+n. (1) 


Photons of the bremsstrahlung beam produced by the 
Caltech electron synchrotron were incident on a liquid 
deuterium target. Figure 1 is a plan view of the experi- 
mental arrangement and Fig. 2 shows details of the 
telescope. 

The angle and energy of the proton determine the 
kinematics of reaction (1). Since protons arise from 
reactions other than (1), it is necessary to insure that 
the observed protons did not come from other processes 
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such as 
yt+d— p+n+n’, 
p+ptr, 
pt+n- 2", 
pint+nat+r, 
p+pta-+r°. 


A method of eliminating protons from the inelastic® 
reactions is obtained by noting that in order to produce 
a proton with a given vector momentum a higher 
photon energy is needed in reactions in which pions are 
produced than in those where the final state consists of 
only two nucleons. Thus contamination could, in 
general, be eliminated by setting the peak energy of the 
bremsstrahlung below the effective threshold for pion 
production. However, at some energies the energy 
resolution of the detector was not sufficient to com- 
pletely separate protons arising in inelastic processes 
from those arising in the desired elastic process. In such 
a case the maximum energy of the bremsstrahlung was 
still set slightly higher than the maximum energy 
photon which produced elastic protons accepted by the 
detector. This was done at the expense of counting 
some inelastic protons. Contributions from inelastic 
processes were found by measuring the yield per 
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Fic. 1. Plan view of experiment. 
6 In this article we will refer to process (1) as the elastic and 
to processes (2) as the inelastic photodisintegration. 
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Fic. 2. Plan view of counter telescope. A, B*, B, C, D, and E 
are absorbers. 1, 3, 4, 5, and 6 are plastic scintillator counters. C 
is a Lucite Cerenkov counter. 


equivalent quantum as a function of the bremsstrahlung 
end point. The elastic yield should be independent of 
the end point as long as the bremsstrahlung spectrum 
contained all photon energies which could produce 
elastic protons in the angular and energy range defined 
by the detector, while the yield from inelastic reactions 
should increase as the maximum photon energy is 
raised. This method showed that, within statistics, the 
inelastic contribution was negligible. 

One set of curves in Fig. 3 represents the kinematics 
for reaction (1). A second set refers to reactions of the 
type y+d— p+ (n-+7°) in which neutron and pion are 
emitted at rest with respect to each other. This corre- 
sponds to the case where the minimum photon energy 
is required to produce a proton with a given vector 
momentum. The third set is for the reaction y+p— 


p+’. 
Ill. TELESCOPE AND ELECTRONICS 


Protons were detected with the six-counter telescope 
of Fig. 2. Counters 1, 3, 4, 5, and 6 were plastic scintil- 
lators and C was a Cerenkov counter made out of 
UVT Lucite.” The telescope was*mounted on a movable 
cart, making it possible to vary the angle which the 
telescope axis made with the bremsstrahlung” beam. 
Proton energy was determined by an adjustable amount 
of absorber in the telescope. 

Counters 1, 3, 4, and 5 were placed in coincidence, 
while C and 6 were in anticoincidence. The coincidence- 
anticoincidence combination of 5 and 6 indicated that 
particles traversing the telescope had come to rest in 
either 5 or absorber £. Counters 1, 3, and 4 measured 
the specific ionization (dE/dx) of particles passing 
through them. 

The energy loss in the dE/dx counters for particles 
stopping in 5 or & was a function of the mass of these 
particles. Given the information that a particle had 
come to rest in 5 or E it was possible to identify that 
particle as a proton or pion from the energy lost in 
1, 3, and 4. 

Biases were set on the signals from counters 3 and 4 
so that the discriminators corresponding to these 
counters would be triggered only by pulses which were 
as large as those expected from protons. A pulse 


7UVT Lucite has higher transmission in the ultraviolet region 
and scintillates less than UVA Lucite. 
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Fic. 3. Proton energy versus proton angle at different photon 
energies for the reactions: y+d— p+n; y+p—p+7°; and 


y+d— p+(n+7°). In the latter, pion and neutron are at rest 
in their center-of-mass system. 


occurring in counter 1 was analyzed and recorded in a 
20-channel pulse-height analyzer whenever it occurred 
in coincidence with events in counters 3, 4, and 5 and 
no event was recorded in counters 6 and C. Figure 4 
shows typical pulse-height distributions in counter 1 
arising from carbon and deuterium targets. The proton 
energy corresponded to a range interval between R and 
R+AR. By measuring the proton counting rate from a 
carbon target as a function of thickness of absorber E, 
it was shown that AR was equal to the thickness of 
counter 5 plus absorber Z with an error of +0.15 g/cm? 
of copper.* This error corresponded to +6% of AR 
when absorber E was zero (points 9 and 10 in Table I) 
and to +2% when absorber E was 5.65 g/cm? of 
copper (points 1 through 8 in Table I). 

The Cerenkov counter (’ was used to reject electrons 
and pions which might not have been rejected by the 
pulse-height requirement in counters 1, 3, and 4. The 
bias on this counter was set sufficiently high so that its 
discriminator would not be triggered by the small 
scintillation pulses produced by protons with the appro- 
priate range. The inefficiency introduced by the 
Cerenkov counter was measured by observing protons 
from a carbon target and measuring the ratio of the 
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Fic. 4. Typical pulse-height distributions in counter 3 
from deuterium and carbon. 


number of protons counted with the Cerenkov counter 
in coincidence to that counted when a pulse from the 
Cerenkov counter was not required. The bias was set 
so this ratio would be less than 1%. At this bias setting 
the efficiency to detect 8=1 particles was about 95%. 
In the telescope pions might have given rise to 
interactions producing protons which stopped in AR. 


TasBLe I. Center-of-mass differential cross sections and corre- 
sponding center-of-mass angles for photodisintegration of the 
deuteron as a function of laboratory angle and laboratory energy. 
Errors given are due to counting statistics and other uncertainties 
as discussed in Sec. V. 


T> 
(Mev) 


k 
Point (Mev) 
438 177 90 109 
513 201 90 111 


(deg) (deg) 


614 230 90 113 
716 258 90 114 
793 278 90 116 
913 306 90 118 
503 278 60 80 
646 354 60 82 
510 130 130 145 
734 160 130 148 


0.168+0.042 
0.073+0.032 
0.65 +0.07 
0.28 +0.09 
0.41 +0.10 
0.171+0.57 
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Clearly, by using counters which were placed beyond 
the point where the proton was produced, it would 
have been impossible to distinguish between a pion- 
produced proton and a proton coming from the target. 
This effect was minimized by placing most of the 
absorber after counters 1 and C. 

The contribution to the proton counting rate due to 
positive pions, electrons, and photons was measured by 
running with the target filled with hydrogen at angles 
and proton energies where difficulties could be expected. 
It is clear from Fig. 3 that protons produced in hydrogen 
were kinematically forbidden to enter the telescope 
with the appropriate energy to be counted. Except at 
6=60°, T,=354 Mev, all runs gave rates which were 
equal within statistics to the empty-target rates. 

At T,=354 Mev (point 8 in Table I), which was the 
highest energy proton detected, it was necessary to 
place sufficient absorber in front of counter C in order 
to decrease the proton energy at the position of this 
counter below 320 Mev which is the threshold for 
production of Cerenkov light in Lucite. Furthermore, 
counter 1 was not useful at this proton energy to 
separate protons from pions, because their peaks 
overlapped almost completely. Thus, before the tele- 
scope could differentiate between pions and protons 
there was an appreciable amount of absorber in which 
pions could interact and produce protons. The hydrogen 
run served as the basis for the calculation of the pion 
contribution to the proton counting rate. This is 
discussed under Backgrounds in Sec. V. 

As another check on the contribution to the proton 
rate by other particles entering the telescope, runs were 
taken with the target filled with deuterium at telescope 
configurations in which protons were kinematically 
forbidden. The proton counting rate was always the 
same within statistics to the empty-target rate. 

A block diagram of the electronics used is shown in 
Fig. 5. 


IV. DATA COLLECTION 


The data were collected during a four-month period. 
The data for each point were obtained from runs 
separated by around one week. The equipment was 
periodically calibrated using a carbon target and setting 
the telescope at a standard angular position and 
absorber configuration. 

Runs were taken with deuterium, hydrogen, and 
empty target. 


V. DATA REDUCTION 


The following corrections and errors were used in 
obtaining the center-of-mass cross section from the 
observed counting rates. 


Proton Counting Rate 


The number of protons detected in each run was 
obtained from the pulse-height analysis of counter 1. 
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A typical histogram of the pulse-height distribution 
is shown in Fig. 4. To obtain the proton counting rate, 
the counts under the proton peak were counted. An 
error of +5% was ascribed because of the uncertainty 
due to the overlapping of the proton and pion peaks. 


Backgrounds 


The empty target rates were subtracted from those 
obtained in the deuterium runs. The former lay between 
10° and 50% of the latter. In addition, at 6=60°, 
T,=354 Mev, twice the hydrogen contribution, which 
amounted to 20% of the foreground, was subtracted from 
the deuterium raie. This method of subtraction assumed 
the hydrogen contribution to be due to charged pions. 
An average m~/x* ratio of 1.0 at this angle implied 
that there should be twice as many charged pions per 
nucleus from deuterium as from hydrogen. 


Absorption 


The largest correction to the data: was for the 
inelastic interaction of protons in the copper absorber. 
An absorption measurement made at Berkeley by 
Richardson ef al.* provided the basis for this correction. 
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Fic. 5. Electronic block diagram. 


®R. E. Richardson, W. P. Ball, C. E. Leith, Jr., and B. J. 
Moyer, Phys. Rev. 86, 29 (1952). 
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Fic. 6. y +d — p+n. Results of excitation measurement at 90°. 
The mean discrepancy between the absorption correc- 
tion used here and those used by other authors’ varies 
between 2% for 127-Mev protons and 10% for 354-Mev 
protons. An absorption error equal to the mean dis- 
crepancy was assigned. 


Scattering 


Computations showed that less than 19% of the 
protons were lost due to large-angle scattering processes 
except ‘at 6=60°, T7,=354 Mev. Here the loss was 
found to be about 1.5%. An error of 1% is added due 
to uncertainties in the large-angle scattering calcula- 
tions. Inefficiencies introduced by multiple Coulomb 
scattering were calculated and found to be insignificant. 


Solid Angle 


An error of +2% was introduced to take into account 
uncertainties in the solid angle. 


Range 


+0.15 g/cm? of copper was assigned as the error in 
AR; this makes an error to the counting rate of +2% 


®R. M. Worlock [thesis, Caltech, 1958 (unpublished)] used a 
correction obtained from a theoretical computation. O. Chamber- 
lain, E. Segré, R. D. Tripp, C. Wiegand, and T. Ypsilantis 
[Phys. Rev. 102, 1695 (1956) ] measured an integral absorption 
curve similar to that of Richardson.® 
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for points 1 through 8 in Table I and of +6% for 
points 9 and 10. 


Deuterium Density 


Changes in the amount of hydrogen contamination 
in the target gave rise to fluctuations in the deuterium 
density. An error of +1% was introduced due to this 
effect. 


Beam Calibration 


The beam was monitored with a 1-inch copper air 
chamber; this chamber was calibrated using a quan- 
tameter built according to the specifications of Wilson." 
An error of +3% was assigned to the beam calibration. 


VI. RESULTS 


The reduced data are summarized in Table I. Results 
of the excitation measurement at 90° in the laboratory 
are shown in Fig. 6 and the center-of-mass angular 
distributions for laboratory photon energies of 500 and 
700 Mev are shown in Fig. 7. The plotted points of the 
angular distributions were interpolated or extrapolated 
from the point at which the measurements had actually 
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R. R. Wilson, Nuclear Instr. 1, 101 (1957). 





PHOTODISINTEGRATION OF DE 





0; VS LAB PHOTON ENERGY 
Y¥+D—P+N 


$ ILLINOIS 


FROM KECK & TOLLESTRUP) 


QCORNELL (ARTICLE BR.IO1, 360(1956) 


} CALTECH 
THIS EXPERIMENT 


20 a] 
10r G 
ae. 


i 
5 Ago ade oma Aa abo 7bo Tabet ido 


LAB PHOTON ENERGY — MEV 








+-d — p+n. Total cross section from 70 to 900 Mev. 
See text for discussion. 


been made. Assigned energy and angular spreads arising 
from the finite dimensions of the source and telescope 
include approximately 80% of the protons which were 
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counted. Several of the points obtained by Keck and 
Tollestrup are also shown in Figs. 6 and 7. Figure 8 is 
the total photodisintegration cross section from 70 to 
900 Mev. Total cross sections from the present data 
were obtained at 500 Mev by integrating a distribution 
similar to that obtained by Keck and Tollestrup at 
455 Mev; at 700, 800, and 900 Mev by assuming 
isotropy; and at 600 Mev by integrating an angular 
distribution which is halfway between isotropic and 
the one used at 500 Mev. These angular distributions 
are consistent with the data. 

Due to the absence of a tractable meson theory, no 
theoretical work has been done on the deuteron photo- 
disintegration in the energy range of this experiment. 
A phenomenological calculation like that made by 
Wilson" is not possible because very little is known 
about the total pion-pair photoproduction cross sections 
which would make an important contribution in such 
a calculation. Hence, no comparison with theory has 
been attempted. 
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Symmetry Theorems for Isospin-Invariant Reactions 
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Symmetry theorems, analogous to those well known for angular distributions and correlations, are given 
for isospin-invariant reactions starting from an initial state of limited complexity. Detailed calculations are 
carried out when the initial-state isospin does not exceed 3. A statistical generalization is given for averages 
over experiments starting from different charge states. Some properties of the irreducible tensor operators 
which arise from recoupling the angular momentum operator to itself are discussed. 





1, INTRODUCTION 


HE complete analysis of reactions which emit 

several particles is forbiddingly complicated, 
even with the help of conservation laws and the Racah 
algebra. The difficulties are compounded when not all 
of the emitted particles are detected, since then the 
conservation laws are nearly useless. In these circum- 
stances, even to determine the effects of isospin in- 
variance on the measured charge distributions is not 
easy, and to use those distributions to isolate any of 
the dynamical parameters is much more difficult. 

Let q(u:-:-ux) represent the number of events 
observed wherein particle 1 has isospin z component 
1, etc. Identical particles may be labeled according to 
any criterion not involving their charge state. 


‘wy = Ls\ (ui -Hw,8|¥)|?. 


y stands for the final-state wave function and 8 for all 
variables not involving the isospins of the measured 
particles. The range of the summation depends upon 
the selection criterion for events to be recorded. In 
terms of the isospin amplitudes (a,7,u,8\y), where r is 
the resultant isospin of the measured particles, y its 
z component, and a@ stands for all the other invariant 
isospin quantum numbers of the measured particles, 
q is’ given by 


quis’ (1.1) 


q(u1" * *Hw) 


= So5| doa. r(ui: «uw la,7,uXa,7,u,8|y)|*%. (1.2) 


The vector recoupling coefficients in (1.2) are known 
in principle, but present an increasingly serious obstacle 
to calculation for large VV. In any case, the sum on 8 
precludes the direct use of (1.2) in interpreting charge 
distribution data unless all final-state particles are 
observed and all their momenta, spins, etc., are 
measured. 

Probably the greatest advance to data along these 
lines has been made by Cerulus,! who assumes, in 
addition to isospin conservation, the ‘statistical 
hypothesis” that the amplitude (a,7,u,8\~) does not 
depend upon a. He then finds ways of carrying out the 

* On 
Illinois. 


1F. Cerulus, Suppl. Nuovo cimento 15, 402 (1960); and pre- 
print (to be published). 


leave from Argonne National Laboratory, Argonne, 


sum on a in (1.2), to obtain a form which could be 
written as 


q(ui:* ww) =Dos\ Dor A (ui: - -uy,7){7,u,8|y)|?, (1.3) 
with manageable coefficients A. When r is definite in 
the final state, (1.3) expresses the charge distributions 
for each u in terms of a single parameter, and thereby 
gives a test of the combined assumptions of isospin 
independence and the statistical hypothesis. Even 
where r is not definite, (1.3) could be utilized by 
broadening the statistical hypothesis to include r or 8. 

We present here a different approach, of overlapping 
applicability with the statistical one, but assuming only 
isospin invariance. We give symmetry rules closely 
related to those familiar for angular distributions? and 
correlations,* which claim effectively that an initial 
state of limited complexity cannot lead to very complex 
final-state distributions. Some of those isospin relations 
have in fact been derived before in special cases, usually 
by direct calculation.‘® The most famous example is 
the requirement that nucleon-deuteron collisions must 
produce charged and neutral pions in the ratio two-to- 
one.® 

In Sec. 2, we construct the symmetric irreducible 
tensor operators, which play the role usually assigned 
to the spherical harmonics in angular analyses. In Sec. 
3, we carry out the analysis of a charge distribution in 
terms of its tensor moments. We also derive inequalities 
on the moments, which follow from the necessity for 
the charge distribution to be positive. Section 4 presents 
the symmetry theorems. Tensor moments too high to 
be constructed from the highest isospins in the initial 
state must have zero expectation for every part of the 
final state. Symmetric systems must have vanishing 
odd moments. Detailed results are given for initial-state 
isospins up to 3. In Sec. 5, the results of Secs. 3 and 4 
are generalized to cover averaged data from experiments 
involving several charge states. The previous analysis 
is unchanged, except that the effective S is reduced to 
half the rank of the highest rank irreducible tensor in 
the statistical matrix. 


2?L. Wolfenstein, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1956), Vol. 6, p. 43. 

3M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957). 

‘ For example, Y. Eisenberg et al., Nuovo cimento 9, 745 (1958). 

°K. N. Watson, Phys. Rev. 85, 852 (1952). 
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Our notation for the angular momentum quantities 
is that of Rose.’ In discussing the statistical matrix, 
we follow the langauge and ideas of Fano.* We carry h 
in Sec. 2, but replace it by one when isospin operators 
are contemplated. 


2. IRREDUCIBLE TENSOR OPERATORS 


The symmetric irreducible tensor operators T, are 
defined in close analogy with the spherical harmonics, 
Yr(0,¢), whose transformation law under rotation 
they share. 


Too= 1/ (43r)!, 
T 1 41= F (3/84)'(J iJ), 
Tyo= (3/4r)4J,, 


4n /2L+1\ 7! 
Tiu=| (—)| 
3 L 


Xd. C(L— a, 1, Lin, M—u) 
Mb ett ie ue (2.4) 


The vector coefficients C are defined by the orthogonal 
transformation 


(2.1) 
(2.2) 


(2.3) 


C(fijoJ 5 Mie) = (J, J2ybiMe| J1,J 257M) (2.5) 


with the Condon-Shortley phase convention.* 
The recursion formula (2.4) results in 


Trt=N1i(J2t+iJ,)", 
ieee 


Ni serine » 
z! dr 


The homogeneous harmonic polynomials Z 3; (x,y,2) 
degree L, are given by 


Zim(%,y,2) = r-V ru (8,¢). (2.8 
Comparison of (2.6) with 


Zit=N1(x+iy)*, (2.9) 


shows that T,, goes into Zz, when x, y, z are sub- 
stituted for Jz, J,, Jz, and the commutators are neg- 
lected, i.e., % is replaced by zero. The shared trans- 
formation law then guarantees that all the Try go 
into Zz in the same sense, and can likewise be written 
as homogeneous polynomials of degree LZ in Jz, Jy, J:. 
In fact, the known Y zy give by substitution explicit 
formulas for the 72. when products of components 
J, are taken symmetrically. That is, the products are 
written in all possible orders and averaged with equal 
weight. Such a form is usually very cumbersome, and 
better ones can be obtained with the help of the 
commutation rules 


[J2,Jy]= inJ , 


etc. (2.10) shows that however the Ts, are written, 


(2.10) 


6 U. Fano, Revs. Modern Phys. 29, 74 (1957). 
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they will be homogeneous polynomials of degree Z in 
Fee Nes: a 

The matrix elements of the Tz can be calculated 
from the Wigner-Eckart theorem. 


(j',m'| T rar| 7,m) = 68m memuC (7,L, 7’ ;m,M) 
X(j\|Tr||7). (2.11) 
They vanish for 7# j’ because Ty is constructed from 
the operator J. The reduced matrix element is evaluated 
in the Appendix by considering the case m’= j, M=L, 


to yield 
A42L+1}'" 1 (2j7+L+1)!} 
ed | a oa 
2°L 4r 2j+1 (2j7-L)! 


These operators T,y are of course not the only 
tensors of rank L which can be constructed from the 
angular momentum operator, but they are the simplest. 
Tia corresponds to coupling (7,)” to the resultant 
rank L. Higher powers of TJ, can also be coupled to 
rank L. These correspond to polynomials of higher 
degree in J;, Jy, J., #. Since they must differ from the 
Tim only in their reduced matrix elements, they are 
in fact equal to the 7, multiplied by polynomials in 
J*, h. For this reason, they add nothing interesting. 

The most useful of the T,4, and the only ones of 
physical interest in the isospin case, are the Tz». It is 
convenient to renormalize these by writing them in 
terms of operators Qz, defined analogously to the 
Legendre polynomials P. 


4n 3 
ou=| - | T 10. 
2L+1 


(2.11) and (2.12) show that Qr is diagonal in j,m with 


(HTL p)= 


(2.13) 


(j,m|Qz| j,m)=(J||Ox\| C(,L, 7; m,0), (2.13) 


phy 1 (274+L41)19 
(ileal ( )| —__—— |. (2.14) 
2/ l2j+1 (2j-L)! 


It gives zero when applied to a wave function with 
j<hL. 

In practical applications of (2.13), it is very useful 
to have the Qz, or equivalently the vector coefficients, 
explicitly at least for small Z. These can be obtained 
most readily from the recursion formula,’ 


L(L+1) 
-—"1.0n-| re lon. (2.45) 
L+2 L+2 4 


7A. Meckler, Suppl. Nuovo cimento 12, 1 (1959). Eq. (2.14) 
can be seen very simply from the above considerations, since 
(1) Ox must go over into P, with its recursion formula; (2) Qx 
is homogeneous of degree L in Jz, Jy, J:, h; (3) Ox is even or odd 
in J,, according to L; (4) Qx4; and Qx,»2 vanish identically when 
j=4L. 


Or+2 


2L+3 | 
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The first few examples are 


52-3 wel, 


15 


~J §—-— LP — V2 B22). 
4 





The algebraic properties of the operators Tz have 
been exposed in great detail by Meckler.’ 


3. TENSOR ANALYSIS OF RESULTANT 
CHARGE DISTRIBUTIONS 


The channel intensity g(r,u) is defined by 
o(ru)=is | ApA-A,|Y), 


where A, and A, are projection operators which select 
that part of the complete final-state wave function y 
which endows the measured particles with the resultant 
quantum numbers r, u. The sum on @ takes care of the 
selection criteria for variables not involving isospins of 
the measured particles. Since individual events usually 
do not have good r, the channel intensities are directly 
related to measurement only through the resultant 
charge distribution /(). 


h(u)= d+ g(7,u) 


(3.1) 


q(uis* my). (3.2) 


um + -+puy =p 


The channel moments /(7,L) are defined by 


f(7,L)= 


for integer LS2r. The operator Q, is understood to be 
constructed from the resultant isospin operator of the 
measured particles alone. 

Since Q; and the projection operators are diagonal 
in 7, B, 


(3.4) 


(7||QOx\|7) 


f(7,L)=d C(17,L,7 ; u,0)g(7,n), (3.5) 


(3.6) 


2L+1 
g(r) = 1——C(r,, Lr; 0) f(7,L). 
2r+1 


(3.5) and (3.6) give the transformation between channel 
moments and channel intensities. (2.16) gives practical 
formulas for the needed vector coefficients, as in (3.4). 

The tensor analysis of the measured distribution 
function is given by combining (3.2) with (3.6). Since 
the even and odd parts of /(u) receive contributions 
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from only even and only odd JZ, 
analysis separates into distinct parts. 


respectively, the 


hs (u)=$h(u)+3A(—x2), 


T 2r 2L+1 
hs(u)= >> d+ C(7,L,7; u,0) f(7,L), 
rat LO 27-+-1 


where >°* contains only even L and >>~ only odd. ¢ and 
T bound the isospins of the open channels. 

In the usual case, (3.8) is insufficient to determine 
the channel moments unless additional conditions’ on 
the moments are assumed. A theory which implies 
sufficiently many such conditions can be tested by 
(3.8). In addition, if the moments are at least deter- 
mined, the inequalities 


2(7yu)20 (3.9) 


imply a series of tests on the f(r,L). These relations, 
which do not follow automatically from (3.8), must be 
applied with the aid of (3.6). A weaker, but sometimes 
more applicable form of (3.9) is given by 

r 


Os f(r0s > h(u), 


| f(7,L)| S f(7,0) max, { | C(7,L,7; u,0)|}. (3. 


In special cases, the inequalities can sometimes 
sharpened. 


4. ISOSPIN SYSTEMS OF LIMITED COMPLEXITY 


We consider reactions whose final-state isospin, 
while not necessarily a good quantum number, does 
not exceed some value S. In isospin-conserving re- 
actions, this comes about either because the initial 
state is one of limited complexity in the same sense, 
or because the reaction goes appreciably only through 
channels of limited isospin. Then, according to the 
Wigner-Eckart theorem, any tensor of rank greater 
than 2S has zero expectation in the final state. As the 
projection operator A, is a scalar, (3.2) gives 


f(7r,L)=0, (4.1) 


when 2S<LS2r, and Q, is made from any isospin in 
the final state. 

When the final-state wave function y contains only 
even integer or only odd integer total isospin, and only 
zero 2 component, the Wigner-Eckart theorem also 
gives (4.1) for all odd L. These conditions are satisfied 
whenever the initial state consists of two particles with 
Hi=u2=0. However, the success of the implied test, 
h(u)=h(—y), reflects only on charge symmetry of the 
forces involved. In fact, charge symmetry alone then 
requires g(u1°--uw)=q(—u1° ++ py). 

Suppose first that an object of definite isospin r is 
emitted in the final state, among arbitrarily many 
others, and that its charge distribution is measured. 





SYMMETRY THEOREMS FOR 


If r2S, there are 2r—2S symmetry relations of the 
form (4.1). They can be put most conveniently with 
the aid of (2.16) as 


(u)av=0, if S<}$Sr, 

(u?)ay=47r(7+1), yw S<irsr, 

(u)aw=(3r(r7+1)—2]a if S<3sr 
etc., where the expectations are defined by 


Dn w"h(u) ; 
=, (4.5) 
> h(n) 


(4.2) 
(4.3) 
(4.4) 


(4.2) always depends upon charge symmetry alone. 
(4.3) reduces for pions (r=1) to the above-mentioned 
two-to-one rule. 

If two or more particles are emitted with definite 
resultant +, these rules apply unchanged to their 
resultant u. Combining them with the vector coupling 
formulas can also give some information about the 
q(u1-**uw), but the additional results test only the 
purity of the resultant isospin, and not the charge 
invariance. The simplest example is the required 
absence of events with uw;=2=0 when r—71—7-¢ is odd. 

The inequalities (3.9) are automatic for unique r 
and test nothing. 

Where more than one 7 channel is open, the results 
are too complicated to write out generally, but the 
method remains simple. We give complete details for 
the most useful cases, S<1. 


> 


S=0, T>0 


For S=0, charge symmetry alone gives 


h_(n)=0. (4.6) 


Since all the moments vanish except for L=0, the even 
system (3.8) can be solved sequentially, starting from 
u=T. All the vector coefficients are equal to one when 

u| Sr, zero otherwise. 
f (7,0) = (27 +1) [hy (7) — hg (7 +1) J. 


(4.7) 


The otherwise meaningless symbol h(T+1) is to be 
read as zero. If (>}3, the even equations (3.8) also give 
the symmetry equations, 


hs (uu) = hy (u+1) 


for OSu<t. Whatever the value of ¢, (3.9) is nontrivia! 
and gives 


(4.8) 


(4.9) 


hy (u)= hy (u+1) 


for 420. (4.6) and (4.9) are the only general tests 
obtained when S=0 and /<1. 

When two particles are detected with integer 7; and 
ro, the information that an event with u;=”.=0 must 
have r—7T,—7T2 even can be used to put a lower bound 
on the sum of g(r7,0) for such 7. This bound is not 
implied by (4.9). 
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S = 4, T>3 
The even part of the analysis is identical to that for 
S=0. The same procedure is applied to the odd 


moments. 


C(7,1,7; 4,0) = 


[r(r +1)? 


2r+1 r+i\3 
f{(r,1)=— ( ) h_(r) 
3 T 
( T 
r+1 


If >1, the symmetry equations are 


(4.10) 


§ 
) h (+1) (4.11) 


mM 
-h_(u+1) 
u+l1 


h_(u)= 


t. The ine qualities become 


iv 
(u)— h_(ut+1)| Shy (u)—Ag(u+1) (4.13) 
u+lL 


for 0O<u. 
S=1,T>1 


The odd part of the analysis is identical to that for 
S=4, except that (4.13) no longer applies. In fact, the 
inequality (3.9) can be tested only if the even part of 
the analysis can be carried out. (3.10), (3.11) give the 
rather weak inequality 


Ir+1 
| —h_(r)—h_(r+1) 


: | 


> 


Z i 
ne ee 
= — 


h(u). (4.14) 
2r+1 »=* 

The even system (3.8) now fails to separate in the 
unknowns f(r7,0) f(7,2). Nevertheless, these 
moments can be found if they are not too numerous. 
Counting out the unknown moments shows that the 


excess number of equations, £, is given by 


E=21-1(T+3), 


and 


(4.15) 


where /(«) is the greatest integer which does not exceed 
x. Thus there are E symmetry equations in the even 
(3.8) if E20, and in that case the inequalities (3.10) 
can also be tested. 
Even when E<0, some tests can be performed if 
i>1. From (2.16) and (3.8), 
h(i) 


Fot Fy’, (4.16) 


when pS, where 


. tr 5 r(r+1) 
Fo=> —| f(70)== ——s(r.2)} (4.17) 


= Or+1 2 (rllQalle) 


5 


. 
F,= ; a 


~. ' (4.18) 
= 2r-+1 (ral) 
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(4.16) gives J(t+1) equations for Fy and F2, so that 
there are /(‘—1) symmetry equations. In special cases, 
useful inequalities can be found by combining (3.10), 
(3.11), (4.11), with (4.17) and (4.18). Where Foand 
F, are determined, but not the f(7,0) and f(r7,2), these 
inequalities represent the only use which we have made 
of hy (u) for p>. 


Higher S 


The odd moments for S= 3 are treated similarly to 
the even ones for S=1, except that now (2.16) gives 


5u*—[3r(r+1)—1]u 


cl (4.19) 
2(r||Qs\i7) 


C(7,3,7 3 4,0) = 


h_(u)=F wt Fy, (4.20) 


for wSi. 


3 f(7,1) 


! 
F = >is 
"ot Al Ce(r+1)] 


5[37(r+1)—1]f(7,3) 


2(7||Qs||7) 


5 f (7,3) 


F;=§>.- ~~ (4.22) 
2r+1 (r||Qs]| 


T) 


The general analysis of the even moments for S=$ 
and all cases for higher S is more complicated and less 
useful except in the event of large ?. 


5. STATISTICALLY SIMPLE ISOSPIN SYSTEMS 


When the maximum isospin S of the initial state is 
too high to make the symmetry theorems useful, it 
may still be possible to test isospin invariance by 
analyzing a suitable average of the results of experi- 
ments with different charge states. This average is 
analogous to angular measurements with incompletely 
polarized collision partners. It will be analyzed using 
the statistical, or density, matrix technic. The main 
result may be anticipated: the distributions in an 
equally weighted average over all charge states of one 
of the collision partners may be treated as if that 
partner had zero isospin. 

The statistical charge distribution Q(u;---uy) is 
defined as the weighted average of the g(u:---uy) for 
the individual experiments. The statistical total charge 
distribution is then 


Hiy)= 


piece 
TUN =u 


(5.1) 


O(ui-* my). 


We now proceed to restate the previous consider- 
ations in terms of the statistical matrix p of the final 
state, instead of the wave function y. The statistical 
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channel amplitudes and moments are defined as 
G(r,u) = doe Tr{pAsA,A,}, 


ar, Tr{pAgA 701} 
F(7r,L)=— ; 


"W 
(r||Ox\|r) 


where 1, u, and Q, refer to the isospins of the measured 
particles alone. The sum on @ is the same as that in 
Sec. 3, and Ag represents the selection criteria on other 
variables than the isospins of the measured particles. 


H(u)=>-8 Tr{pAgA,} =>_, G(r,n). (5. 


Since Q_ is diagonal in 7 and y, it follows that 


AOr=DLiu (7H | Ox! 7m)ArA,y. 
F(r,L)= oa C(1,L,7 ; 4,0)G(r,u), 


2L+1 
G(ryw)=>d-7 C(7,L,7; 4,0)F(7,L). cs. 
) 


T 


For twice the maximum isospin appearing in y, we 
wish to substitute the rank of the highest rank irre- 
ducible tensor appearing in p. We therefore express p 
in the form 


p= > 2 B(y,L,M)S, yu’. 


7 LM 


(5.9) 


Each set Szy’ forms an irreducible tensor of rank ZL, 
that is it transforms under rotation according to 


L 
RSruitR t= > 
N=L 


Siv?Dvu"(R), (5.10) 


where R is the rotation operator and D® the corre- 
sponding irreducible representation of the rotation 
group. The Sz.47 include, but are not exhausted by, 
the Try, since the lattér are diagonal in the total 
isospin. The coefficients B(y,l,M) may be functions 
of operators which commute with all the isospins. Then 
the part of p which has rank L is given by 

p(L,M)=)>_, B(y,L,M)Sim". (5.11) 
It can in principle be calculated, by using the ortho- 
gonality of the Dy”, as 


2L+ 
p(L,M) =—— 


82 


1 
- f Ducw"(R)*(RoR 1)dQ, (5.12) 


where the integral is carried over all rotations. 
The orthogonality of the Dy” also shows that 
Tr{pQ1} = Tr{p(L,0)Q1}, (5.13) 


since the trace is invariant under rotation and may be 
replaced by its average over all rotations. (5.13) is 
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then the statistical analog of the Wigner-Eckart 
theorem, and implies the analog of (4.1), that 


F(r,L)=0, (5.14) 


when 2.S<2LS2r, where now 2S is defined to be the 
maximum JL for which p(ZL,0) is different from zero. 
The scalar factors Ag, A, in (5.4) do not disturb the 
applicability of (5.13). 

There may of course be isolated Z less than 2S for 
which p(Z,0) vanishes. For instance, it will appear 
below that p(Z,0) vanishes for odd L in statistical 
systems having up-down symmetry. However, p(L,0) 
might also vanish “accidentally” for some L, and to 
this extent (5.14) is broader than its mechanical 
analog (4.1), where that cannot happen. 

(5.14) completes the statistical generalization of the 
symmetry theorems, which now apply directly under 
the substitution of F, G, H for f, g, h. It remains only 
to determine S in the initial state of isospin-conserving 
reactions, since for such reactions the vanishing of 
p:(L,0) in the initial state implies the same in the final 
state. If the initial state consists of only two objects 
the analysis can be carried out, provided that their 
charge states are uncorrelated with other variables. 
The importance of the proviso is that then the initial 
charge distribution takes the form 
(5.15) 


Oi(myme) = Tr{piAn jAme ds A sAz}, 


where the Ag are the weights of the nonisospin states. 
Since }-¢ AgAzg is a scalar, it may be ignored for our 
purposes. 

Consider first the statistical matrix p, for a single 
particle of isospin s. 


O(m)=Tr{pAm} =Dir.w Tr{p.(L,M)Am}. (5.16) 


Since A, is diagonal in m, (5.16) receives contributions 
only from M=0. 


QO(m) = ¥o1 (s||p.(L)||s)C(s,L,s; m,0), (5.17) 
2L+1 

(s||p.(L)||s)=——— }» C(s,L,s; m,0)O(m). (5.18) 
2S+1 


From (5.18) it follows that Ss, and that p,(L,0) 
vanishes for odd L if Q(m)=Q(—™m). p,(L,0) may also 
vanish accidentally for other L<25S, a possibility which 
does not exist if Q(m) represents a pure state, since 
the coupling coefficients never vanish for m#0. In 
particular, if all the Q(m) are equal, so that the particle 
is “unpolarized,” S=0. 

In an experiment where the charge distributions of 
the collision partners are independent, 


pi=piX pr. (5.19) 


This is in fact the most likely statistical situation, since 
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it includes all cases where one of the collision partners 


has a definite charge 


pi(L,0) = 7 p1(L1,0)po(L2,0)C(Li,L2,L; 0,0), 


Li,L2 


(5.20) 


S=S,4+S>. (5.21) 
If p,(Z;,0) and p2(L2,0) vanish for all odd L;, Le, then 
p:(L,0) vanishes for all odd L. If S.=0, the accidental 
zeroes of p; coincide with those of p;. To find the acci- 
dental zeroes of p; when neither S, nor S_ vanishes, it 
is necessary to find the reduced matrix elements of 
pi{L,0), as implied by (5.20) and the vector recoupling 
laws. 


(s"||o;(L)||s)=[(2s+1) (2L+1) (2s1+1) (252+1) }* 


Xd (s1)|o1(L1)||51)<52||p2(L2) || 52) 
Li,L2 


{ Sj Se 5 


ara Li ‘| (5.22) 


Sy S2 s 


The last factor is the Wigner 9-7 symbol.® To ensure 
that F(r,L)=0, (5.22) must vanish for all pairs s, s’. 

Finally, where Q(m,,m2) is not a product of inde- 
pendent distributions, the only useful result is the 
obvious one that only even LZ enter the analysis if 
O(m,,m2)=Q(—m, — mz). There might in principle be 
accidental zeroes, but these would not be useful with 
S=5s,+52, since the statistical equations (3.8) would 
remain underdetermined. Furthermore, to find the 
accidental zeroes requires a calculation substantially 
more complicated than that involved in (5.22). 


6. DISCUSSION 


The symmetry theorems presented here are obviously 
far from giving all that can be learned from charge 
distributions, as they deal only with the total charge 
distribution (xu) and discard most of the information 
contained in the joint distribution g(ui--:uy). Addi- 
tional information about channel intensities and mo- 
ments, pertaining to the other invariant isospin quanti- 
ties a, could be obtained by constructing tensor oper- 
ators from such vectors as J; +J2—J3. This would 
make fuller use of the data in events where at least 
three particles are observed, at the price of a somewhat 
more complicated analysis. However, the example of 
the two-particle event, where there are no other in- 
variants a, shows that even then much of the data 
would not be used. Constructing other tensors from the 
same operators does nothing to remedy the lack, since 
they are only invariant multiples of the Tz. It there- 
fore appears that the above-noted use of isospin 


8A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957), p. 100, 
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differences presents the only prospect of finding addi- 
tional symmetry theorems. 

It is not at all surprising that the isospin invariance 
should give such limited general results, since much of 
the information contained in the joint distribution 
function may be regarded as dealing with “internal” 
variables which are not affected by rotation of the 
system as a whole. For this reason, it may be antici- 
pated that the use of difference vectors will not produce 
very much more, in, e.g., a three-particle analysis, than 
would be learned by analyzing each pair by the methods 
given here. Some weak additional limitations arising 
from the vector coupling coefficients when the last 
particle is added will probably emerge. 

It is interesting to see that the ideas of Sec. 5, applied 
to single-particle angular distributions, give the sym- 
metry theorems for those problems? almost without 
writing any equations. For instance, suppose particles 
of spin s impinge on unpolarized targets, and the 
maximum partial wave that reacts is £. Then, since 
the statistical matrix is quadratic in the wave function, 
the statistical matrix has no LZ greater than 2£+2s. 
Consequently, the final-state expectation of Vix 
vanishes for L>2£+2s. Some generalizations for 
incompletely polarized initial states, analogous to 
those in the isospin case, can likewise be given. 
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APPENDIX 
(j, j|Ti1| 9, j-D) 
=N1(j, j| JetiJy)"| j, j-L 


j-1 
=Nrh® TI C(j-#)(j+u+1)}! 
p=)—L 


Lf hy (2L+1)! Ap (29) 1L! 7 
fg ein ony 
IN 2 . 3 (2j—-L)! 


j 
. (A.2) 


(27+1)!(2Z)! 
C(j, L, 7; j-L, L)=(-1)4 3 
(27+L+1)!L! 


(A.1) is divided by (A.2) to give (2.12). 
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The coordinate-space variational treatment for the hard-sphere boson gas developed by Aviles and 
Iwamoto has been extended to include the first logarithmic term in the ground-state energy expansion. 
The result agrees, within four percent, with the exact results of Wu and others. The form of the variational 
wave function used is discussed and compared with that obtained using the pseudopotential method of 


Lee, Huang, and Yang. 


1. INTRODUCTION 


ECENT advances in the problem of the infinite 

volume, many-boson system have been due largely 
to the introduction of novel methods of calculation, 
often based on the formalism of field theory.’ It has 
remained of interest, however, to attempt more 
straightforward solutions based on the conventional 
many-particle Schrédinger equation in coordinate space. 
Aviles? and Iwamoto* have independently developed a 
variational treatment, based on earlier incomplete 
work of Mott, Dingle,‘ and Jastrow,® and have suc- 
ceeded in calculating the first two terms in a series 
solution for the ground-state energy of the boson 
hard-sphere system, which agrees well with the results 
of the exact methods. We have extended the investiga- 
tion to include discussion of one more term in the series, 
which had been overlooked in the earlier exact calcula- 
tions. This additional term was recently discovered by 
several authors,® and had been inherent in the varia- 
tional method. We also discuss the relation between the 
variational wave function and that obtained using the 
pseudopotential method of Lee, Huang, and Yang.’ 


2. CALCULATION OF THE ENERGY 


The variational method makes use of a trial function 
of the form 


WV (r51,f2,°*- tv) = II f(ti— 15). (1) 
i<j 


Aviles? has shown that the ground-state energy per 
8 8) 
particle for a system of spinless, hard-sphere bosons of 


1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957); 
113, 1165 (1959); M. Girardeau and R. Arnowitt, Phys. Rev. 113, 
755 (1959); N. N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947); 
P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 

2 J. B. Aviles, Jr., Ann. Phys. 5, 251 (1958). 

3F. Iwamoto, Progr. Theoret. Phys. (Kyoto) 19, 597 (1958); 
F. Iwamoto and M. Yamada, Progr. Theoret. Phys. (Kyoto) 17, 
543 (1957). 

*R. B. Dingle, Phil. Mag. 40, 573 (1949). 

5 R. Jastrow, Phys. Rev. 98, 1479 (1955). 

6T. T. Wu, Phys. Rev. 115, 1390 (1959); N. M. Hugenholtz 
and D. Pines, Phys. Rev. 116, 489 (1959); K. Sawada, Phys. Rev. 
116, 1344 (1959). 

7T. D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135 


(1957). 


mass m, radius ro and of density p is given by: 
h? pro? 


Ek=—- - f arxl(v ff ¥4/(@) 16000). (2) 


2m 2 


In this formula the two-particle correlation function 
is defined as 


1 i 
Go(x)=1+ fax - 
82 pry? 1 


where 


¢t(k)= prot a'sCy 2(x)—1le“*-*, x=r/ro, (4) 


only the “chain-connected” terms,? which are 
dominant at low density, have been included. For 
mathematical convenience, both Aviles? and Iwamoto? 


have chosen the variational two-particle function 


and 


f(x)=1—ate*), ~x21 
0, #81. 

This form has the correct behavior near the hard-core 
boundary (x=1), and is short-ranged, (i.e., approaches 
unity rapidly as x—> «). A detailed discussion of the 
properties of this function will be given later. The 
parameter ¢ is left free to be varied after the integrations 
have been carried out, but it is important to bear in 
mind that consistency requires it to be proportional to 
p’, as Aviles? has shown. 

Using Eq. (5), ¢(%) can be evaluated from Eq. (4). 
For low density, the two leading terms are 


a a 


“ 
f= ———__+} tan(—), (a=8mpro*) (6) 
e+k? 2k 2e 


which will be referred to as {9 and 1, respectively. 
Aviles showed that {» contributes to lower order in the 
density than ¢), and he therefore consistently omitted 
the latter. To evaluate the next term in the expansion 
of the ground-state energy we must retain ¢1. 

We have not been able to evaluate the complete 
expression for Gp with both of the above terms included 
in ¢. The main difficulty arises because of the presence 
of the transcendental function ¢; in the denominator of 
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Eq. (3). We therefore have recourse to a Taylor’s 
expansion about {={o, which yields the following 
expressions : 


(7a) 


QO, (R) 


-— —| | (7b) 
n! dfo"L1—fo 


> 
Go(x)=14+— ¥ 


Ta n=() 


d®k e~*-*0,(k)o1". (7c) 


The n=0 term in Eq. (7c) has just the original form 
discussed by Aviles, since it corresponds to neglect of 
¢,. It consequently produces a term in Go of the form: 


2 
Goo(x) = 1+ [e (7 ¢ br) B= (a+ e*) ;, (8) 
x 


(,(R) can be written in the simple form 


0,(k)=[1—-to}*—-1, (9) 


from which it follows immediately that, for n>1, 


0n(k)=[1—fo} (10) 
We must now evaluate, in principle, all the higher terms 
Gon in order to find the next term in the energy expan- 
sion. We can show (see Appendix), however, that only 
the terms n=0 and n=1 contribute, and will base our 
demonstration on the fact that the form of the higher 
terms [Eq. (10) ] differs sharply from that of the first 
two. 
To evaluate the term Go; we rewrite ¢, in the form 


a gow 
Sar y" 


We substitute this result in Eq. (7c) and then reverse 
the order of integration and, after trivial angular 
integrations have been performed, obtain 


(11) 


1 gt -* sinkw 
Gui(a)=— f ay — f dk kQ,(k)——, 
2n? y vo w 
w=|y—x|. 


(12) 


The integration over & is easily done by contour 
integral methods and we have the expression 


a e7 tev a 1 
Go, (x) =>— fry — ¢ | eae | 
2a y’ 48 w 


Some care must be exercised in evaluating this expres- 


(13) 
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Fic. 1. Contour used to evaluate the two-particle 
correlation function Go; (x). 


sion, and we obtain the final result 


a a ax 
Gu(a)=—[e+4 (1- _ ) 
Bx 468" 48 
2e—B 
(in ——|-Eif- (2-#)2]) 
2e+8 
a fe Peslz—] 1 a 
es 
48 2e—8 2e+8 48(2e+ 8) 


x 


a 
+ | Ei{ — (2c +8], (14) 
48 


2ez 


Qa 
+2 1——— 
48? 
where 


0 e7t 
Ei(—y)= -{ dx —. 
y x 


We have also been able to derive Eq. (14) by a more 
elegant meihod, involving contour integration of the 
expression 


1 va k 
Goi(x) =— Im f dk e***0,(k) tan'(—) 
Wx 2e 


=—=€8 


over the contour shown in Fig. 1. Q(&) has second order 
poles at k= +i8, and branch points at k= +2ie. 

For the interesting special case @=a/3, care must be 
taken with singularities in both In and Ei functions, 
since then 8=2e. Making the change of variables 
2=ex, we can then write the correlation function 
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Goot+Go1 as 
Go(z) 


2¢ 3é 13 
=1+—(e"*—e-*) + + (3:- ~ )ints— x] 
4 162 2 


13 
o( 30+ ~ )Bi(—4s) . (14a) 


Still using the trial function defined in Eq. (5), we 
can write the final form for the energy as 


h2 a) 
2 = 2rpro— f dz Go(z) 
2m/, 


Aviles has evaluated the terms which contribute to 
the energy to order a’, and we are interested here in 
the terms of order @ Ina, after the dimensional quantities 
4irprih?/2m have been removed. It is possible to evaluate 
(15) using the forms (8) and (14) for the two-particle 
correlation function, with the exact numerical value 
of € unrestricted (although proportional to a!). If this 
is done, one derives a result for the logarithmic term in 
the energy which is independent of the value of «. 
This calculation is long and straightforward, so we will 
illustrate the method by evaluating (15) letting @=a/3 
instead. This is the value of « which was previously 
found? to minimize the lower terms in the energy. We 
break up the integral into parts,® 


x x € 
i) -f -f ; 
€ 0 0 
and observe that the first of these cannot contain a 
term of the desired form. Since ¢ is supposed small, we 
can expand all parts of the second integrand about 
z=0, and integrate term by term. Here we used the 
expansion of Ei(—4z)=Inz+>> C,Z". The only terms 
contributing to the desired order are the following: 


(16) 


h? ° 3 Inz 
E=— 2pre—e f il —-+6¢ =|. 
2 


2m 2? 


(17) 


Thus it is easily seen that the logarithmic contribution 
to the energy is 

E(log) = 4arpro(h?/2m) X fa Ina, (18) 
and as we stated before, this result is independent of 
the variational parameter. 


8 Both of these integrals diverge at the lower limit although their 
difference must be finite. One can formalize the procedure to be 
followed by replacing the lower limit by some small quantity a, 
which is smaller than, and independent of, «. 
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Wu and others® give the value (4/3)—(v3/m) for 
the exact coefficient of the a lna term. This is equal to 
0.782 and is to be compared with our approximate 
result of 3. Note that the error is about 4%, and is in 
the right direction for a variational estimate, since for 
small @ the entire term is negative. With @=a/3 the 
ratio of the variational result, including all three terms, 
to the corresponding exact result becomes 


R= (1+0.962a!+0.750a Ina)/ 
(1+0.960a!+0.782a Ina). (19) 


DISCUSSION OF THE WAVE FUNCTION 


To discuss the relationship between the variational 
method and the pseudopotential method,’ we must 
consider the forms of both the general many-particle 
trial function, Eq. (1), and the specific form of the 
two-particle trial function, Eq. (5). It is clear that, for 
variational methods in general, good agreement of 
ground-state energy calculations does not necessarily 
indicate an accurate agreement between the assumed 
wave function and the correct wave function. 

Lee, Huang, and Yang’ have evaluated the coordinate 
space form of the wave function corresponding to their 
pseudopotential method for finding the energy. They 
point out that it consists of a part of the wave function 
of Eq. (1). That is, if we write 


(tis) = 148 (ti), (20) 


then Eq. (1) can be expanded in a cluster series of the 
form 


W=14+ DY g(rit L LX glrisdg(ta)t+---. 


i<j i<j kel 
i,j #k,l 


(21) 


The result of the pseudopotential method selects from 
Eq. (21) only those terms in which each subscript 
appears no more than once. This truncated wave 
function obviously fails to satisfy the exact boundary 
condition that WY must vanish if any two particles 
approach closer than ro, but the error in the energy thus 
introduced is of higher order than pa?. 

Thus, we can now compare the form given by the 
pseudopotential method for the function g(r;j;) with 
our trial function. The former is given indirectly as a 
Fourier integral, 


1 
g(x) =—— eee +a R(H+20) Je (22) 


ra? 
This function can be simplified by a contour integration 
process’ as follows: After performing the angular part 
of the integration, we have 


0 


4 
7)°-——~ Im f dk k?+-a—k(k?+ 2a)! |ke'**, (23) 


Tarx 0 


® We are indebted to Dr. I. Harris for suggesting this procedure. 
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Fic. 2. Contour 
used to evaluate the 
coordinate-space 
function f(x), given 
by the pseudopoten- 
tial method. 





Using the contour shown in Fig. 2, noting the presence 
of branch points at +i(2a)', and the absence of singular- 
ities inside the contour, it is easily shown that the 
integral along contour J is equal to that along contour 
V. Hence, the function (22) can be rewritten as 


16 7 
f(x) =14+¢(x)=1- - f de s41—z4) 
0 


wx 


Xexp[—(2a)'xz]. (24) 
Expansion of the exponential in Eq. (24) about s=0, 
combined with term-by-term integration, yields a series 
expression for f(x) which satisfies the boundary condi- 
tion at x=1 only approximately. This has been pointed 
out by Lee, Huang, and Yang,’ who note that this 
inaccuracy does not affect the pseudopotential energy 
calculation except in higher order. Since our trial 
function satisfies the boundary condition exactly it is 
convenient, for comparison purposes, to replace x in 
the integrand of Eq. (24) by x—1, which insures the 
vanishing of f(x) at x=1. The exponential can now 
be expanded about z=0 or x=1, and _ integration 
carried out term by term. The result is 


1 32(2a)! a 
fx)=(1- )(1+ — —-[x-1] 
x 157 2 


64(2a))_ 


3157 
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The corresponding expansion applied to Eq. (5) yields 


1 é 
s)=(1--) (14 -[x—1] 
x 2 


Pa «4 
+—[x—1}?——[x-1]*+-- ). (26) 
6 24 


Since our wave function is only approximate, it is not 
surprising that the value of e which minimizes the energy 
gives poor agreement between Eqs. (25) and (26). 
However, a very close correspondence can be achieved 
if one chooses &=a. With this value inserted in (26), 
we find that the ratios of the first few coefficients of 
(25) to those of (26) are 


Co= 1, C,=0.96, C,=1, C3 1.10, C4 5 4, (27) 


Several points should be noted concerning these 
functions. First, when one uses the above value of « 
in Aviles’ expression for the energy [his formula (66) ], 


h? a} 1 
p= 4npro—|1+e( | 1+ | _ 
é' tL . 


2m é 1+[1+a/e }! 


one finds that the ground-state energy is given by the 
first two terms of (26). This is also true for the pseudo- 
potential method, where the first two terms of (25) 
give the exact energy value up to order pa’. This is the 
only choice of the variational parameter for which 
this relation is true. Second, with this value of the 
parameter the error in the logarithmic term is almost 
exactly the same as the error in the lower term. That is, 


d: =|— 
3L3. aw Jt ide 


From the series results, Eq. (27), it appears that the 
two functions under consideration begin to differ 
widely for larger values of x. To examine this, we 
evaluate (24) for large x, find that the 
function approaches unity as 


= 1.0009. (29) 


and exact 


f(x)~1-—Ca4, C=32n"(2a) (30) 
This is a much longer-ranged behavior than the 
exponential fall-off of Eq. (5), and indicates that the 
trial function, although adequate for the ground-state 
energy, which depends mainly on behavior near the 
hard-sphere boundary, would not be good for an 
investigation of the low-lying excited states, whose 
phonon character requires longer-ranged correlations. 


3. CONCLUSIONS 


In the spirit of variational approximations, we have 
used a two-particle product wave function to calculate 
the first logarithmic term in the low-density series ex- 
pression for the boson ground-state energy. It has been 
previously shown’ that this product form is correct 
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in the same approximation as is the pseudopotential 
method. However, Wu® has stated that a more compli- 
cated wave function is given by a higher order pseudo- 
potential method, which also yields an exact result for 
the first logarithmic term in the energy. The good 
agreement between the results of the two methods, 
however, would seem to indicate continued usefulness 
for the variational technique, but probably only for 
ground-state energy calculations. 

We have also studied the detailed behavior of the 
two-particle trial function assumed and have indicated 
that its success is due to its close accidental resemblance 
to the function derived by Lee, Huang, and Yang.’ 
Mathematical difficulties have prevented us from 
applying this latter function directly to a variational 
calculation. 
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APPENDIX 


In order to show that terms in Go(x) higher than the 
second do not contribute to the logarithmic terms in 
the energy, we will now develop a method for obtaining 
the contribution from each of the terms in the sum 
given in Eq. (7). In this way, we can easily obtain the 
expression in Eq. (17) without completely calculating 
the expressions (8) and (14). Extending this procedure 


to Gon(x) for m 22, we show that no terms in the energy 


of order a Ina appear. 

Making the substitutions x=2/e, kx= y, and choosing 
the special value a=3é as before, we can use the energy 
expression (15) with 


4e P 
Go(z)=1+ > f dy y sinyQ,£1", (Al) 


3223 n=0 Jy 
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where 


3 3€% y 
{que fe (2). (A2) 
1+(y/z)? 2y 2z 


The integrals appearing in Eq. (A1) are broken into 
two parts, for y22s and ySX2z, respectively. For 
n=1, the first of these integrals may be approximated 
by 


wo 


—6¢ f dy y~ siny, 


ve 


(A3) 


where the various parts of the integrand have been 
expanded in power series which converge for y>2z. 
Integration by parts converts Eq. (A3) to one involving 
the cosine integral function, 


—6e[ (22) sin(2z) — Ci(2z) ], (A4) 


and for small z [which is the only region of importance ; 
see Eq. (16) ] this can be expanded to give the leading 
term: 

6é Inz. 


(AS) 


Inserting this expression in Eq. (15), we find exactly 
the result shown in Eq. (17). A similar expansion for 
y<2sz is applied to the second part of the integral, and 
can be seen to give no additional terms of interest. 

In the same way the higher terms can be shown not 
to contribute to the logarithmic term in the energy. 
For y> 2s, the leading term of Q, is unity and this part 
of the integral for the correlation function Gon(z) 
becomes 


= 3) 


et Ign- *(3n/4)r— f dy y! n siny. 


az 


(A6) 


For example, we can see that for »=2 the leading term 
is proportional to éz~', while for »=3 it is proportional 
to e‘Inz. Neither of these terms contributes to the 
energy to the desired order, and similar arguments can 
be applied to the rest of the terms. Therefore, the 
result of Eq. (18) is the correct variational expression 
for the energy up to this order 
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